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PREFACE 


Most teachers of mathematics agree that a number of the 
topics ordinarily taught to classes in advanced algebra may, be 
omitted without injury to the course. Some of these topics, 
such as multiple roots, Sturm’s theorem, etc., can be more sat- 
isfactorily taken up after the student is familiar with calculus, 
while others, such as recurring series, continued fractions, etc., 
are so seldom applied in higher mathematics that they may be 
entirely omitted. 

In accordance with this view, the College Entrance Exami- 
nation Board has considerably reduced the number of topics 
required in advanced algebra. All subjects no longer required 
for the examinations of this Board are omitted from the regu- 
lar course of this book, with the exception of inequalities, 
which is retained, since familiarity with the symbols of in- 
equality seems to be necessary for future work. If, however, 
a subject appears too important for entire omission, it is placed 
in the Appendix. This is done in the case of indeterminate 
equations, logarithms, summation of series, and some other 
subjects. 

On the other hand, graphical methods are emphasized more 
than is usual in text-books of this grade. The graphical 
method for solving cubics given in Section 578 is not met with 
in any other text-book, and the method for representing a 
cubic function by means of one standard curve (Section 583) 
is entirely new. Summation of series is also treated in a 
novel manner (Appendix IX). While the method given is 
almost identical with that used in many text-books, it is here 
presented in a more practical form, which makes it applicable 
to all cases. 
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The first twenty-two chapters are identical with the author’s 
«“ Elementary Algebra,” whose general plan and scope are stated 
in its preface as follows: 

“The author has aimed to make this treatment of elemen- 
tary algebra simple and practical, without, however, sacrificing 
scientific accuracy and thoroughness. 

“ Particular care has been bestowed upon those chapters which 
in the customary courses offer the greatest difficulties to the 
beginner, especially problems and factoring. The presentation 
of problems as given in Chapter V will be found to be quite 
a departure from the customary way of treating the subject, 
and it is hoped that this treatment will materially diminish 
the difficulty of this topic for young students. 

“Tn factoring, instead of the usual multiplicity of cases, com- 
paratively few methods are given, but these few are treated 
thoroughly. The cross-product method for factoring quad- 
ratic trinomials has been simplified by considering the common 
monomial factors (§ 116, 4); and in this form the method 
seemed to be preferable to the other prevailing methods. The 
criticism that the cross-product method is based upon guessing 
has no value, since all other devices are equally based upon 
guessing; in fact, these methods have to be empirical until 
quadratic equations furnish a scientific means of factoring. 

«“ Applications taken from geometry, physics, and commercial 
life are numerous, but care has been taken not to introduce 
illustrations so complex as to require the expenditure of time 
for the teaching of physics or geometry. In cases, however, 
in which a physical or geometric formula produced an example 
equally good as the putting together of symbols at random, 
the formula has been used, as in numerical substitution, pro- 
portion, literal equations, etc. 

“The book is designed to meet the requirements for admis- 
sion to our best universities and colleges, in particular the re- 
quirements of the College Entrance Examination Board. This 
made it necessary to introduce the theory of proportions and 
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graphical methods into the first year’s work, an innovation 
which seems to mark a distinct gain from the pedagogical 
point of view. 

“By studying proportions during the first year’s work, the 
student will be able to utilize this knowledge where it is most 
needed, viz. in geometry ; while in the usual course proportions 
are studied a long time after their principal appheation. 

‘Graphical methods have not only a great practical value, 
but they unquestionably furnish a very good antidote against 
‘the tendency of school algebra to degenerate into a mechani- 
cal application of memorized rules.’ This topic has been 
represented in a simple, elementary way, and it is hoped that 
some of the modes of representation given will be considered 
improvements upon the prevailing methods, e.g. the finding of 
roots to several decimal places (§ 305) and the solution of 
quadratic equations (§ 330). The entire work in graphical 
methods has been so arranged that teachers who wish a 
shorter course may omit these chapters.” 

The author desires to acknowledge his indebtedness to 
Messrs. William P. Manguse and B. A. Heydrick for the care- 
ful reading of the proofs and for many valuable suggestions. 


ARTHUR SCHULTZE. 


NEw YorRKE, 
October, 1905. 
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ELEMENTARY ALGEBRA 


CHAPTER I 
INTRODUCTION 


1. Algebra treats of numbers as does arithmetic, but for 
reasons which will appear later, numbers are frequently de- 
noted by letters; as, a, m, 2%. 

2. Known numbers are usually represented by the first letters 
of the alphabet; as, a, b, c. 

Unknown numbers are usually represented by the last letters 
of the alphabet; as, a, y, z. 


3. The signs of addition, subtraction, multiplication, division, 
and equality have the same meaning in algebra as they have in 
arithmetic. 


4. A problem is a question proposed for solution. 


5. An equation is a statement expressing the equality of two 
quantities; as, 77=56. 
ALGEBRAIC SOLUTION OF PROBLEMS 


6. Problem. Thesum of two numbers is 56, and the greater 
is six times the smaller. Find the numbers. 


Let x = the smaller number. 
Then 6«=the greater number, 
and 7 «=the sum of the two numbers. 
Therefore, ¢ 266; 
x = 8, the smaller number. 
and 6a = 48, the greater number, 
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20. Two men start at the same time to travel, one from A 
to B, the other from B to A, two stations 66 miles apart. If 
the first man travels twice as fast as the second, how many 
miles will he travel before he meets the other? 


NEGATIVE NUMBERS 
EXERCISE 2 


1. Subtract 10 from 17. 

2. Can 10 be subtracted from 7 ? 

3. In arithmetic why cannot 10 be subtracted from 7 ? 
4 


_. 4 The temperature at noon.is 17° and at 4 p.m. it is 10° 
less. What is the temperature at 4 p.m.? State this as an 
example of subtraction. 


- 


5. The temperature at 4 p.m. is 7°, and at 10 p.m. it is 10° 
less. What is the temperature at 10 p.m.? 


6. Do you know of any other way of expressing the last 
answer (3° below zero) ? 


7. What then is 7 — 10? 


8. Can you think of any other practical examples which 
require the subtraction of a greater number from a smaller 
one ? 


8. Many practical examples require the subtraction of a 
greater number from a smaller one, and in order to express in 
a convenient form the results of these, and similar examples, 
it becomes necessary to enlarge our concept of number, so as 
to include numbers less than zero. 


9. Negative numbers are numbers smaller than zero; they 
are denoted by a prefixed minus sign; as —5 (read “minus 5”). 
Numbers greater than zero, for the sake of distinction, are fre- 
quently called positive numbers, and are written either with a 
prefixed plus sign, or without any prefixed sign; as + 5 or 5. 
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The fact that a thermometer falling 10° from 7° indicates 3° 
below zero may now be expressed 
7? — 10° =— 3°, 
Instead of saying a gain of $30, and a loss of $90 is equal to a 
loss of $60, we may write 
$30 — $90 = — $60. 


10. The absolute value of a number is the number taken 
without regard to its sign. 


+5 
‘i The absolute value of — 5 is 5, of + 3 is 3. 
+ 
5S 11. Itis convenient for many discussions, to represent 
.2 the positive numbers by a succession of equal distances 
, laid off on a line from a point 0, and the negative num- 
bers by a similar series in the opposite direction. 
0 


In the annexed diagram, e.g. an addition of 5 is equivalent to 
= an upward motion of three spaces; hence 3 added to — 4 equals 
9 — 1, 8 added to — 1 equals + 2, etc. 

Similarly a subtraction of 2 is equal to a downward motion of 
two spaces. Hence 2 subtracted from 0 equals — 2, 2 subtracted 
—4 from — 2 equals — 4, etc. 


EXERCISE 3 


1. If in financial transactions we indicate a man’s income 
by a positive sign, what does a negative sign indicate ? 

2. State in what manner the positive and negative signs 
may be used to indicate north and south latitude, east and west 
longitude, motion upstream and downstream. 

3. If south latitude is indicated by a positive sign, by 
what is north latitude represented ? 

4. What is the meaning of — 5° north latitude? of the 
year — 50 4.p.? of an easterly motion of — 6 yards per second ? 

5. If the temperature at 4 a.m. is —7° and at 9 a.m. it is 6° 
higher, what is the temperature at 9 a.m.? What, therefore, 
is —7 +6? 
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6. A vessel starts from a point in 25° north latitude, and 
sails 38° due south. (a) Find the latitude at the end of the 
journey. (b) Find 25 — 88. ; 


7. A vessel starts from a point in 25° south latitude, and 
sails 12° due south. (a) Find the latitude at the end of 
the journey. (6) Subtract 12 from — 25. 


8. From 20 subtract 30. 18. To —1 add 2. 
9. From 4 subtract 6. 19. From 1 subtract 2. 
10. From 7 subtract 8. 20. To —7 add 8. 
11. From 19 subtract 24. 21. To —7 add 2. 
12. From 0 subtract 12. 22. From —1 subtract 2. 
13. From —12 subtract 10. 23. Add —1 and 2. 
14. From —2 subtract 4. Which is the greater number: 
15. From —1 subtract 1. 24. 1 or —1? 
16. To —6 add 12. eg (252-—1 or, — 3? 
17. To —2 add 1. 26. —3dor —4? 


27. By how much is — 9 greater than —11? 


28. What is the difference in temperature between 20° above 
zero and 20° below zero ? 


29. What is the difference between + 20 and — 20? 


NUMBERS REPRESENTED BY LETTERS 


12. For many purposes of arithmetic it is advantageous to 
express numbers by letters. 


I. By denoting an unknown number by 2, it becomes possi- 
ble to perform arithmetical operations with unknown quan- 
tities, and to solve problems thereby (§ 6). 


II. By such a use of letters, arithmetical rules and principles 
may be expressed very concisely, eg. if we wish to express 
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briefly the principle: The square root of a fraction is equal to 
the square root of its numerator divided by the square root of 
its denominator, we may write 


denominator -/ denominator 


By representing the numerator by a letter, e.g. a, and the de- 
nominator by b, we may write more briefly 


a_va 
6 Vb 


In this equation a and b denote any numbers whatsoever. 


\/ numerator na V/ numerator 





III. The discovery and demonstration of general arithmeti- 
cal laws constitute the third advantage derived from the em- 
ployment of letters. 

When each of two numbers is multiplied by itself, and the 
smaller product is subtracted from the greater, the answer is 
the same as if we multiply the sum of the two numbers by 
their difference. 

Eig. (14 x 14)—(13 x 18) = 196 — 169 = 27. 
(14 + 13)x (14-18) = 27x 12=27. 

If we try a great many arithmetical numbers, we find the 
principle always correct, but this does not prove that it is 
correct for all numbers. In algebra, however, we can easily 
show that (a x a) — (b x b) = (a+b) x (a—b) (§ 65), and since 
a and 6 denote any number whatsoever, the law is correct fcr 
any two numbers. 


IV. For a fourth advantage, see § 30. 5 


EXERCISE 4 
1. If the letter a means 1000, what is the value of 6a? 
2. What is the value of Gaifa=7? if a=1? 


3. If a boy has 6d marbles and wins 4d marbles, how 
many marbles has he? 
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4. Is the last answer correct for any value of d? 

5. What is the sum of 90 and 6b? 

6. Find the numerical value of the last answer if 6=17. 

7. If ¢ represents a certain number,. what represents 10 
times that number ? 

8. From 24m subtract 15 m. 

9. What is the numerical value of the last answer if m=7 ? 


10. From 12m subtract 15m, and find the numerical value 
of the answer if m= 12. 


11. Add 12, 2p, 7p, and subtract 24 p from the sum. 
12. From —12q subtract 20 gq. 

13. Add —12q and +124. 

~ 14. From 0 subtract 122. 

15. Add —3waand 62. 

16. From —122 subtract 0. 

17. From —12 subtract 12 p. 


18. If a=100, then 7a=700. What sign, therefore, is 
understood between 7 and a@ in the expression 7a? 


FACTORS, POWERS, AND ROOTS 


13. If there is no sign between two letters, or a letter anda 
number, a sign of multipheation is understood. 


5 x ais generally written 5a, m x n is written mn. 


Between two figures, however, a sign of multiplication 
(either x or -) has to be employed; as, 4X7, or 4-7. 


4 x 7 cannot be written 47, for 47 means 40 + 7. 


14. A product is the result obtained by multiplying together 
two or more quantities, each of which is a factor of the product. 


Since 24 = 3 x 8, or 12 x 2, each of these numbers is a factor of 24. 
Similarly, 7, a, b, and ¢ are factors of 7 abe. 
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15. A power is the product of two or more equal factors; 
thus, aaaaa is called the “fifth power of a,” and written a’; 
aaaaaa, or a’, is “the 6th power of a,” or a 6th. 

The second power is also called the square, and the third 
power the cube; thus, 12? (read “12 square”) equals 144. 


16. The base of a power is the number which is repeated as 
a factor. 


The base of a? is a. 


17. An exponent is the number which indicates how many 
times a base is to be used as a factor. It is placed a little 
above and to .the right of the base. 


The exponent of m* is 6; n is the exponent of a”. 


EXERCISE 5 


1. Write and find the numerical value of the square of 6, 
the cube of 7, the fourth power of 2. 


Find the numerical values of the following powers: 


2. 62 Br 1 gree, OF, 11. 204 14. 1.22 
By eae Spor ar 9. (24)% 12. (4)% 15. (4)% 


Arn) ieocr 10970207. 182.0017 


ita=2,b=o,¢—=4, and d= 1, find the numerical'values of ; 
TGs TSG 20 PP ay 14 24. a". 
ity (peas 19, 0 2175 Dour Ee. 25.  b*. 


26. The distance of the north pole from the equator is 10’ 
meters. Find the distance in meters. 


27. A kilometer equals 10 hectometers, 1 hectometer = 100 
meters, 1 meter = 100 centimeters, and 1 centimeter = 10 
millimeters. 
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Express as a power of 10 the number of 


(a) Millimeters contained in a meter. 
(6) Millimeters contained in a kilometer. 
— (ce) Square millimeters contained in a square kilometer. 


28. Express as a power of 2 the number of parents, grand- 
parents, great-grandparents, etc., a person may have. 


29. What exponent is understood when none is written, as 
ing ory? 


18. In a product any factor is called the coefficient of the 
product of the other factors. . 


In 12 mn3p, 12 is the coefficient of mn’p, 12 m is the coefficient of np. 


19. A numerical coefficient is a coefficient expressed entirely 
in figures. 3 
In —17 xyz, —17 is the numerical coefficient. 


When a product contains no numerical coefficient, 1 is 
understood; thus a=1a, a®b =1 ab. 


20. When several powers are multiplied, the beginner should 
remember that every exponent refers only to the number near 
which it is placed. 


3a? means 3 aa, while (8a)? =38a x 3a. 
9 aby? = 9 abyyy. 
16 22y3z = 16 xxyyyz. 


EXERCISE 6 
If a=2, b=1, c=3, and « =4, find the numerical value of: 
iy yak 4. a, 16 Sv 10. Tab’. 
Dene, Bemoss 8. 507. Tite Gc. 
S20 Uas 6. 4abeu. O200,C: 12. 3a’b* 
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If a= 3, b=2, c=1, d=4, find the numerical value of: 


13, lt ab Waleed. 19-42". 22. 2ab?. 
14. 7 a’b’c’. Wise. PAE Es 23 dr 
15. 8abc’. 18. 4°. 21. 20°. 24. b%. 


Ifa=2, p=3, gq=4, x=4, y=0, find the numerical value of: 





25. 3qp’y. ‘ 29. 2". — 33. 2.70". 
26. apy. 
DY 30. a, 34. 2%" 
4 ap* 
27. 9g x SA ee 39 
35. —- 
2S Ds 32. 4a'po’. at 


36. What is the numerical coefficient in each of the expres- 
sions in Exs. 1-6 ? 


37. What are the coefficients of 2 in Exs. 3 and 6 ? 


21. A root is one of the equal factors of a power. According 
to the number of equal factors, it is called a square root, a 
cube root, a fourth root, etc. 

3 is the square root of 9, for 3? = 9. 

5 is the cube root of 125, for 53 = 125. 

a is the fifth root of a5, the nth root of a”. 

The nth root is indicated by the symbol / ; thus Va is 
the fifth root of a, 1/27 is the cube root of 27, a, or more 
simply Va is the square root of a. 

Using this symbol we may express the definition of root by 
(Va)" =a. 

22. The index of a root is the number which indicates what 
root is to be taken. It is written in the opening of the radical 
sign. | 

In Va, 7 is the index of the root. 
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23. The signs of aggregation are: the parenthesis, ( ); the 
bracket, [ ]; the brace, § t; and the vinculum, ——. ; 

They are used, as in arithmetic, to indicate that the expressions 
included are to be treated as a whole. 

Each of the forms 10 x (441), 10 x [4+1], 10 x 4+ 1 indicates that 
10 is to be multiplied by 4+ 1 or by 5. 

(a — b) is sometimes read “ quantity a — b.” 


EXERCISE 7 


Ita=2,)=4,c=1,d=0, +=9, find the numerical value or: 


IY Os Tee 13m (0): 
2. V4a. 8. Val. 14. (a+b)Vo. 
Brey Lp. 9. avo. ane 
4. V3a. 10. 2aV90. op SPAS AN 
5. V4ar. el. 4ady/54b. 16. (a+b)’.- 
6. VIC. Peas Wee Grose) 


18. In Ex. 14 what is the coefficient of the - Vb? of (a+b) Vb? 


ALGEBRAIC EXPRESSIONS AND NUMERICAL 
SUBSTITUTIONS 


24. An algebraic expression is a collection of algebraic sym- 
bols representing some number; eg. 6 ab —7 Vac? +9. 


29. A monomial or term is an expression whose parts are not 
—sab 

poe 
a(b +c¢+d) isa monomial, since the parts are a and (0+ ¢+4+d). 


separated by a sign + or —; as 3 aa’, — IVa, 


26. A polynomial is an expression containing more than one 
term. 


4n+y, - + Vz —8a%d; and at + bt + ct + dt are polynomials. 
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27. A binomial is a polynomial of two terms. 


' Cam . . 
a? + b?, and 3 — Va are binomials. 


28. <A trinomial is a polynomial of three terms. 
a+b+c,a+9b+ V3 are trinomials. 


29. In a polynomial each term is treated as if it were con- 
tained in a parenthesis, 7.e. each term has to be computed 
before the different terms are added and subtracted. Otherwise 
all operations of addition, subtraction, multiplication, and divi- 
sion are to be performed in the order in which they are written 
from left to right. ‘ 

E.g.3+4-5 means 3 + 20 or 25. 








Ex. 1. Find the value of 4. 2°+ 5 Fenn. 
4.9845 .32—2V36 
2 
=4.845.9-2-° 
= 82 + 45— 27 
= 50. 


Ex. 2. Ifa=5,b=3, c=2, d=0, find the numerical value 
of 6 ab? — 9 ab’c + 2 a*b — 19 abcd. 
6 ab? — 9 ab?c + 2 a®b — 19 a®bed 
= 6.5.3? 0-5.92.2-42.68.3-—19-52.8.2.0 
=6-5-9—9-5-9-243-125-3—0 
= 270 — 810 + 150 
— — 390. 
EXERCISE 8 


1. State what kind of expressions are Exs. 18-27 of this 
exercise. 
If a=5, b=2, c=1, d=0, x=1, and y=i, find the nv- 
merical value of: 
2. a+6+38¢. 4. a—b. 
3. a+ dbe. 5. a—4b. 


35. 


39. 
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6. 5a°+7 ab. y 18. (a+ d)e. 
7. ab—2b'c—A4cd. + 19. w@+a(b+2c). 
8. 8 abc — 20 be — 40 abd. Sor? Oe \/ de. 
9% Tore Tai 9c 0 21. 2a®—(a+b)(c+d). 
10.5 ab--6e—_ 40 ac. 22. 30ay(a+b)Va+b+c4+2e. 
3 
11. 4c+6a—80°+ 62. 23. Gygs 0 
12. 4ce¢+70°?'—2a?—42. a 2 om 
13. ®@ LBL e+e 24. Jabe+Ve+4d. 
Tes ad 6s 4+2dx4432 417° aa 
ab be 
15. 207b—6ab?+7 ac? —9 acd. 26. yee ee 
2 2 . 
16. 2°44 1 oe 
17. 22°+3 7. ea) eae 
vv 28. Te’d*’—2x(8 abs +c’) —ca(d + b)—12 ea. 
GoD riage ef 10¢-Fllad 
} : ay. i — 33. ————. 
ah TERT ‘fF 80450 
tie 6x+6y 
0. —-—= SO eee 
: The Ts a +b 


34. (a+ b)(c+d)—(a+c)(6+4a)+(a+d)(b—C). 


Express in algebraic symbols: 


Six times a plus 3 times 0B. 


minus 6”. 


. Six times the square of a minus five times the cube of 0. 
. Eight « cube minus six # cube plus y square. 
. Six m cube plus four times the quantity a minus b. 


The quantity a plus 6 multiplied by the quantity a’ 


40. Twice a’ diminished by 5 times the square root of the 
quantity @ minus b square. 


41. Read the expressions of Exs. 2-6 of the exercise. 
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30. The representation of numbers by letters makes it pos- 
sible to state very briefly and accurately some of the principles 
of arithmetic, geometry, physics, and other sciences. 


Ex. If the three sides of a triangle contain respectively 
a, b, and ¢ feet (or other units of length), and the area of the 
triangle is S square feet (or squares of other units selected), 


ue 
=iv(a+b+c)(a+b—c)(a—b+c)(b—a+c). 


E.gq. the three sides of a triangle are respectively 13, 14, and 
15 feet, then a= 13, b= 14, and c=15; therefore 


—1V03 414415) 13+14—15) 03 — 144-15) (413 415) 
=1/1-12-14-16 
=f X 336 , C 
= 84, i.e. the area of the triangle equals 
84 square feet. 
EXERCISE 9 


1. By using the formula 
=1V(a+b+c)(a+b—c)(a—b+c)(b—a+o), 


find the area of a triangle whose sides are respectively 


(a) 5, 12, and 138 feet. (c) 4, 13, and 15 meters. 
(b) 3, 4, and 5 inches. (d) 9, 10, and 17 yards. 


2. If the radius of a circle is R units of length (inches, 
meters, etc.), the area S=3.1416- A? square units (square 
inches, square meters, etc.). Find the area of a circle whose 
radius is 


(a) 1000 meters. (6) 3 inches. (c) 240,000 miles. 


3. If i represents the simple interest of p dollars at r% in 


pnr 


n years, theni=p-n-7r%, or 100° 
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Find by means of this formula: 
(a) The interest on $730 for 4 years at 25%. 


_(6) The interest on $380 for 2 years at 4%. 
(c) The interest on $246 for 4 months at 7%. 


4. If J represents the compound interest of p dollars at r% 


for n years (compounded yearly), then J= (1 ang — p. 


Find the compound interest of : 
(a) $400 for 3 years at 10%. 


(b) $1200 for 4 years at 20%. 
(c) $1 for 2 years at 5%. 


5. If the diameter of a sphere equals d units of length, the 
surface S = 3.1416 d’ (square units). (The number 3.1416 is 
frequently denoted by the Greek letter 7. This number can- 
not be expressed exactly, and the value given above is only an 
approximation. ) 


Find the surface of a sphere whose diameter equals: 
(a) 8000 miles. (b) 2 inches. (c) 12 feet. 


6. If the diameter of a sphere equals d feet, then the volume 


3 
Ve ne Eabieteen 


Find the volume of a sphere whose diameter equals: 
(a) 10 feet. (b) 6 feet. (c) “11 Steet: 


7. A body falling from a state of rest, passes in ¢ seconds 
over a space S=igt. The value of g for New York is 32.16 
feet, or 980 cm. (This formula does not take into account the 
resistance of the atmosphere.) 


(a) How far does a body fall from a state of rest in 3 
seconds ? 

(6) A stone dropped from the top of a tree reached the 
ground in 24 seconds. Find the height of the tree. 
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(c) How far does a body fall from a state of rest in 5}, of a 
second ? 

(d) On the surface of the moon, how far does a body fall 
from a state of rest in 3 seconds, if g = 5.4 ft. ? 


8. If # denotes the number of degrees of temperature indi- 
cated on the Fahrenheit scale, the equivalent reading C on the 
Centigrade scale may be found by the formula 


D 


Change the following readings to Centigrade readings: 
(a) 100° F. (b) 32° F. (c) 5° E. 


CHAPTER II 
ADDITION, SUBTRACTION, AND PARENTHESES 


ADDITION OF MONOMIALS 


31. While in arithmetic the word swum refers only to the 
result obtained by adding positive numbers, in algebra this 
word includes also the results obtained by adding negative, or 
positive and negative numbers. 

In arithmetic we add a gain of $6 and a gain of $4, but we 
cannot add a gain of $6 anda loss of $4. In algebra, how- 
ever, we call the aggregate value of a gain of 6 and a loss of 4 
the sum of the two. Thus a gain of $2 is considered the sum 
of a gain of $6 and a loss of $4. Or in the symbols of algebra 


Cegee (8 ss bo, 
Similarly, the fact that a loss of $6 and a gain of $4 equals a 
loss of $2, may be represented thus 

(— $6) + (4+ $4) =(— $2). 
In a corresponding manner we have for a loss of $6 and a loss 
a (— $6) + (— $4) =(— $10). 

Since similar operations with different units always produce 
analogous results, we define the sum of two numbers in such 
a way that these results become general, or that 

(6) ae, 

(—6) +(—4)=—10, 

and (+6)+ (+4) =+10. 
18 
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32. These considerations lead to the definition of addition: 


If two numbers have the same sign, add their absolute values ; 
if they have opposite signs, subtract their absolute values and 
(always) prefix the sign of the greater. 


EXERCISE 10 
Find the sum of: 


1 +6 ye (5 3e ate} 4. +3 
gee ist pa art 

5. ant ii 6. +7 iG TE S: £— 11 
aE om ke aries 

9, 9 102070 nig E- 0 123 0 
cre mee 7 sal 

ho 6 14. tf 15. 1 1650 cL & 
6 aay vay 12 

411 a +4 i Fj 


Find the value of: 


a2) (221). 200 ( 18). 
ee fey Ge Oia) ee =o) 4s 
19. 14+(—7). 22. (—6)+(—7)+(—8)+(—9). 


In Exs. 23-26, find the numerical value of a+b+c+4d, if: 
Do 1 ee ee 

mame i= (40> —"1 4 C= Uy ek 

ee ee) 1, 6 ie Os et Ue 

Po Lie 2 = — 17; dime a 

27. What number must be added to 3 to give 7? 

28. What number must be added to 7 to give 3? 
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29. What number must be added to —7 to give 3? 
30. What number must be added to —3 to give —7? 
31. Add 4 yards, 7 yards, and 3 yards. 

32. Add 4a, 7a, and da. 

33. Add 4 a’ba, 7 a*bx, and — 3 a*ba. 


33. Similar or like terms are terms which have the same 
literal factors, affected by the same exponents. 


6 ax®y and — 7 ax®y, or —5 a%b and wie or 16 Va + band —2Va +8, 
are similar terms. d 


Dissimilar or unlike terms are terms which are not similar. 


4 a2bc and — 4 a2bc? are dissimilar terms. 


34. The sum of two similar terms is another similar term. 
The sum of 32? and — 3.2? is 3 a, 
Dissimilar terms cannot be united into a single term. The 


sum of two such terms can only be indicated by connecting 
them with the + sign. 
The sum of a and a? isa + a. 


The sum of a and — bisa+(— bd), ora—b. 


39. Algebraic sum. In algebra the word sum is used in a 
wider sense than in arithmetic. While in arithmetic a — bd 
denotes a difference only, in algebra it may be considered 
either the difference of a and b or the sum of a and —0. 


The sum of — a, — 2. ab, and 4ac? is - a —2ab+4 act. 


EXERCISE 11 


Add: 
1 —3a 2; a By a (here), 4, —4 mn 
—4a —2a? —Tx’y —5 mn 


—b5a +3@ + wy —7 mn’ 
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5. 12 mxz i 7 mnp 9. 14 abz’ 
15 maz — 8 mnp 15 abs’ 

— 28 mxz —9 mnp —17 aba’ 
6. c*de 8. 8a7bc TO ee ot 
— cde — 9abe? — 21 al? 

4 cde 11 abe? +11 a*b? 


Find the sum of: 

11. 6a,7a, —2a, —12a, —15a. 

12. —T ay, 12 ay, —19 xy, —T ay. 

13.. — 8 abe’, —7 abc’, —9 abe’, — abc’*. 

14. 4(a+b), —5(a+5), 6(a+b), —T(a +b). 

15. —6Vae+y, —TVe+y, —8V2e+y, —9Va+y. 

16. 4Va+b+¢, —8Va+o+e, —TVa+b+e. 
Find the value of : 

17. —11avy—19 wy — ay — 27 wy — 30 wy. 

18; 15m+18m+m—Tm—10m—14%m. 

19, —1i?—87?-18 74 427, 

20. 5mn—6mn-+-7 mm—Imn+12 mn. 

21, Lab?—2ab’?+4ab’+ $ ab’. 

222 51.2 Pye 4.2.4 vyz + .7 a’yz—1.3 wyz. 

23. $p'q+ipq—3v4. 

24. bary?2? + 1 ay?2? — 3 a’y?e? — aPy’2*. 





Add: 

25. @ 26. a PA Pe Reet 28. a 
b —D aD — qt 

29. 30. a? 31. a? OO Ms 


[ros 
| 
jab 
| 
oO 
o 
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33. —ax 34. 4 abe 35. ab 36. Va+ob 
— ar’ 4 abc 0 SEN Geo 








Simplify the following by uniting lke terms: 
37. 6a+4b— 5a—1504+2a+4a-—70+4+0. 
38. 10c—l1m+5ea—4y—4e¢—-12c+y+a—-—m. 
39. 12 mn?—12 mn? — 11 mn? +11 mn? —17 2. 
40) Vatb+Vat—2Vatb—3Vat E+ Var 
41. 6a°y —17 vy —19 mn +12 mn — 6 mn — 2*y. 


ADDITION OF POLYNOMIALS 


36. Polynomials are added by uniting their like terms. It 
is convenient to arrange the expressions so that like terms may 
‘be in the same vertical column, and to add each column. 

Thus, to add 26ab—8abe—15bc, —12ab +15 abe — 20 c’, 
—5ab+10be—6c’, and —Tabe+4bce+c’, we proceed as 


follows: 26ab — 8abe—15be 
— 12ab+4+ 1dabe — 20 c? 
— 5ab +10bc— 6c? 
in ODO DOT aes 
9 ab — bc—25c? Sum. 


37. Numerical substitution offers a convenient method for 
checking the sum of an addition. To check the addition of 
—3a+4b+5c and +2a—2b—c assign any convenient 
numerical values to a, b, and c, eg. a=1, b=2, c=1, 


then —3a+464+5c=—384+8+45=10, 
2a—2b— c= 2—4—-1=-—48, 

the sum — a+204+4c=—14+444=7. 
But 7 = 10 — 3, therefore the answer is correct. 


Nort. While the check is almost certain to show any error, it is not 
an absolute test, e.g. the erroneous answer —a+6b—4c would also 
equal 7. 
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38. In various operations with polynomials containing terms 
with different powers of the same letter, it is convenient to 
arrange the terms according to ascending or descending powers 
of that letter. 


7+2+52?+ 743+ 525 is arranged according to ascending powers 
of x 5a?’ —7a5b4+ 4atbe — 8 a2bd? + 7ab4d + 9 b® + e7 is arranged ac- 
cording to descending powers of a. 


EXERCISE 12 

Add the following polynomials : 

1. 5a—6b—Tc, —8a+2b—9e, and —8a—5b+11e. 

2. 8e—5y+T72,5x2%4+9y—82z, —4a—5y4+38z, and —142% 
+6y—z. 

3. 2a?—90?—3c?, —5a7+110?—9c’, 4a?—30’?+5c’, and 
—6b?—7Tce°+8a* 

4. dr—6e—924+11 v,7r—9xex—1124+ 80, 4r—8z, and 
Sa+14. 

5. 26m4+10274+140+2z, —12m+4+15e%—202, —12%—5m 
—5z, and 11lz—7z2. 

6. 12m—14p4+18z, +=4m+3p+y, Tm—x—-S5y, —8m 
-2a—y, and —10m—S8p+4y. 

(7, —S5ay—2yz—T wz, 8ay+3yz2—22, —2Zay+4az+52, 
—aytyz—4 2. 

8. 307-2040, —2e0?+0—38e, —?4+3P—20, Wt 
2 A Ce 

9. 13(a+b)—5(b+e)4+7Te+d), 5(a+b)+9(b+0c)— 
8(c+d), —4(a+b)—5(6+c)4+3(e+d), and —14(a+b) — 
(c+d)+6(b+¢). 

10,) 4Va—Vy —3V2z, 2Vy+ Vz, and —4Ve—Vy—~vz. 

11. a&—at+2a’, 3a°—4a'+6a', —8a°—Ta*+8a', and 
—3a—9at— 16a’. 
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12. 1+ae—#, 1—a2+27, —1+a+2', and —2+2% 

13. 8(@+y)—T(@+y)+6, —5(e@+y)?—38(@+y) —5, and 
3(e@+y)'+9(at+y) +2. 

14. 2 +3a7b43abv?+5%, —2a®—20%, a—20°b—6*, and 
= 200 — 0" 


15. 21 pqg—17ay+9y', —21pq—9y+ay, and y—pg+ 


16. a—b, b—c, c—d, d—e, and e—a. 
17. Ta +40?—-+a3, &—-Ad—eé’, F-a’+c, and ?—b3 


18. —3.5a—5.76418c¢, 538a—4.3c¢—3.6b, 11.2b—2.2¢ 
tf Ly 


19. at —2a?+a?—1, 2e?—2a'+1, 2427. 

20. 2 —2y?—l11la’y—ay’, 4y2—3a342a°%y, Ta’y —6 vy? + 
oe, Te —4ay?+4 ay. | 

21. 2a’—a’?—a, 4a?—6a?+a, —a?+8a074+7a. 

22. 3m?+5m+8, 10m? —6—4m?, 2m?—2m—8. 

23. 4p +Tp'—p+1, 6p’—3p?+p, T—-2p*+p*, —pi+ 
4p—p”. : 

24. b—B+0?—b41, —2044+20—-20?—-2042, 3b'— 
30°4+30?—3b+3. 

25. —9a+3+16a%+a’, 18¢74+5—4a+8a3, lla—15+ 
iD O°. 

26. 5a°—4a%b4+3ab?—208, —40°+307%b—2av?+0%, 343 
—2a’7b+abd’, 4a°+ 307d —2ab?+ 

27.0 — 4 b*-- 30° — 2.07b" 7 abt — 1 Oo ae 
3.a°7b*, bt —3 a°b?, : 

28. 6a'—T7b, 3a°b+30°b’, 6 ab? — 5a, bt—6 ad. 

29. 40¢°—2a?+ta—3, $a°—$307+14, 2a—Ba"’ 


edie Te A een eee 
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SUBTRACTION 
EXERCISE 13 


1. What is the remainder if 6 is taken from 12? 


2. If from the 6 negative units, —1, —1, —1, —1, —1, 
—1, four negative units are taken, how many negative units 
remain? What is therefore the remainder when —4 is taken 
from —6? 


3. Instead of subtracting in the preceding example, what 
number may be added to obtain the same result ? 


4. The sum total of the units +1, +1, +1, +1, +1, —1, 
—1,and —1,is 2. What is the value of the sum if two nega- 
tive units are taken away? If three negative units are taken 
away ? | 


5. What is therefore the remainder when — 2 is taken from 
2? When — 3 is taken from 2? 


6. What other operations produce the same result as the 
subtraction of a negative number ? 


7. If you diminish a person’s debts, does he thereby become 
richer or poorer ? 


8. State other practical examples which show that the sub- 
traction of a negative number is equal to the addition of a 
positive number. 


39. Subtraction is the inverse of addition. In addition, two 
numbers are given, and their algebraic sum is required. In 
subtraction, the algebraic sum and one of the two numbers is 
given, the other number is required. The algebraic sum is 
called the minuend, the given number the subtrahend, and the 
required number the difference. 
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Therefore any example in subtraction may be stated in a dif- 
ferent form; eg. from —5 take —3, may be stated: What 
number added to —3 will give —5? To subtract from a the 
number b means to find the number which added to b gives a. 
Or in symbols, a—b=z, 
if x+b=a. 

Ex. 1. From 5 subtract — 3. 


The number which added to — 8 gives 5 is evidently 8. 
Hence, 5—-(-—3)=8. 


Ex. 2. From —5 subtract — 3. 

The number which added to — 3 gives — 5 is — 2. 
Hence, (— 5)-(-—3)=— 2. 

Ex. 3. From — 5 subtract + 3. 


This gives by the same method, 
—5-—(4+3)=- 8. 


40. The results of the preceding examples could be obtained 
by the following 


Principle. To subtract, change the sign of the subtrahend and 
add. 


The numerical results of Exs. 1-3.of course do not prove 
this principle, but it may be deduced as follows: 

The principle is obviously correct for a positive subtrahend. 

To find a —(—b) we have to find the number which added 
to — b will give the result a. 

But a+b added to — b, gives a. 

Hence the required remainder is a+ 8, 


oie a—(—b)=a+0b. 


Nore. The student should perform mentally the operation of chang- 
ing the sign of the subtrahend ; thus to subtract — 8 a2b from — 6a’b, 
change mentally the sign of — 8 ab and find the sum of — 6 ab and 
+ 8ab. 
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41. To subtract polynomials we change the sign of each term 
of the subtrahend and add. 


Bx. From 632 — 62-7) subtract 24° — 307 — 52+ 8: 


EXERCISE 14 


yet hk oye 
6 take — 8. 
Takes Lo 


I TGS aS hi el El 6 
2 a = DO 

—§$2+52—1 

From 
1. 6 take 8. 5. 
2. —8 take 6. 6. 
Salo take — 6, “7 
aA. — 8 take —S§. +8. 


—11 take +11., 


Subtract the following numbers: 


13 ees 16. 
ilkas 

14. 12 x’y ive 
—12 2’y 

15. — ay 18. 
— 2 wy 


wbe? 
2 a&bc? 


36 mnp 
— 22 mnp 


0 
—12 xyz 


21. Subtract 17 xyz from 6 wyz. 
v 22.) Subtract the sum of 6a and 7 x from —12~¢. 
23. From 26a+586+12¢ subtract 26a—146+418c, and 


check the answer. 


24. From 7 a?7+12a+3 subtract 2 


the answer. 


Check, If x=1 





Ga | to takes-— ble 
wig takor—a LT, 
a —il setakesie 


. O take 64. 


17 ad 
21 ad 


19. 





PG Gs al 
+ 41 a’b? 


20. 


a?+13a—T, and check 


25. From a?—7 ay+y’ take a —T7 wy—y’. 
26. From —81 a?+12ab—7 b? subtract 81 a?+ 22 ab— 146%, 
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27. From 6a—7 6+8c—9d take 12a—76—12c+17 d. 

28. From 6a°—17 #’?+5a—8, subtract 3—72+5 2?—9 a3 

99, From 7 2*—20°+9 subtract 4—7 «+397 — 9a. 

$0.) Nromea—300--o 00 —0 1ak6 —a- 300 600, Dp 

31. From ab—be+cd—da, subtract ab+bce+cd-+ da. 

32) From: —2 +8 rte — 22 take 2 oe ow | 

33. From m?—3 mn+6n? take 6n?—m?+7 mn. 
_ 34. Froma+y take a+y+z2+u. 

35. From 19ad0+17 bDc—14ac take 17 abd +19 bc+14 ac. 
,-36. Subtract «+y from «—y+2—. 

37.) Subtract 7 2®°—627—52+4+2 from 7—6e2—52°+2 27. 

38. Subtract 2ax—T7 by—5ay from 2 by —2 ax—5 ay. 

39. From 2a+y take x+y+4z. 

40. from 2 - letakes a 2 

41. From —«*—2’—~ subtract 2° —1. 

42. Subtract a+ b+ c from d. 

43) From «+~V2x—Vy take 24—2Vx—2V/y. 

44, Subtract Vax + Vbe—Vexr from Vax +Vba —V ca. 

45. From 6(a+y) +4Va—Va+y subtract 7(@+¥) —5Vx 
aa TVa-+y. 

46. Subtract a +ia°—1Lae—8 from 2e?—ta+ia—s 


1 By as Zire aoe aA 2 72 3 or. 
47. Subtract ta’?—2a—2a—4# from 2a°+32a—4a+1. 





REVIEW EXERCISE I 


1 To the-sum of45 a —4 0-1 candeu 2 7 (cea eile 
sum of —a—66b—e¢ and: a+b) —3<. . 


2. From the sum of a—26+3c and 2a—3b+4c subtract 
209 0-0 ¢. 

3. From «+y subtract the sum of 2a—y+z and a—3y 
+ 4 2%, 
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4. From the difference of «?—wx and «—1 subtract #?+a+-1. 
(5) Subtract the sum of 52?—62+7 and —42?—62+10 
from «2? —62-+-16. 
6. Subtract the difference of 4m?—2m—T7 and 3m?—2m 
+7 from unity. 
7. Subtract the fifrersnice of 6a?—Ta+2 and —4a’+5a 
+2 from zero. 
&.) Subtract the sum of a+ 6 and a—b from a+b-+e. 
9. Subtract the sum of «+y+z2 and «—y—z from the 
difference of ex—y+z and —x+y-+4z. 
10. What expression must be added to 6a+256 to produce 
Ta—3b? 
11. What expression must be added to a?—a to produce 
a+b? 
12. What expression must be subtracted from 3a+2b+¢ 
to produce 2a—b—c? 
13. From what expression must a+b be subtracted to pro- 
duce a difference of 2a— 3060+ c? 
14. What must be added to —3a+ 2 6 —c to produce zero ? 
15. What must be subtracted from a—b to produce zero ? 
a6 By how much does a+b+¢ exceed a—b+c? 
17. What number is less than3a+2b by —3a+20? 
~ 18. Add 3 x 2%, —5 x 2%, and —9 x 2". 
9 Represent the sum of 6 x 22—7 x 28+ 2°43 x 23 as a 
multiple of 2%. 
20. Add 135 x 3*— 140 x 3*+ 20 x 34 — 24 x 34, 
21.) A is a years old. How old will he be 10 years hence ? 
a nee hence ? 
22. Ais 10 years old. How old will he be ina+0 years? 
In 2 (lo 10 years ? 
(o3,/ A was n years old when B was born. How old will A 
be when B is 2 years old ? 
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If at+b+c=m, a+b—c=n, 2a—386+4+4c=>p, find 
24. m+n. 26. m+n-+ Pp. 28. M+n—P. 
25. mM—N. 27. M—n+ p. 


29. What is the remainder obtained by subtracting any 
number from another one which is smaller by 10? 


30. If -6a+206 is the subtrahend and 2a—30 the re 
mainder, find the minuend. 
31. Can you discover a short method for adding the ten 


consecutive numbers, 673240, 673241, 673242, and so 
on t0 673249? 


Hint. Consider each number a binomial. 


32. If 3-2*—5.2*47.2*=2'.4a, find a. 


SIGNS OF AGGREGATION 


42. By using the signs of aggregation, additions and sub- 
tractions may be written as follows: 


a+(+6—c+d)=a+b—c+d. 
a—(+b—c+d)=a—b+c-—d. 
Hence it is obvious that parentheses preceded by the 4+ or 
the — sign may be removed or inserted according to the fol- 
lowing principles: 


43. I. A sign of aggregation preceded by the sign + may be 
removed or inserted without changing the sign of any term. 


II. A sign of aggregation preceded by the sign — may be re- 


moved or inserted provided the sign of every term inclosed is 


changed. 
fig.a+(b—c)=a+b- ce. 


a+(—b+c)=a—b+e. 
a—(+b—c)=a—b+4+6. 
a——b—c=a+b-+e. 
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44. If there is no sign before the first term within a paren- 
thesis, the sign + is understood. 


a—(b—c)=a—b+e. 


45. If we wish to remove several signs of aggregation, one 
occurring within the other, we may begin either at the inner- 
most or outermost. The beginner will find it most convenient 
at every step to remove only those parentheses which contain 
no others. 

Px mesiupliiy a4 (ha 5b) i - 6b +12 b— a —0) |. 

4a—{(1a+6b)—[—6b) + (—26—a—b)} 
=AG Tot bb) Ot 620 — at OI 
=Ag ita bob [6b — 20 — a+ bi} 
=4a—{7a+5b+6b+2b+a—}} 
=4a-—Ta—5b-—6b)-—2b-—a+b) 
=—4a—-—12b. Answer. 


EXERCISE 15 


Simplify the following expressions: 


1. a+(6—2¢). 
2. a— (b— 2a). 
3. @&—(20?+ a?—Cc’). 
4. a&— (+a? — BD). 
v 5. a—(—a—2b+c)4+(—a+5). 
a G: 2a—x—y+(—x+y). 
yong & 4eot+3a+y. 
“8 62? + 94a —7T—(5a°4+32)+ 6. 
9. (6a+6b)—(5a—4b)+(8a— 2D). 
10. I7a#— (162+ y)+(4a—y+2)—x2+2. 


ay 
= 


11. (a+0+c¢)—(a+b—c)—(a—b+ 0). 
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12. 
13. 
14. 
15. 
16. 
uf 175 
18. 
“19: 
20. 
21. 
22. 
| 23. 
24. 
25. 
26. 
Re 
28) 


29. 
30. 


31. 


32. 
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a+[b—(a—b)]. 
a+b—[(6+d)—(a—b)}. 
m—(n—p)+[38m—3n—6ml]. 
a—[a—{a—(—a)}], 
a—[Sy+j3z2—(@—2)+y}—22]. 
—[m—(m+n)—(m—n)—-(— m+ n)]. 
12a—{(a+b)—[b—(a—b)]—a}. 
20—je—(a—y)—[e—2—y]—9}. 
12—2a—$—o—[2a—(a— 1 —a) 1}. 
14—38a—{9a—[10a—(11la—6—6a)}j. 
Hey Ps AS 
a a asta 
x+y—[—(@—y)+{—#+(@—«#—y)}}. 
1—§—a—(a41)-—[—a—(@—a—1)}}. 
a reer 
1—(—fa+(—a+1)})—{a—a—1}. 
6m+j4m—[8n—(2m+4n)—22n]—-Tn} 
+[9m—(8n+4m)+14n], 
1247 —[1722 — §1722 + (933 — 1247)? }. 


From a+{(4—0)+(a—4)—a—T} subtract 
a—{(6—b)+(6a—6)—(a—7)}. 
From the sum of a+fa—(b—c)} and 
—a+[4a—(5b+c)] subtract a—(b —c). 


Simplify 4a—[6b+(8a—c)—{5b—c—a}] and check 


the answer by substituting a=3,b=2,c=1 in the question 
and the answer. 


33. 


Simplify 9a—[—Ta+{5b—(a—b)+a—b}] and 


check the answer by the substitution a=1, b= 2. 
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46. Signs of aggregation may be inserted according to § 43. 


Ex. 1. In the following expression inclose the second and 
third and the fourth and fifth terms respectively in parentheses : 


a—b+t+tc+t+2d—-e 
=a-—(b—c)+(Q2d-e). 


Ex. 2. Inclose in a parenthesis preceded by the sign ~ the 
last three termsof 9914p _5c424 


=2a-(—b+5c—2d). 
EXERCISE 16 


In each of the following expressions inclose the last three 
terms in a parenthesis : 


Tee orl 0 Ge 0 Sh 22-0 eae 4 
2. e—2y+t3z—4d. 4, 2p—q+p’—-¢. 


In each of the following expressions inclose the last three 
terms in a parenthesis preceded by the minus sign: 


- 5. a—b—c—d. 8. a+a’?—b+ 04 
6. a—b-+c+d. y 9 1+a—20—c—d. 
7 a+2b—5c—d. 10. ©—y+e+m+n+p. 


EXERCISES IN ALGEBRAIC EXPRESSION 
EXERCISE 17 


Write the following expressions : 

1. The sum of the squares of a and 0. 

2. The square of the sum of a and b. 

3. The difference of the cubes of x and y. 


Notre. The minuend is always the first, and the subtrahend the second, 
of the two numbers mentioned. 
D 
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The difference of the cubes of y and a. 
The cube of the difference of @ and y. 
The product of a and 0. 

The product of the cubes of a and b. 
The cube of the product of a and 0. 


CD AAT p 


The product of the sum and the difference of a and 0. 


10. Six times the square of the difference of a and b dimin- 
ished by the quantity a minus b. 


11. The product of the difference of a and 6 and the quan- 
tity a —20’?+ 0’. 

12. The sum of a and 6 diminished by the difference of a 
and b. 


13. a cube minus the quantity 22? minus 67’ plus 7c’ plus 
the quantity — a+ y. 

14. The sum of the cubes of a, —b, and c divided by the 
difference of a and c. 


Write algebraically the following statements : 


15. The sum of a and } multiplied by the difference of a and 
b is equal to the difference of a? and b. 


16. The difference of the cubes of a and b divided by the 
difference of a and b is equal to the square of a plus the prod- 
uct of a and 8, plus the square of b. 


17. The difference of the squares of two numbers divided by 
the difference of the numbers is equal to the sum of the two 
numbers. (Let a and b represent the numbers.) 


CHAPTER III 
MULTIPLICATION 
MULTIPLICATION OF ALGEBRAIC NUMBERS 
EXERCISE 18 


1. If a man makes $15 a day, how many dollars will he 
make in 5 days? 


2. If a man loses $15 a day, how many dollars will he 
make in terms of algebra in 5 days? (Denote gain by +, and 
loss by —.) 


3. If from a man’s fortune $15 are deducted 5 times, how 
much in terms of algebra does he make ? 


4. If from a man’s debts $15 are deducted 5 times, how 
much does he gain? 


5. Express each of the Exs. 1-4 as a multiplication example, 
considering gain as positive, and loss or debts as negative. 


6. If we denote three days hence by + 3, by what must we 
denote three days ago? 


7. If we denote northerly motion as positive, and three 
days hence as +3, express the following as multiplication 
examples with algebraic symbols: 

(a) A ship sailing north at the rate of 3° per day and crossing 
the equator to-day will, in 6 days, be 18° north of the equator. 

(b) The same ship 6 days ago was 18° south of the equator. 

(c) A ship sailing south at the rate of 3° per day and crossing 
the equator to-day will, in 6 days, be 18° south of the equator. 

(d) The same ship 6 days ago was 18° north of the equator. 
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8. If the signs obtained for the products in the preceding 
examples were generally correct, what would be the value of 


6x8, 6x(—8), (—6) x3, (—6)x(—3)? 


9. State a rule by which the sign of the product of two 
numbers can be obtained. 


47. Multiplication by a positive integer is a repeated addition ; 
thus, 4 multiplied by 5, or 4x 3=444+44=12, 


—4 multiplied by 3, or (—4) x 8=(—4)+(—4)4+(—4)=—12 


The preceding definition, however, becomes meaningless if 
the multipher is a fractional or negative number. To take a 
number 22 or —7 times is just as meaningless as to go to bed 
22 times or to fire a gun —7 times. 

A more useful definition of multiplication which may be used 
in nearly all multiplication problems, is the following: 


48. Multiplication is the operation of finding a number that 
has the same relation to one factor (multiplicand) as the other 
factor (multiplier) has to 1. 

Thus 2 is obtained from 1, by taking one fifth of unity three 


5 = = a ee +. =>. 


Therefore 6 multiplied by 2 is obtained by taking one fifth 


of 6 three times, or 
a fei Oe eae 


49. The product of 4 multiplied by — 3 is obtained from 4 
in the same manner in which — 3 is obtained from 1. 

But —3=—1—1-—1, ie. —3 is obtained by subtracting 
three times 1. 

Therefore, (+ 4) x (— 3)=—(4+4)—-(4 4 -(4 4 =— 12. 
and (— 4) x (— 3)=—(—4)—-(— 4) -—(—- 4) =4 12. 
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In multiplying algebraic numbers we have therefore the 
following cases ; 4% 3=12. 
(—4)x3=—12. (§ 47.) 
4x(—3)=—12. 
(— 4) x (—3)=4 12. 


50. Evidently the particular numbers chosen do not affect 
the sign of the answer, and hence the preceding illustrations 
lead to the 


/ Law of Signs: The product of two numbers with like signs is 
positive ; the product of two numbers with unlike signs is negative. 


To obtain the absolute value of a product we multiply the 
absolute values of the factors. 
Thus (+ a)(+ 6) =+ (ab). 
(+a)(—b) =— (ad). 
(—a)(+ b) =— (ab). 
(— a)(— 6) =+ (ab). 


51. Some fundamental laws which are correct for arithmetic, 
we shall assume for algebra. 
// i. Commutative Law. 
(a) For addition, a+tb=b-+a, 
e.g. 4+5=56-+ 4. 
(6) For multiplication, ab= ba, 
eg. 4-0=5-4., 
Ie. Algebraic numbers may be added (or multiplied) in any 
order. 
; / II. Associative Law. 
(a) For addition, 
atb+c=u+(b+c)=(a+b)+¢, 
eg 44+54+6=4+11=9+6. 
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(6) For multiplication, 
abe = a(be) = (ac)b = (ab)e. 
eg 2:3-4=2-12=8-3=6.-4. 


Ie. The sum (or the product) of three or more algebraic 
terms does not depend upon the grouping of the terms. 


Ili. For the Distributive Law see § 55. 


These laws may sometimes be used to shorten the arithmetical work, 
e.g. 14-(—11)-(4)-(- 4) = (4- + (- 1 — ) H2 x 2=4. 


EXERCISE 19 


Find the values of the following products: 


1. 6X (—3). 4. (—15) x (—5). 
2. (—7)x (+7). 5. 4x (—13). 
3. (—22) x (+7). 6. 13 x (— 38). 


Nore. If no misunderstanding is possible the parentheses about fac- 
tors are frequently omitted. 


7. —16x—-4. v 18. (— 2)% 
8. +4-—4. 14. (—3)* 
9. —7- (22). 15. (—1)” 
10. 24-—3.  LBHROE: 
11. —5- 27 .- 20. 17. (—10)°* 
L 12. (—103)-—#-—9-4+% 18. (—;,)% 


19. Formulate a law of signs for a product containing an © 
even number of negative factors. 

20. Formulate a law of signs for a product containing an 
odd number of negative factors. 


If a=3, b=—2, c=1, d=0, and «=5, find the numerical 
value of: 
21. 6abe. 23.4 au'c. 


22. 407b2, geo Ee oy, 
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25. —Tc'dx. 32. 4a?—5b?—6ce. 

OA Fe PAB Lig esi 33. 4ab—56°+ 6cd. 

27. —(2abc)’. 34. (a+ bd)>—’. 

28. — 2 (abc). 35. a+fb?’—(c+d)*}. 

29. +2a(bc)?. SGeer abe — 9 bert Gas 

30m dit 37. V3a+V—20+4+ Vd. 
py 81. (—4c)*. _- 88. 2%— a?. 


MULTIPLICATION OF MONOMIALS 


52. By definition, a@=a-a-a, and @=a-a-a-a-a. 
Helceng Ol —h iG x boa b+ a= Oete a. Or-in 
general, if m and n are two positive integers, 

a” Xa"=(a-a-a-- to m factors) - (a-a-a-++ to n factors) 
=aa--+ to (m+n) factors. 
a"™xa"= qm7rn, 
This is known as 


The Exponent Law of multiplication: The exponent of the prod- 
uct of several powers of the same base is equal to the sum of the 
exponents of the factors. 


53. To multiply two monomials, 5 a*b°c and — 7 a*b*d*, we apply 
the laws of association and commutation, 
5 ab ’c x — 7 a®btd* = (5 - —7) - (a?- a) - (08 - Of) «c+ dt 
= — 35 a’b'cd,. 


EXERCISE 20 
Express each of the following products as a power: 
Ped: ya (ety: @+y). 


SASTAE pier 
_, 8. (ay)" + (ay)’. 6. 1434. 143”, 
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7. a. ar 10. of = a fea), 
St isaee Fe Beet. a 
9,5 22m Dees ger as 212. 0°" > a9 (a)? 


Perform the multiplications indicated : 


13. 3u”-5 ay. 19. 7 xy2-3 mn. 

14. 3ay-(— 5 ay’). 20. 25 ay’2? - (— 8 ayz). 

15. —Tab- 3.a’b'c. 21. (—6 a’y’2")- (— 38 ayz'). 
16. 22 a°b?- (—5 ab’c). 22. 6aa’y-(—T by’z). 

17. (—11 a'd‘c’) -(— 27 a’b’c). 23. 7 a®b’c - (9 ab’c*). 

18. (—4a‘be) - 2 a’b’cd, 24. (—12 pqr) -12 mnr. 


25. 3 a°b’c?-(—4 abe) -(— 5 a’ec’). 
26. (— 2 aba) -(— 2 ab’a) - 2 aba’. 
27. Tmn-(—5 np) + (—2 pq). 
28. (—3a*)-(—2 0*)-(—c). 
29. 2(a+y)-3@+y)-3(@+y). 

~ 30. 3(a—b)>. — 2(a—b)*- (a—b)*. 
31. 6a?(m+n)+-(—T ab). 


y 32. (—2a"b™) - (arb”), 84, 20.9%, 980 , ofa 


Sorts Ors si. (735. (a+b+c)-(a+b+40)” 


MULTIPLICATION OF A POLYNOMIAL BY A MONOMIAL 


54. If we had to multiply 2 yards and 3 inches by 3, the 
results would evidently be 6 yards and 9 inches. Similarly the 
quadruple of a+ 26 would be 4a+8 3, for 


4(a+2b)=(a+26)+(a+2b)+ (a+ 26) +(a4+2b) 
=4a+4(2b)=4a+80. 


55. 


Ps 
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This principle, called the distributive law, is evidently 


correct for any positive integral’ multiplier, but we shall as- 
sume it for any number. 
Thus we have in general 


a(6 + ¢)=ab+ae. 


56. To multiply a polynomial by a monomial, multiply each term 
by the monomial. 


—3@’b(6 a’bc + 2 bc — 1) =— 18 atb?c — 6 a®b?c + 3 ad. 


EXERCISE 21 


Perform the multiplications indicated. 


ox(ety+z2). 6. 2 awy2(7 xy + 2 yz? — 3 a2). 
—3 xy(a —y?—1). 7. —4 02(5 a2 — 3 az? + 2 wz). 
2mn(m’? — n°). 8. —2 be(at*—b*—3c' +d’). 


4a°b’c?(—4a+2Zabe—c). 9. —daty(Txyz—b5ay’2’?—22°). 
—5a(—5a@’—5a—5S). 10. 6 ay?(2 x’ — 2 ay —y* —1). 


. 4p'q(—2pqt+2p?—3q? +1). 
. 8e(4at—2Zab—4 0%). 


—ar(d a + qa?” — a"). 


. b™(1+b0—6"+ 5"). 
. (a+b) (a+ bd)? + (a+b)? + (a+ 56) +1). 
16. 


By what expression must x be multiplied to give the 


4 product aw — ba + ca? 


“Awe 
18. 
1h 
20. 
21. 

~ 22. 
23. 


Express 3 aw + 4 bw — cw as a product. 

How many @ are contained in ma — nx? 

Express the sum of + n’x and — m*x as a multiple of a. 
Find the factors of ab + ac— 38a. 

Find the factors of 3 ab+ 3 be — 38 ace. 

Find the factors of 3 a? — 6 a — 15 a. 

Find the factors of 5 ab — 15 ab? — 60 abe. 
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MULTIPLICATION OF POLYNOMIALS 


57. Any polynomial may be written as a monomial by 
inclosing it within a parenthesis. Thus to multiply a — 6b by 
a+y—z, we write (a — b)(x#+ y—z) and apply the distributive 
law. 

(a—b)(a@+y—2z)=a(a— 6b) + y(a— b) —z(a—b) 
= (aw — bx) + (ay — by) — (az — bz) © 
= ax — bx + ay — by — az + bz. 

58. To multiply two polynomials, multiply each term of one by 
each term of the other and add the partial products thus formed. 


The most convenient way of adding the partial products is 
to place similar terms in columns, as illustrated in the follow- 
ing example: 


Ex. 1. Multiply 2a—36 by a—5b. 


2a—30b 
a—5b 
2a2—3ab 


—10ab+ 1562 
2a2— 18 ab 4+ 15 b? Product. 


59. If the polynomials to be multiplied contain several 
powers of the same letter, the work becomes simpler and more 
symmetrical by arranging these expressions according to either 
ascending or descending powers. 


Ex. 2. Multiply 2+a3—a—38a@ by 2a—a?+1. 


Arranging according to ascending powers : 


Check. .lia=1 
2—a—8a?+4+ a8 = ul 
P20 = 2 

2— a—3a?+4+ a 


+4a-—-2a?—60+42 a4 
-2¢+ 24305 —¢ 
2+38a—T7a?—4@2+5a!-— a5 =-—2 
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60. Examples in multiplication can be checked by numerical 


- substitution, 1 being the most convenient value to be substi- 


tuted for all letters. Since all powers of 1 are 1, this method 
tests only the values of the coefficients and not the values of 
the exponents. Since errors, however, are far more likely to 
occur in the coefficients than anywhere else, the student should 
apply this test to every example. 


Ex. 3. Multiply 3 ay'+ 6 ay+y°—2 ay’ by —2 xy®+4a*—5 y* 
Arranging according to descending powers of a: 
CRecraet Bal yy =F 





6 aby + 3 x2y* — 2ay? + y® = 8 
4 xt —2ay? —5 yt —<3.9 
24 wy + 12 axiyt — Bary? + 4 arty 
— 12 x®y* —6ay7 + 4x2y8 —2 x79 
— 30 xy — 15 x2y8 + 10 xy? — 5 y10 
94 xy — 88 oy + 4 xty® = gyi = Jia ays 8 xy? a) yr — — 24 


61. The degree of a term is equal to the number of literal 
factors contained in the term. Hence the degree of a term is 
also equal to the sum of the exponents of the literal factors. 


— 17 abcd is a term of the 7th degree, since the sum of the exponents 
is 8+2+4+141. 

62. A homogeneous polynomial is a polynomial whose terms 
are all of the same degree; as 6 a®yz — 3 ayz? — 2 2’. 

The product of two homogeneous polynomials must be homo- 
geneous, since the degree of every term in the product must be 
equal to the sum of the degrees of the factors. This fact may 
be used as an additional check in some examples. 


N 


EXERCISE 22 
Perform the following multiplications and check the results: 
1. (2a—5b))(Ta+4b). v4. (a—3y)(6x—5y). 
v2. 9r+7s\(2r—5s). vb. (2a—3b)\4a—5D). 
3. (8p—3q)(SpT q). 6. (Tx—5y)(8x+4y). 
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7 (6x%—Ty)(2a—-3y). 12. (8r—3s)(27r+5s). 

8. (a—6b)(a—7 Dd). 13. Qx«—4y)(Ba—Ty). 

9. (6a—9)(6a+9). 14. (6 ay + 72)(—3 ay — 42). 
10. Qu+2vj\(4u—Tv). yw 15. (—aex—y)(—ar+y). 
11. Qp—4q)\(2p—38 49). 16. (abe + 5)(6 abe —7). 


- 17%. QYabe— 4a°b’c*)(9 abe + 4 a’b’c’). 
vy 18. (@’+a+1)(@—1). 
19. (—-3a+5a@+42)(—5a —A4). 
20. (3a°—4—52x)(2—32). 
21. 7—9r+3r°)(5— Br). 
22. (77? —8r+5\(7—9r). 
23. (6a —3ab+2b)\(38a—5ab—40"). 
24. (4a°4+1—2)(2?—32+49). 
25. (9a°—Tay+ 8y)\(9a—8y? +7 ay). 
26. (6w+4v?—Sd5uv)(6w +5 uv—40"). 
27. (a+a?+1+a’*)(a—1). 
28. (a —2ab+b°)(W+2 ab+4 dD’). 
29. (ba—4b—S5c)\(4a+5b—38¢e). 
30. (6a—Ty+9z)(5e+T7y— 92). 
31. (6r+5s—4t)(6r—5s+A4t). 
32. (Ta—b—2c)(—Ta+b—2¢). 
33. (at'—3a?—40°+ 5x4 3)(@—7). 
34. (a—5@4+3e+1)\(a+1+4). 
35. (a? —2a*—1)(a—a’ +1). 
36. (at—4a°%) + 6 ab? — 4. ab? + b*\(a? —2ab+ b”). 
87. (— a + aty® — ay? + 9°) (a2y? + af + 9). 
38. (a7 + a +a+41)(2?-—3x—1). 
39. (a — wy —a*+ y)(a?—y+ 2). 
40. (wf +a°+e°4+at+a> + e+oae+1)@—1). 
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41. (@+4a+14)2a+4). 47. (art? + 2b)(art?— 2b), 
42. (¢a°—hae—}da+h). 48. (a™—3a"1!+4a"")(a+1). 


43. (a”+1)(a"—1). 49. (a—2b)’. 
44, (a+ y™)(a"—y”). 50. (a+ 6—2c)’. 
_ 45. (a t—1)(@—1). 51. (a—2b+c—3d) 


, 46. (a" + ary™ + y™)(a" —y™). 52. (a? —1)(a+1)(a—1). 

53. @+y@-—Ye-—Y+yY). 
54. (a—b)(a?—2ab+ b*)\(a+Dd). 
55. (2? + y')(a?— "(a —y/). 
56. (a+1)(a—1)(a?+1)(a* +1)(a8+ 1). 
57. (m—n)(m + n)(m? + mn + n’)(m? — mn + 7’). 
58. (p+ Q)(pi+pqtpet+ pet 7)(p— 4. 
59. (a —b)*. 61. (m—n)* 
60. (w+ 2)’. 62. (m+2n+3p)* 
63. (4@?+1ta—-1)2a—4)(6a—2). 

If M=a+b+c, N=a+0-—c, P=a—b+e and Q= 

—a+b-+e, find the following product: 
64. MN. 65. PQ. 66. NPQ. 
(For method of detached coefficients see Appendix I.) 


SPECIAL CASES IN MULTIPLICATION 


63. The product of two binomials which have a common term. 
(e+ 2)\(e@+4)=2?+2e+4+4e4+8=0°4+62+48. 
(w—2)(@+4)=a?—-2e2+4+4e—8=2?+22—8. 

(« —2)\(e@—4) =a? —-2a—427+4+8=0°—62+4+8. 

(4a+7b)(4a—5 b) =16 a + 28 ab — 20 ab— 35 D’. 

=16a?+ 8ab— 3506". 
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64. The product of two binomials which have a common 
term is equal to the square of the common term, plus the sum of 
the two unequal terms multiplied by the common term, plus the 
product of the two unequal terms. 

(5a—6b)(5a—9b) is equal to the square of the common term, 
25 a2, plus the sum of the unequal terms multiplied by the common 
term, t.e. (— 15b)(5a)=— 75 ab, plus the product of the two unequal 
terms, i.e. + 540%. Hence the product equals 25 a? — 75 ab + 54 b?. 


EXERCISE 23 
Multiply by inspection : 


1. (w©+3)(@+ 5). 16. (w+y)\(@—y). 
2. (a—4)(a—3). 17. (a?+5)(a’ — 6). 
3. (a—6)(a—4). 18. (a?—5b)(a?— 6D). 
4. (a—6)(a+A4). 19. (a*b? + 9)(a°’b? — 7). 
5. (a—1)(a—2). 20. (ab? — 2¢”)(a*b? +2’). 
6. (a—8)(a—A4). 21. (a*—T b*)(a*—7T d*). 
7. (w—12)(@+ 13). vy 22. 14+22)(14+32). 
8. («—12)(@—18). Y 23. (a*+26")(a"— 20"). 
9. («+ 38)(e4+3). 24. (100+3)(100 + 1). 
10. (w— 25)(a — 4). 25. (1000 — 6)(1000 + 7). 
11. (w+ 25)(a —4). 26. 103 x 105. 
12. (w+2y)\(@+3y). He ARIES Galt} 
13. (w—4y)(@—2y). ~ 28. 1008 x 1009. 
14. (a—5b)(a+4b). Boece) sXe Us 
15. (a—8)(a+8). 


30. 47,796 x 28,534 = 1,365,811,064. Find the product of 
the two next higher numbers. (47,797 and 28,535.) 


31. A garden 285 yards long and 215 yards wide is length- 
ened and widened by one yard. Without multiplying 285 and 
215, find the increase in area. 
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82. (2a+7)(2a—3). 40. (6+ 2°)(«?—7). 

33. (4a+9)(4a—8). 41. (w—1)(@+1)(a — 3). 
34. (3a—4)(3a +6). 42. (@+y+7)(@+y—83). 
35. (—a+4)(—a—4). 43. (w+y—4)(x+y—8). 
36. (—a+42)(—a—Tx). 44. (a+5)% 

387. (2—T2x)(2—62). 45. (a—b)’. 

38. (w—4)(54 2). 46. (a+b)(a—b). 


39. (w—2b)(8b+2). 

47. Find two binomials whose product equals #? — 5+ 6. 
48. Find two factors of w7+ 9x-+ 20. 

49. Find two factors of #?—112+4 18. 


65. Some special cases of the preceding type of ei 


deserve special mention : 

I. (a+ 6)?=a’+2ab6b + 6’. 

II. (a—6)?=a’?—2a6 + 6. 

III. (a+ 6)(a — 6) =a’ — 6’. 

Expressed in general language: 

I. The square of the sum of two numbers is equal to the square 
of the first, plus twice the product of the first and the second, plus 
the square of the second. 

Il. The square of the difference of two numbers is equal to the 
square of the first, minus twice the product of the first and the 
second, plus the square of the second. 

III. The product of the sum and the difference of two numbers 
is equal to the difference of their squares. 


The student should note that the second type (II) is only a 
special case of the first (1). 


Ex. (443+7 y?)? is equal to the square of the first, 7.e. 16 76, plus twice 
the product of the first and the second, i.e. 56 xy?, plus the square of the 
second, i.e. 49y*. Hence the required square equals 16 x° + 56 x3y?+ 49 y#. 
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EXERCISE 24 


Multiply by inspection : 


CUS OG i be hee ee ia Hee a ee eS ae ee 
RD ce O0re 8 i Con OU er 09 Ee Sk (gs Ol Ole 0 Ne) OO 


eomonrtinna rt, © Do FE 


(e+ y)’. 
(a+ 4)’. 
(p—q)’ 
(n — 4)’. 
(s—T)*. 
(a+1)?. 
(m? + 2)°. 
(a’— 792 
(a+ 2b). 
(e—Ty)?. 


. (4c), 

. (m?—12 nN’). 

. (2e—Ty)*. 

. (2a4+ 9b) 

. (4m—38n)’. 

. (20-37). 

. (4a°b?—T)’. 

. (407?+8f/"). 

. (627? — 3 yz")? 

. (Tmnp’g — 5 n*piq')’. 


. (m™—1)% 

. (100 — 38) 48. 
7A bat 49. 

el OZs 50. 

a 51. 
O97, 52. 


96°. 


22. 
23. 
24. 
25. 
26. 
mie 
28. 
29. 
30. 
is HA 
32. 
30. 
34. 
35. 
Pee. 
2 Sh. 
38. 
. [(a-+)—e][(a +b) +e]. 
. [m+n—pl|[m+ne p]. 

. (a—-2b+8¢)(a—2b—80). 
. (4041)% 


(a — y™)?, 

On+H% 

(a+ y)(e—y). 

(a? + 4)(a? — 4). 

(pda + 9)( pd — 9). 
(5°—?P)(69+P). 

(6 mn® + 4)(6 min’ — 4). 
(x’y? — 42) (xy? + 42). 

(4 a®y28 — pt) (4 ay223 + pt), 
(a + y™)(a™ — y”). 
(a?”4+11)(a?"—11). 

(’—T y’)(e’?—T y’). 

(m? — 2 n*)(2 nt + m’). 

(a? + 2ab)(2 ab +a’). 
@—T)(—T 4.0), 

(u’ —7)(7 + u"). 

(ced? — 12 f)(—12 f+ cd’). 


53. (40+2)(40—2). 
54. 41 x 39. 

55.0 Ol ibe: 

56. 997 x 1008. 

57: 0.0. eae 


Prove that (n+4)?=n(n+1)4+1. 


. Illustrate Ex. 58 by numerical examples, 
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66. The product of two binomials whose corresponding terms 
are similar. 


By actual multiplication, we have 
ou + 2y 
5a — Ay 
15a? +10 xy 
—12ay—87? 
15a?— 2ay—8y7 
The middle term of the result is obtained by adding the 
product of 5x%-2y and —4y-3a. These products are fre- 
quently called the cross products. 


oe+2y 
ee 


ate 
oe—A4y 
10 xy — 12 xy 
Hence in general, the product of two binomials whose corre- 
sponding terms are similar is equal to the product of the first two 
terms, plus the sum of the cross products, plus the product of the 
last terms. 


EXERCISE 25 


Multiply by inspection : 


1. (24+ 3)(e@—5). 7. (@—Tb)(2a?— 30"), 
2. (3x%—2)(a%—7). 8. (4a°b? — 2)(3 a°b’ + 5). 
3. (3a—2)(38x—3). 9. (2a°—3y*)(2a?—5y’). 
4. (6%—1)(2%+3). 10. (2a°y—a)(2a°y —7T 4). 
5. (6a—b)(a—25). 11. (—a?+42ab)(22’°—38 ab) 
6. (Tmn+p)(2mn— 3p). 12. (6a—Ty)(Sy—T2). 


67. The square of a polynomial. 
(ato+cvH=V’?+0?'+42ab4+2ac4 2 be. 
(a—b+c—dy 
—?+0?+24@0—2ab+2 ac—2 ad—2 bc+2 bd—2 cd. 


E 
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The square of a polynomial is equal to the sum of the squares 
of each term increased by twice the product of each term with 
each that follows it. 


The student, should note that the square of each term is 
always positive, while the product of the terms may have the 
plus sign or the minus sign. 

EXERCISE 26 

Find by inspection : 


1. (@+y+2). 7 (20—30°—30e’)’, 

2. (m+n—p)’. 8. (wtytu—3)’. 

3. (m—n—3)’. 9. (2a—2b42c—d). 

4. (m+2n—A4)’. 10. (8e%—4y—24+2u)* ° 
5. (d?—2e+1)’. 11. (@—20°4+3a%—T7)?. 

6. (2d—se—4 fy)’. 


68. In simplifying a polynomial the student should remember 
that a parenthesis is understood about each term. Hence after 
multiplying the factors of a term, the beginner should inclose 
the product in a parenthesis. 

Ex. Simplify (@+ 6) (@#—4)—-(«#—3)(@—5). 

Check lige sal: 

(2 + 6)(x — 4) —(x% — 8)(a@ — 5) = (7- —3) —(—2- —4) = — 29. 
=[a? + 204 — 24]—[a?-— 82-4 15] 
=9?7+2%-—24—274+82-—15 
= 10x — 39. = 10 — 39. =— 29. 


EXERCISE 27 
Simphfy the following expressions, and check the answers: 
l/ 1. (@—T)(«#—8) —(@—14) (@—4). 
3(a@—9)—5(a+7). 
. (a+7)(5a+38) —2(7?—3a+7). 
. (a+b)?—(a—d)’. 
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5. (m+ 2)(m—2) + (m—T7) (m— 2) —3(m?— 3m). 
6. 12(a+1)4+17(a—2)—5(a—3)(a—2). 
7. (d+e)(d—e) + (d—e)?— (d+e)?. 
v 8 3@+yyr—CBa—y)be+y)—22y7+82y). 
9. (a+b)(a+c)—(b+c¢)(b+a)+ (c+a)(C+b). 
~ 10. (a—26)?4+ (b—2¢)?+ (C—2a)* 
11. (@+y)@—y) + Y+2) Y—2) + %+2)@—2). 
12. (a+b+c)—(a+b+c)(a+b—c). 
13. a(a+b)—[(a—b)?+b(a—b)]. 
14. (a—b)?+ (b—c)?+ (c—a)’— (a+b+¢)*. 
.15. 4(a@—4y)(@@+4y)-—2(@—4 yy? — 204+ 8y’). 
16. 4(a—b) (a+b) —4(a—2 5) (a—b) +12 b(a—D). 
17. 4(a+ 6)(b—a) —3(b—a) (a+b) —a(a—D). 
18. (5a+6y)—(Gba—Ty)?+ (4ea—5y)(4a+5y). 
19. (Ta#—8y)?—(4e—y)’?—(82+4y)(8a—4y). 
20. (8x—7)?— (5xe—2)?— (6x%+7) (7 —62). 
21. 4(9p—8q)(9p+8q) —2(Tp—3¢q)—(2p—5q 
22. 3(@—17)(#@—13) —4(@—9) (@—17) + (@— 13) (w— 9). 
4 23. («+5)?— (#— 9)? — 140. 
24. 5a(3e—11)42(4e%—7)?—752’?—7(9 + 22)’ 4+ 167. 
25. (3ax+4b)?+ (4ax—3b)— (5ax—T 6)? +110". 
26. 9(5ax—3b)?—4(6ax —7 b)?—-(Yax+5b)(9ax—5b) — 
21 aba. 
27. (2.5%+4+3)(5—22) + (1.5—«) (4422) +7 (@—4)* 
28. (mn+1)?—3mn(mn +1). | 
29. (@+1)(@+2)(@+ 38) —(@+2)(@+3)(@+4)—-3(@+ 2) 
a+ 3). 
Jf 30. (p+2n)?—3(p—5n)(p+7n). 
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. (+a? 4+e+41)(@—1) — (+1) (@+1)(@—1). 

. a+3[4—8(2—a)]. 

. 5d—(6d—5)+[6—4(d—9)]. 

. 12mn—5(2mn—7T) — [38 mn — 4 (mn — 2) — (mn — 2)]. 


{(a+ 2a)? —(a—2@)?}—25(a+2a)(a—2x) —(a—2@)’}. 


. (2e%—1)(8a+5)(@+1) — («—1)(@— 2) (w+ 3). 
. (8a+5)(2e%—3) (x—1) — (w@—1) («#4 2) (@—3). 
. 3(a4+2b)(a—b) —4(2a—3b)(8a+b) +b(2a—9D). 
39. 


40. 
6 ac)}. 


41. 


a—(9a+8b—Tc)(f+g)+00a+8b—Te)(f—g). 
(3a—6c)(4a—8d)—$(2a—5c)(6a—11 d) —(87 cd— 


From 0 subtract three times the difference between the 


G squares of (a+ 6) and (a—b) and add the result to 6 ab. 


CHA 


PAM Oe AINE 


DIVISION 


69. Division is the process of finding one of two factors if 


their product and the other factor are given. 
The dividend is the product of the two factors, the divisor 


is the given factor, and the quotient is the required factor. 


Thus to divide — 12 by + 3, we must find the number which multi- 


plied by + 8 gives — 12. But this number is — 4; hence 738 
. vo 


70. Since 


and 


it follows that 


wa 


+ 
+a 


— Whe 


te 72. Law of Exponents. 
Oo amen Lorde X. ==. 0°. 
Or in general, if m and n are positive integers, and m is 


greater than n, a"™+a"=a™—", for a™-"a"* =a” 











Br 1 ee ey 
-+b=-+ab 
-—b=—ab 
+b=—ab 
—b=-+ab, 
SGU eee, 
+a 
“mse ee 
+a 
reat Oey 
—a 
mete 
—a 


71. Hence the law of signs is the same in division as in 
multiplication: Like signs produce plus, unlike signs minus. 


It follows from the definition that 


53 
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The exponent of a quotient of two powers with equal bases 
equals the exponent of the dividend diminished by the exponent 
of the divisor. 


DIVISION OF MONOMIALS 


73. To divide 10 a7y’z by —2 ay’, we have to-find the 
number: which multiplied by —2a°y? gives 10 a’y’z. This 
number is evidently —5 xyz. 
10 a’y°z 
— 2 ay? 





Therefore, =— 5 xyz. 


Hence, the quotient of two monomials is a monomial whose 
coefficient is the quotient of their coefficients, preceded by the proper 
sign, and whose literal part is the quotient of their literal parts 
found in accordance with the law of exponents. 


EXERCISE 28 


Perform the divisions indicated: 








1. —64+—4. 3 98 pr”. 15 96 m>n2 a 
We tee: es i ~ 12 m>na 
9. — 20 araty? Whee 144 ae*d 
ae : — 20 a’a” San 
“a 10. 154 mM np 17 50 def 
4 —iTab?® tD "50 die 
ae Ge (a +b)? 
11 . Pee 
(a + b)* 18. (a— 6)? 
5 6 adic? ie a—b 
" —2ab* 12, St viyleh 
—7 xyz A 19. et + = Oe : 
= — 2(a —C 
763) ae in 28 mingpt ( IF ) 
aoa Emin! A 40 ae 
7 al 20 My Nn 
7.2 12 aPyP2? ae 16 mp*q' a, 


= 8 ab yz? — 16 mp’ 
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DIVISION OF POLYNOMIALS BY MONOMIALS 


74. To divide ax +ba+cx by x we must find an expression 
which multiplied by w gives the product aw + bx + ca. 


But x(a+b+c)=ax+ bx + cx. 
Hence BEBO OG are heh 
x 


To divide a polynomial by a monomial, divide each term of the 
dividend by the monomial and add the partial quotients thus 
formed. 

ae FU ae AER PA 2 

Eg. 6 wv y’z* —15 is + 3 xyz 

— 3 xyz" 





= 2a’yz? + 5 yz —1. 


EXERCISE 29 


Perform the operations indicated : 


1 56 ax — 63 ba. 4 at —3e'+5a 





4. 
(ey —2 
eee 26 ac 39 km Hues Dae 6 at 3 Gite 
; 13 a? —3a3 
ae 14 a’b’c? + 21 atb?c? wine 11 xy + 22 ay’ — 33 ay* 
ia 11 wy 
7 4 ao? — 40 a®a? + 8 atat 
4a? 
rf iho 12 a?b3c® + 6 a2b%ct — 18 vb ce 
6 a*b®c? 
a 25 p* — 20 p*— 5p? 
: — 5p? 
10 49 m*n*x — 28 min®y + 7 mint 
—T mn 
11. 169 a*y?z? — 26 x*y*2? + 39 aye? 
ues 


y 12. (927°s’ — 115 rst — 161 7°s* + 69 7%s*) + 23 rs. 
13. (187 aty? — 121 ay? — 88 a’y* + 231 wy’) + 11 ay. 
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14. (75 ab? — 105 a — 165 a’b? + 180 ab) + 15 ab. 
15. (6.8ab —8.5ac—5.1ad+64ae) +1.7 a. 
6(a +b)? +15 (a+b)? 18 a +a"+a" 








16. 
—3(a+b)* a” 
ali meats = 3 3M, pn 2m, 2n Mp Bn 
Wet y) oe 4 fy Laci era 
pee 9 (wv a. Y) as amy” 
a+4 at3 a+2 
20. me* +m? +m ; 
met 


DIVISION OF A POLYNOMIAL BY A POLYNOMIAL 


75. Let it be required to divide 25a—12+6a'?— 20a by 
2a°+5—Aa, or, arranging according to descending powers of 


a, divide ¢ g8_ 90a? 4 25a—12 by 2a?—4a+3. 


The term containing the highest power of a in the dividend (7.e. 6a) is 
evidently the product of the terms containing respectively the highest 
power of @ in the divisor and in the quotient. 

Hence the term containing the highest power of a in the quotient is 
6 a3 
2 a2’ 

If the product of 3a and 2a? — 4a + 3, @.e. 6a? — 12 a2 + 9a, be sub- 
tracted from the divisor, the remainder is — 8a? + 16a — 12. 

This remainder obviously must be the product of the divisor and the 
rest of the quotient. To obtain the other terms of the quotient we have 
therefore to divide the remainder, — 8 a2 + 16a — 12, by 2a2—4a43. 

We consequently repeat the process. By dividing the highest term in 
the new dividend — 8 a? by the highest term in the divisor 2 a?, we obtain 
— 4, the next highest term in the quotient. 

Multiplying —4 by the divisor 2a2—4a+3 we obtain the product 
— 8a*?+ 16a —12, which subtracted from the preceding dividend leaves 
no remainder. 

Hence 5a — 4 is the required quotient. 

The work is usually arranged as follows: 


6a? — 20 a2 + 25a —12 | 2a?-—4a+3 
6a3 —12a?+9a 38a—4 

— 8a?+4 16a—12 

-~ 8a24+ 16a@—12 


0} ei ae a 


DIVISION ‘ay | 


76. The method which was applied in the preceding example 
may be stated as follows: | 


1. Arrange dividend and divisor according to ascending or 
descending powers of a common letter. 


2. Divide the first term of the dividend by the first term of the 
divisor, and write the result for the first term of the quotient. 


3. Multiply this term of the quotient by the whole divisor, and 
subtract the result from the dividend. 


4. Arrange the remainder in the same order as the given 
expression, consider it as a new dividend and proceed as 
before. 


5. Continue the process until a remainder zero is obtained, or 
until the highest power of the letter according to which the dividend 
was arranged is less than the highest power of the same letter in 
the divisor. 


77. Checks. Numerical substitution constitutes a very con- 
venient, but not absolutely reliable check. 

An absolute check consists in multiplying quotient and 
divisor. The result must equal the dividend if the division 
was exact, or the dividend diminished by the remainder if the 
division was not exact. 


Ex. 1. Divide 8a?+8a—4+6a'—11 a’ by 3a—2. 


Arranging according to descending powers, 
Cer aan Liv eh 


6a*+8a?—1la?+8a—-—4 | 8a—2 =— 7] +1 
6at—4a3 20°+4a?—a+2 ay 
+ 12 a? —11 a? 
+12a?— 8a? 
— 8a°7+8a 
— 3e@4+2a 
+6a—4 
+6a—4 
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Ex. 2. Divide at!—40t— 60°) +970? by 2b?—3ab +a’. 
Arranging according to descending powers of a, we have 
a* — 6 a®b + 9 a2b? — 4 bt a2 —3ab + 2 b? 
at — 3.a°b + 2 ab? aes a Bs 
—38a®b +7 a*b? — 4 bt 
—3a3b + 9 a2b? — 6 ab 


— 2 ab? + 6ab3 — 4 bt 
— 2a7b?2 + 6 ab? —4 bt 





Check. The numerical substitution ¢@ = 1, b= 1, cannot be used in this 
example since it renders the divisor zero. Hence we have either to use 
a larger number for a, or multiply. 

(a? — 3.ab + 2b?) (a? — 3. ab — 2b?) 
= [(a2 —3 ab) +2 6?][(a?-—3 ab) —2 07] 
= (a? —3ab)?—4 04 
=a? —6a°b + 9 ab? — 4 Dt. 


Ex. 3. Divide a+ 6?+c—3abe by a+b+e. 
Checks .Ifa=b=1- 
a — 8abe + 6? +.¢8 a@+b+¢ —0+3 
@e@+at%b + ae ie =0. 
— a2b — ac — 8adc4+ 684+ Cc 
— ab — ab? — abc 
— arc + ab? —2abc+ b? + 








— arc — abc — ac? 
ab?— abe+ac?+b? +8 
ab? +63 + bc 
— abe+ ac? — b?c4+ ¢3 
— abe — b%c — bc? 


ac? + bc? + ¢3 
- ac? + be? + 8 


Ex. 4. Divide a™*?— 2a™*?— a™1! by a™1 4 2a"+ a". 


amt8 — 2 qmtl 4 qm-l fe +2a™+ a7—1 
amt3 4+ 2 amt? 4+ qmtl CEeyenie 
. — 2am? —Z3aqmtl4 qrt 

— 2aqamt? —4aq™+1_ 2am 


qmtl +- 2 qm + qn-l 
qmtl + 2qm a qn-1 
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EXERCISE 30 


Divide: 

“1. oF —Tae+4+12 by «—4. 
2. a@—a—T2 by a—9. 
3. 6a7?+23ab+ 200? by 2a+5b. 
4. 150°?—19bc— 56? by 38b—8e. 
5. 420°—10 ay —127? by Tx +3y. 
6. 4a?—1210" by 2a—11 0. 
7. 21¢0+413ab —208 by Ta—5b. 
8. 167°—467s+15s’ by 2r—5s. 
9. 40W—538uv+6v by 5u—6». 
‘10. 18p?+19pq—12¢ by 2p4+38¢. 
11. 90m? — 281 mn — 85 n? by 5m—17n. 
12. 72p°+Tpq—2¢ by 8p—g¢. 
13. w+y*? by a+y. 
14. 2&—y* by ~—y. 
15. 2a°—9a’?+11la—3 by 2a—3. 
16. 13p+1+4+47p’?+ 35p*® by 5p+1. 
17. 4a®—24a—9—3@ by a—3B. 
18. 2a°9+18 —3a—Tda@ by 2a+3. 


19. a*—16y* by «—2y. 
20. 9a°?+24ab4160?— 36 by 8a+4)b+6e. 
21. 162°—40 ay +25 y?— 92? by 4a—5y—3z. 

K° 22. 16+40a+4250¢?—49a*t by 4+5a—T a’. 

Perform the operations indicated and check the answers: 

23. (216 a? + 125) + (36 a? — 30.4 4 25). 

Lb 24. (128 atb? — 160 ab? + 2 a% + 15 a")+ (8 a? — 8 ab). 
25. A —32p*)+14+2p4+4p?+ 8p? +16 p%). 
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26. (Slay? + 727? — 63 ay’ + 56 y — 49 xy + 63 xy) 
+(92+8—72). 
27. 14 8la*—18a’)+(1—6a+4+ 92’). 


28. (ldat4+7e2+7e+150?+ 4)+(82°42%+41). 

29. (Ta —2at+ 822° + 14524 72)+(94+ 8x — 2”). 

30. (ldbat*—d4a2+a°+4+2a—8)+(8e0—5a—A4). 

31. (42 m*+ 174 m? + 70 — 338 m + 4m’) + (5 m+ 3m — 7) 
32. (18 p*—9 pq?— 33 p’q+32 p’¢—8 ¢*) + (6 p?—T pg+8 ¢). 

33. (56a* + 119 ab? + 45 b¢§—53 a*b—47 ab®)+ (7 a +9 0°—4 ab) 
34. (a —a)+(a—y). 36. (at—b*) + (a+b), 

35. (8 a—27 y)+(2a°—3y). 37. (a+ 0°) + (a+b). 

38. (81 a*b* — 625 ct) + (Bab—5c). 

39. (a*+a°l? + b*) + (a? — ab +b”). 

40. (4a*—13 0°0?+ 9 b*) + (2a? + ab —30”’). 

41. (W+307b43ab?+b'+c*)+(a+b+e). 

42. (@—8ab+b?+1)+(a+b+1). 

43. (a’?—6ab+90?’—c’?—2cd—d’) + (a—3b—c—d). 

44. (®—3ab+3ab?>—b?—-1)+(a—b—1). 

45. (a+ b0°—38ab+1)+(W7+0?+1—ab—a—D). 

ay Ao: 6 a” + 23 a™ 1b + 20 a™*b? 
am” — y™ 2a7™ 1+ 5a™~d 


Aq ao ay 1.4 x’ — 63.08 ay + 3.67". 








46. 





é 50. 
gin + sage + oie 74 e— A y 
48 ante Ba" 43a™ttta™ A 8p’ + .08 pg — .06 q’. 
ea a yt Op—.2q 


52. (p?— ae pg—47)+ Gpt+9. 
Find four terms of the quotient: 
at oil 


53. . ; : 
1+ 1—«2 








DIVISION 






SPECIAL CASES IN DIVISION 


78. Division of the difference of two squares. 


Since (a + b) (a = b) = fe 


7 ei ©) 2 72 
Oise =a-+b, and eae 
a—b a+b 





=a— bd. 





Ie. the difference of the squares of two numbers is divisible 
by the difference or by the sum of the two numbers. 


Ex. 1. 9 x? — 16 y? 


=$¢ 4y, 
3a—4y at 





Ex. 2. CEE) Een TT @-Maatd—aty, 


EXERCISE 31 


Write by inspection the quotient of: 














1 Carel S 49 aty*— 642? 
a—1 Tay? —8z 

9 b? —4. - 121 x72? — 4 a*b? 

ant 1 ayz+2ab 

oS A 72 Or kee 

GuEe 4a" 7. ae 1) 
e—2¢. ode 
4a? —9 7? 3 (a+b)? —4 a 
2Ze+3y (a+b) —2 2° 


Find exact binomial divisors of each of the following ex- 
pressions : 


9. at—b*. 15. 169. at— 3, 
10: «2° — 7. 1G daa 
Leena. 17. (a+b)? — 225 pt. 
12. a’®—b”™. 18. (a—b)”™—25q™. 
13. a*y® — 625. 19. (a+b+c)’—1. 


14, 289 a®%§ — 196. 
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Pid two factors of: 
20. 10,000 — 81. Pe OA RL. 
21. 8099. 23. 63.91. 


79. Division of the sum or the difference of two cubes. 


By actual division, we obtain 








3 a) 
Ua =a’ +ab+b? 
a—b 
3 3 

and isa tl 
a+b 


The difference of the cubes of two numbers divided by the 
difference of the two numbers equals the square of the jirst, plus 
the product of the first and the second, plus the square of the second, 

The sum of the cubes of two numbers divided by the sum of the 
two numbers equals the square of the first, minus the product of 
the first and the second, plus the square of the second. 


EXERCISE 32 


Write by inspection the quotient of: 


1. (@—y)t(@—y). 5. (m? —125)+(m—5). 

2. (+ y)+(e+y). 6. (27a? 4+ b*)+(8a+ 0). 

3. (?+1)+(e+1). 7. (640°+27 b*)-+-(4a+3b). 
4. (mn? —1)+(mn—1). 8. (a®— b°)+(a? — 0’). 


EXERCISE 33 


Determine what binomial or binomials, if any, will divide 
each of the following expressions, and find the quotient or 


quotients : 
1. m?+8. 4, ye + 27. 7. 343 — afy?®. 
Pei oe. ey tee ee 8. 512.42. 


3. xy? — 27. a ae 9. a+y?, 


10. 729 a? — y®. 


Lice ee  aLZp} 
LO ey elo 
13. alee 


Find numerical divisors of the following: 


22. 1000 — 64. 
23. 1000 + 27. 


DIVISION 


M45 121. 


15. oF —.7/*. 
16. v’—y’. 


17 oo — re. 


24. 1001. 


25. 1,000,001. 


18. 
19. 
20. 
ZL: 


26. 
27. 


63 


1000 afy® + 2°, 
216 a? — 8 B°. 
(x + yy—8 2. 
ee 


8027. 
64,000,001. 


CHAPTER V 
LINEAR EQUATIONS AND PROBLEMS 


80. The first member or left side of an equation is that part of 
the equation which precedes the sign of equality. The second 
member or right side is that part which follows the sign of 
equality. 

Thus, in the equation 2“%+4=—=-4% — 9, the first member is 2« + 4, the 
second member is x — 9. 


81. An identical equation or identity is an equation which is 
true for all values of the letters involved. 
Thus, (a + b)(a — b) = @ — b?, no matter what values we assign to @ 


and b. The sign of identity sometimes used is =, thus we may write 
(a+ b)(a — dD)=a? — DB. 


82. An equation of condition is an equation which is true only 
for certain values of the letters involved. An equation of con- 
dition is usually called an equation. 


x+9=20 is true only when x=11; hence it is an equation of 
condition. 


,» 83. A set of numbers which when substituted for the letters 


in an equation produce equal values of the two members, is 
said to satisfy an equation. 


Thus « = 12 satisfies the equation x+1=13. x%=20, y=7 satisfy 
the equation «— y = 13, 


84. An equation is employed to discover an unknown number, 
usually denoted by a, y, or z, from its relation to known 
numbers. 

64 
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— 895. If an equation contains only one unknown quantity, any 
value of the unknown quantity which satisfies the equation is 
a root of the equation. 


9 is a root of the equation 2% + 2 = 20. 
- 86. To solve an equation is to find its roots. 
87. A numerical equation is one in which all the known quan- 


tities are expressed in arithmetical numbers; as (7 — w)(# + 4) 
2 
= 7" — 2. 


— 88. A literal equation is one in which at least one of the 
known quantities is expressed by a letter or a combination of 
letters; asv+a= ba —e. 


89. A linear equation or an equation of the first degree is one 
which when reduced to its simplest form contains only the 
first power of the unknown quantity; as 97—2=642%+4+7. 
A linear equation is also called a simple equation. 


- 90. The process of solving equations depends upon the fol- 
lowing principles, called axioms: 

1. If equals be added to equals, the sums are equal. 
Tf equals be subtracted from equals, the remainders are equal. 
I rf equals be multiplied by equals, the products are equal. 


If equals be divided by equals, the quotients are equal. 


Seige TS 


Like powers or like roots of equals are equal. t 


Note. Axiom 4 is not true if the divisor equals zero. E.g. 0x 4 
=0 x 5, but 4 does not equal 5. 


91. Transposition of terms. A term may be transposed from 
one member to another by changing its sign. 

Consider the equation « + a = b. 

Subtracting a from both members, « = b — a. (Axiom 2) 

I.e. the term a has been transposed from the left to the right 
member by changing its sign. 

Similarly, if «—a=b. 

Adding a to both members, «= 0 + a. (Axiom 1) 


F 
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The result is the same as if we had transposed a from the 
first member to the right member and changed its sign. 
It follows from § 91 that: 


92. Any term that occurs with the same sign in both members 
of an equation may be canceled. 


93. The sign of every term of an equation may be changed 
without destroying the equality. 


Consider the equation —“x+a=—b+e 


Multiplying each member by —1, x-—a=b—ce. (Axiom 3) 


SOLUTION OF LINEAR EQUATIONS 


94. Ex. 1. Solve the equation6a—5=4a+1. 
Transposing 4 x to the first, and 5 to the second member, 


62—42x=—1+5. 


Uniting similar terms, 2G, 

Dividing both members by 2, eis (Axiom 4) 
Check. When x = 3. 

The first member, 6%4—-5=—18—65=18. 

The second member, 4¢4+-1=12+1=18. 


Hence the answer, x = 3 is correct. 


Ex. 2. Solve the equation 4—3(#—2)=6(#+ 3) —62. 
Simplifying both members, 4—32+6=62+418—6z2, 


Transposing, —3x%-—624+6xe%=—-4-6418. 
Uniting terms, —8z2=8. 
Dividing by — 3, x= — §. 


Check. Iix=— $. 
The first member, 4—3(¢ —-2)=4-3(-44)=4414=18. 
The second member, 6(%+3)—6%=6(4)—6(—- §) =2+16=18. 
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95. To solve a simple equation, transpose the unknown terms 
to the first member, and the known terms to the second. Unite 
similar terms, and divide both members by the coefficient of the 
unknown quantity. 


Ex. 3. Solve the equation (4 — 2)(5 —a)=2(11—3 2) +2’. 


Simplifying, 20 —9x%+ 27 = 22 —644 2. 
Canceling x?-and transposing, — 92 + 6% =-— 20 +4 22. 
Uniting, —3x%=2. 

Dividing by — 3, %=— 2, 


Check. Ife =— z. 

The first member, (4 — 7) (5 — #7) =(4 + 2)(54+ 3) = 1 42 = 28 : 

The second member, 2(11 —3%)+ 22 =2(11 + 2) +4 = 26 + $= 264. 
3 


Ex. 4. Solve the equation 1.3 a—[.3—.5(#—3)]=3.8—z2. 


Simplifying, l3bde—[.8—.544 1.5]/=3.8 —42&, 
or, 1.3%—.84+ .5%—1.5=3.8 — x. 
Transposing, 132+ 6%¢+2=.84+1.5+4 3.8. 
Uniting, 2,9 9 =9b.6. 
Check. Ifa =2. % = 2. 
The first member, 1.32% —[.38 — .6(@ — 3)] = 2.6 -—[.3 —.5(-1])] 
2.0 == 18 se ee 
The second member, 3.8—x“*%=3.8-—2=1.8. 


Notre. The decimals in Ex. 4 could be removed by multiplying each 
member by 10. 


Ex. 5. Solve the equation 1(@—4)=14(@+4 3). 


Simplifying, 44—2=124+1. 
Transposing, 44—44=2+1. 
Uniting, feo 

Dividing by 4, = 18. 

Checks =f’ 18. 

The left member 4(a—4) =4x 14=7. 


The right member 4(4+3) =4x 21=7. 


Nore. Instead of dividing by 4 both members of the equation 42 = 3, 
it would be simpler to multiply both members by 6. 
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EXERCISE 34 


Solve the following equations and check the answers: 


20 0=17 + 2a: 8 142—122=10—Sza. 
5a=32+12. 9. 69—7T27=99 —13 2. 
2x%=10—32. 10..52+386—92=12. 
7x+16=30. 1129 9: — 23 =13 — 5 2, 
2543 4—46. 12. 11% 724-90 S810 ce 
4¢—29=11. 13. 4e—27=1—32. 
16¢—7=152—s. 14. 24—84=—25—4 2. 


15. 254+-62—82=17—4¢-412. 

16. 20—Ta2+9=40—62+4+50. 

17. 7e=59— (1244 21). 

18. 6¢—(11 «—10) = 87 — (214182). 

19. 10%7— (4242) =6— (21 e«—19). 

20S Leto Sei ite 

21. 5(2x%+47) = 92a — 5). 

22. 6(3 «—8)=7(5 a—19). 

23. 54+7(2%+3) =d9. 

24. 13e@—2(4e%—5)=66—32. 

25. 6(5a%—2) —5(6a—5)=4(9--2 a) +1. 

26. T16e%+ 5) —8(8—42) + 24=12(2 44 3) +199. 
27. w+13a4— (e’?—2) =5(2e+3)+5. 
28. a(« +10) —6(@— 5) =4— (@— 2"). 
29. (w—1)(7+6) = (e+ 5)(a— 2). 

30. («w—5)(a—T) = (a#+4)(x—9) —13. 
31. («+ 3)(@—6) = (@—5)(a@+4 6) — 20. 
32. (e©+9)(@+ 2) = (w@—3)(@+1) + 60. 
33. («—13)(@—5) = («—10)(@—11). 
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34. (2%+4+2)(4a—3)=(4a—4)(24+43). 

35. (8%—5)(2x%+5) — (w#+1)(6a4—4)=0. 

36. (4a+1)(7 7+ 4)—(144%+1)(24—1) = 285. 
37. («+5)?— (w@—9)?=140. 

38. (7—7)?+ (a+ 4)? = (@—3)?+ (w+ 5)? 411. 
39. (w+ 4)?— («#—6)’?= (w+ 2)?-- (w+ 3)? + 161. 
40. 2(a+1)?— (2ae—3)(~+ 2) =12. 

41. 4(@—1)(#— 2) —2(@—7)(2~%+1)—-6=0. 
42. (5% —2)(@— 3)— d(@—1)(@—4)+14=0. 
43. (4y—7)(9 y— 48) —12(3 y+ 1)(y—6) =0. 
44, x(@—1)(a+7) =(w@+1)(~+ 2)(x + 3). 

45. 22~7—[38—(38a—2)|]=2ue—(4a—3). 

46. Jea—2=12+43. 

a7. tatia=i05. 

48. tx+15=12¢—17, 

49. det+iatiaot+io=gt. 

50. 4(@—4)=4(@ +2). 

51. 19—- (17+ 4a@)=12+7. 

52. 4(2a—3) —, e=2(2 «— 16) —6. 

53. 8.7%7+68=52+7.643.8 a. 

54. 38 «—.18  — (.93 —.29 w) =.21 — (.41 & —.28). 
55. w — (.2a+43)(3a+4 4) = (4e+4+.7)(.1¢% — 3) —1.95. 


SYMBOLICAL EXPRESSIONS 


96. Suppose one part of 70 to be a, and let it be required to 
find the other part. If the student finds it difficult to answer 
this question, he should first attack a similar problem stated 
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in arithmetical numbers only, e.g.: One part of 70 is 25; find 
the other part. Evidently 45, or 70— 20, is the other part. 
Hence if one part is 2, the other part is 70 — a. 


Whenever the student is unable to. express a statement in alge- 
braic symbols, he should formulate a similar question stated in 
arithmetical numbers only, and apply the method thus found to the 
algebraic problem. 


Ex. 1. What must be added to a to produce a sum 0? 


Consider the arithmetical question: What must be added to 7 to pro- 
duce the sum 12 ? 

The answer is 5, or 12 —7. 

Hence 6 — a must be added to a to give b. 


Ex.2. x+y yards cost $100; find the cost of one yard. 


If 7 yards cost one hundred dollars, one yard will cost $100. 
100 
L+Yy 


Hence if x + y yards cost $100, one yard will cost dollars. 





EXERCISE 35 
By how much does 7 exceed a? 
By how much is 56 greater than 3b? 
What number exceeds a by 7? 
What is the 4th part of «? 
What is the nth part of a? 


ai oie Sr 


6. By how much does the third part of a exceed the fourth 
part of b? 


7. By how much does the double of a exceed the tenth part 
of b? 


' 8. Two numbers differ by 9, and the smaller one is n. Find 
the greater one. ; 


9. Divide 20 into two parts such that one part equals 2. 


10. Divide a into two parts such that one part is 7. 
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11. What is the dividend if the divisor is a and the quotient 
is 6? 

12. What is the quotient if the dividend is x+y and the 
divisor is m? 

13. What number divided by 10 will give x as a quotient ? 


14. By what number must «+ y be divided to give 10 as a 
quotient ? 


15. What is the dividend if the divisor is d, the quotient is 
q, and the remainder is 7? 


16. Divide a into two parts such that one part is b. 
17. How much does a lack of being b ? 

18. What is the excess of a+12 over }+12? 

19. What is the excess of a+ 6 over b+ c? 


20. The difference between two numbers is d and the smaller 
one is xw. Find the greater one. 


21. What number must be subtracted from 27+ 4, to give a 
remainder 3%—5? 


22. A is w years old and B is y years old. How many years 
is A older than B ? 


23. Ais # years old. How old was he 7 years ago? How 
old will he be y years hence ? 


24. If A’s age is x years, and B’s age is y years, find the sum 
of their ages 6 years hence. 


25. «x exceeds an unknown number by y. Find that number. 


26. Two numbers differ by x+y, and the greater one is 3 y. 
Find the smaller one. 


27. A product consisting of two factors equals a. Find one 
of the factors, if the other equals 2 a. 


28. The smallest of 3 consecutive numbers is x What are 
the other two ? 
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29. The greatest of four consecutive numbers is y. Find 
the other numbers. 


30. A has m dollars, and B has y dollars. If A gives B 
4 dollars, find the amount each will then have. 


31. How many cents are ina dollars? In b dimes? 


32. A man has a dollars, 6 dimes, and c cents. How many 
cents has he? 


33. A room is w yards long, and y yards wide. How many 
square yards are there in the area of the floor ? 


34. Find the area of the floor of a room which is 2 yards 
longer and 3 yards wider than the one mentioned in Ex. 38. 


35. The area of a rectangular field equals a square feet and 
its length equals 6 feet. Find (a) the width of the field. 
(b) The length of a fence surrounding the field. 


36. The sum of two numbers is m+2n, and one number 
equals y. Find the other number. 


37. By what must 7 be multiplied to produce a product 
ety? 


38. What is the excess of m+n over 5+n? 

39. What is the cost of 6 apples at x cents each ? 

40. What is the cost of 1 apple, if # apples cost 7 cents ? 
41. What is the price of 3 apples, if 2 apples cost n cents ? 
42. What is the price of # apples, if one dozen cost n cents ? 


43. A man bought apples at the rate of m cents per dozen 
and pears at the rate of n cents per dozen. How many cents 
did he pay for # apples and y pears ? 


44. Aman spent # dollars in buying books at n dollars each. 
How many books did he buy ? 


45. © years ago aman was 20 years old. How old is he 
now ? 
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46. If A is 2~+4 years old, how many more years must he 
live to be 80 years old? 

47. A cistern is filled by a pipe ina minutes. What fraction 
of the cistern will be filled by the pipe in one minute ? 

48. If a man walks 4 miles an hour, how many miles will 
he walk in n hours ? 

49. If a man walks 7 miles an hour, how many ee will 
he walk in ¢ hours ? ; 

50. If a man walks 20 miles in ¢ hours, how many miles 
does he walk each hour ? 

51. If a man walks at the rate of + miles per hour, how 
many hours will it take him to walk 20 miles? 

52. How many miles does a train move in ¢ hours at the rate 
of x miles per hour? How far does it move in y minutes ? 


53. A man traveled a miles on foot, b miles by boat, and the 
remainder by train. How many miles did he travel by train 
if the whole journey was 100 miles ? 

54. Find 5% of 100a. 56. Find «% of 7. 


55. Find 6% of a. 57. Find #% of a. 


97. To express in algebraic symbols the sentence: “a exceeds 
6b by as much as D exceeds 9,” we have to consider that in this 
statement “exceed” means minus (—), and “by as much as” 
means equals (=). Hence we have 

a exceeds b by as much as ¢ exceeds 9. 
a — O = ie 
Similarly, the difference of the squares of a and 0 increased 
ae ie 
by 80 equals the excess of a? over 80. 
SOM a® — 80. 
Ora (a? — b’?) + 80 =a? — 80. 
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In many cases it is possible to translate a sentence word by 
word in algebraic symbols; in other cases the sentence has to 
be changed to obtain the symbols. 

There are usually several different ways of expressing a sym- 
bolical statement in words, thus 


a—b=c may be expressed as follows: 


The difference between a and 6 is ¢. 
a exceeds b by c. 

a is greater than b by c. 

b is smaller than a by c. 

The excess of a over 0 is ¢, etc. 


EXERCISE 36 


Express the following sentences as equations: 
1. The double of a is 10. 
2. One third of 6 is 17. 
3. The double of a exceeds one third of 6 by c. 
4. The difference of a and 6 increased by 19 is c. 


5. Three times the sum of a and b exceeds c by as much as 
c exceeds 7. 


6. Four times the difference of # and y increased by one 
fifth of c is equal to 9 times the product of b and e. 


7. The product of the sum and the difference of a and b 
diminished by 90 is equal to the sum of the squares of a and b 
divided by 7. . 


8. Twenty subtracted from 2a gives the same result as 7 
subtracted from a. 


9. Nine is as much below a as 17 is above a. 

10. is 5% of 720. 13. 20is9% of a+b. 
11. 218 6% of a. 14. 70 is 2% of m. 
12. 50 is x % of 700. 
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15. If A’s age is x+ 20, B’s age is 44%+412, and C’s age is 
0 «+10, express in algebraic symbols the following statements: 

(a) A is 5 years older than B. 

(6) The sum of A’s age and B’s age is 60. 

(c) A’s age exceeds B’s age by as much as B’s age exceeds 
C’s age. 

(d) C is three times as old as A. 

(ec) Ind years A will be as old as C is now. 

(f) Five years ago the sum of B’s and C’s ages was 40. 

(g) In 6 years A will be as old as C was 2 years ago. 

(h) x years ago B’s age was 20. 

(i) In « years the sum of A’s and B’s ages will be 70. 

(j) One half of A’s age plus one third of B’s age equals 40. 


16. If A, B, and C have respectively 2%, 3%—700, and 
+1200 dollars, express in algebraic symbols: 

(a) A has 5 dollars more than B. 

(b) If A gains $20 and B loses $40, they have equal amounts. 

(c) If each man gains $500, the sum of A’s, B’s, and C’s 
money will be $12,000. 

(d) A and B together have $200 less than C. 

(e) If B pays to C $100, they have equal amounts. 

(f) If A pays to B $50, and C gains $500, then A and C 
together have $600 more than B. 


17. A sum of money consists of 2 dollars, a second sum of 
5x — 30 dollars, a third sum of 2%+41 dollars. Express as 
equations : ' 

(a) 5% of the first sum equals $90. 

(b) a% of the second sum equals $20. 

(c) «% of the first sum equals 6 % of the third sum. 

(d) a% of the first sum exceeds b % of the second sum by 
- $900. 

(e) 4% of the first plus 5% of the second plus 6% of the 
third sum equals $8000. 

(f)«x% of the first equals one tenth of the third sum. 
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18. Express the following equations in words; using for the 
letters # and y the words “a number” and “another number.” 


(a) ©+12= 22. (e) e+ (8e—7)=2a+419. 
(b) «—12=17, (f) e—y=2y—-e. 

(c) 3a—T=22. (9g) 3x—(a#— 2) =122. 

(d) 5+5=119. (ht) 5 +57 8@—-y)=12@ +9). 


19. If A, B, and C have respectively x, y, and z dollars, ex- 
press the following equations as verbal statements: 


(a) w= 2y. (f) z—y= 200. 

(b) w=y+z. 1 a 

(c) 32= 400. Wit ya* 

(d) ~t, «= 200. (h) «+3800 =z2+4 100. 
(e) .05 2 + .04 y = 212. (¢) «—250=y-+4 100. 


PROBLEMS LEADING TO SIMPLE EQUATIONS 


98. The simplest kind of problems contain only one unknown 
number. In order to solve them, denote the unknown number by 
x (or another letter) and express the given sentence as an equation. 
The solution of the equation gives the value of the unknown number. 

The equation can frequently be written by translating the 
sentence word by word into algebraical.symbols; in fact the 
equation is the sentence written in algebraic shorthand. 


Ex. 1. Three times a certain number exceeds 40 by as much. 
as 40 exceeds the number. Find the number. 

Let « = the number. 

Write the sentence in algebraic symbols. 

Three times a certain no. exceeds 40 by as much as 40 exceeds the no. 


3 - x — 40 = 40 — x 
Or, 382—40=—40—-2. 
Transposing, 38x%+2=40+4 40. 
Uniting, 4x” = 80. 


x = 20, the required number. 
Check. 8 or 60 exceeds 40 by 20; 40 exceeds 20 by 20. 
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Ex. 2. In 15 years A will be three times as old as he was 
5 years ago. Find A’s present age. 


Let x = A’s present age. 
The verbal statement (1) may be expressed in symbols (2). 
(1) In 15 years A will be three times as old as he was 5 years ago. 


(2) x + 15 ie 3 - (@ “= 6) 
Or, x+15=3(a — 5). 

Simplifying, e+15=38%—-—15. 

Transposing, %—38xe——15-—16. 

Uniting, —2x%=— 30. 

Dividing, y= 15. 


Check. In 15 years A will be 30; 5 years ago he was 10; but 
S0= 3 </10: 


Ex. 3. To a quantity of water contained in a vessel, 56 
gallons were added, and there was then in the vessel 8 times 
as much as at first. How many gallons did the vessel contain. 
at first ? 


Let x = the number of gallons contained in the vessel at first. 
The verbal statement expressed in letters gives « + 56 = 8«. 


Transposing, x—8x—=—— 56. 
Uniting, —72—— 56. 
Dividing, x = 8, the required number of gallons. 


Check. If 56 gallons are added to 8 gallons, the result is 64 or 8 x 8 
gallons. 


Notr. The student should note that a stands for the number of 
gallons, and similarly in other examples for number of dollars, number 
of yards, etc. 


Ex. 4. 56 is what per cent of 120? 


Let «= number of per cent, then the problem expressed in symbols 
would be 


56 = -2.. 120 
100 
or $x = 56. 
Dividing, x = 462, 
Hence 56 is 462% of 120. 
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EXERCISE 37 
1. What is the number which when subtracted from 40 will 
give the same result as when added to 14? 
2. Find the number whose double increased by 4 equals 22. 


3. What number added to three times itself gives a sum of 


4. Find the number whose double exceeds 7 by 5, 


5. Four times a certain number diminished by 6 is equal 
to three times the number increased by 2. Find the number. 


6. What number exceeds 6 by as much as three times the 
number exceeds 24 ? 


7. What number is as much below 25 as four times the 
number is above 30? | 


8. If 47 be added to 9 times a certain number, the result 
will be 11 times the excess of the number over 1. Find the 
number. 


9. Five times a certain number is greater by 4 than six 
times the difference of the number and 2. Find the number. 


10. Thirty years hence A will be five times as old as he is 
now. Ind his present age. 


11. A man walks a certain distance, then travels three times 
as far by train, and then travels 30 miles by boat. If the 
whole journey is 77 miles, how far does he walk ? 

12. Twenty-eight years hence a man will be twice as old as 
he will be two years hence. How old is he now? 


13. Fifteen years hence a man will be twice as old as he 
was 5 years ago. How old is he now? 


14. To each of the numbers 1, 13, and 5, an unknown number 
is added. If the product of the first two sums is equal to the 
square of the last sum, what is the number ? 
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15. A cistern is filled by a pipe, and the quantity let in after 
8 minutes is 45 gallons more than the quantity let in after 5 
minutes. Find the number of gallons let in per minute. 


16. A train moving at a uniform rate runs in 5 hours 41 
miles more than in 3 hours. How many miles per hour does 
it run ? 


17. A man is 33 years old, and his son is 12 years old. 
How many years ago was the father four times as old as 
the son ? 


18. A man is 36 years old, and his sonis 11 years old. How 
many years hence will the father be twice as old as the son? 


19. 60 is 5 % of what number ? 
20. 12 is what per cent of 22? 


21. A has $20, and B has $30. How many dollars must B 
give to A to make A’s money equal to 4 times B’s money ? 


22. John and Henry have the same number of marbles. If 
John buys 20 marbles more and Henry loses 10, then John 
will have four times as many as Henry. How many has 
each ? 


23. A man bought two houses for the same price. He sold 
one at a profit of $3000, and the other at a loss of $1500, 
receiving twice as much for the first as for the last. How 
much did he pay for the houses ? 


24. A man wished to purchase a farm containing a certain 
number of acres. He found one farm which contained 20 acres 
too many, and another which lacked 15 acres of the required 
number. If the first farm contained twice as many acres as 
the second one, how many acres did he wish to buy ? 


25. If the sixth part of a number be added to 18, the result 
is the same as if three quarters of the number were subtracted 
from 29. Find the number. 
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99. If a problem contains two unknown quantities, two verbal 
statements must be given. In the simpler examples these two 
statements are given directly, while in the more complex prob- 
lems they are only implied. We denote one of the unknown 
numbers (usually the smaller one) by «, and use one of the 
given verbal statements to express the other unknown number 
in terms of w The other verbal statement, written in algebraic 
symbols, is the equation, which gives the value of a. 


Ex. 1. One number exceeds another by 8, and their sum is 
14. Find the numbers. 

The problem consists of two statements : 

I. One number exceeds the other one by 8. 

II. The sum of the two numbers is 14. 

Either statement may be used to express one unknown 
number in terms of the other, although in general the simpler 
one should be selected. » 

If we select the first one, and 

Let «=the smaller number, 

Then «+8 = the greater number. 

The second statement written in algebraic symbols produces 
the equation 


e+ (e#+8) =14. 
Simplifying, eto+t8=—14. 
Transposing, xe+e=14—8 
Uniting, 210 ee.0- 
Dividing, x = 3, the smaller number. 


x+8=11, the greater number. 


Another method for solving this problem is to express one unknown 
quantity in terms of the other by means of statement II; viz. the sum of 
the two numbers is 14. 

Let x = the smaller number. 


Then, 14 — «= the larger number. 


Statement I expressed in symbols is (14 — 2) —% =8, which leads of 
course to the same answer as the first method. 
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Ex. 2. A has three times as many marbles as B. If A 
gives 25 marbles to B, B will have twice as many as A. 


The two statements are: 
I. A has three times as many marbles as B. 
II. If A gives B 25 marbles, B will have twice as many as A. 
Use the simpler statement, viz. I, to express one unknown quantity in 


terms of the other. 
Let a2 = B’s number of marbles. 


Then, 3a — A’s number of marbles. 


To express statement II in algebraic symbols, consider that by the 
exchange A will lose, and B will gain. 


Hence, «2+25=B’s number of marbles after the exchange. 
2 


3% — 25 = A’s number of marbles after the exchange. 
Therefore, e+ 25 =2(3% — 25). (Statement IT) 
Simplifying, x + 25=62— 50. 

Transposing, x —6x2 = — 25 — 50. 
Uniting, —5a%—=—75. 
Dividing, * = 15, B’s number of marbles. 


3a —45, A’s number of marbles. 


Check. 45—25=20, 15+ 25 =40, but 40 =2 x 20. 


100. The numbers which appear in the equation should always 
be expressed in the same denomination. Never add the number 
of dollars to the number of cents, the number of yards to their 
price, etc. 


Ex. 8. Eleven coins, consisting of half dollars and dimes, 
have a value of $3.10. How many are there of each ? 


The two statements are : 
I. The number of coins is 11. 
II. The value of the half dollars and dimes is $3.10. 
Let, x = the number of dimes, then, from I, 
11 — zx =the number of half dollars. 
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Selecting the cent as the denomination (in order to avoid fractions) we 
express the statement II in algebraic symbols. . 


50 (11 —2) +102 = 810. 


Simplifying, 550 — 504+ 104% =3810. 

Transposing, — 50%+ 10% —=— 550 4 810. 

Uniting, — 40% = — 240. 

Dividing, x = 6, the number of dimes. 


11 —#=5, the number of half dollars. 


Check. 6 dimes =60 cents, 5 half dollars = 250 cents, their sum is 
- $3.10. 


EXERCISE 38 


1. Two numbers differ by 53, and the greater is four times 
the smaller. Find the numbers. 


2. Find two numbers whose sum is 72-and the greater of 
which equals five times the smaller. 


3. The difference between two numbers is 8, and if 16 be 
added to the greater, the result will be three times the smaller. 
Find the numbers. - 


4. The difference between two numbers is 2, and the dif- 
ference between their squares is 16. Find the numbers. 


5. The sum of two numbers is 47, and their difference is 9. 
Find the numbers. 


6. Divide 20 into two parts, one of which increased by 14 
shall be equal to the other increased by 10. 


7. One number is 5 less than three times another number. 
If the second number is subtracted from five times the first 
number, the result is 25. What are the numbers ? 


8. Divide 22 into two parts such that one part multiplied 
by 5 is equal to the other part diminished by 2. 


9. Find two consecutive numbers whose sum is equal to 
243. | 
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10. Find two consecutive numbers, the difference of whose 
squares is equal to 27. 


11. A’s age is three times B’s, and in 10 years A’s age will 
be twice B’s. Find their ages. 


12. A and B divide a sum of money. A receives $5 more 
than B, and five times B’s money diminished by three times A’s 
money equals $25. How much does each receive ? 


13. The length of a rectangular field is three times its width, 
and a fence surrounding the field is 248 yards. Find the length 
and width of the field. 


14. A is 27 years older than B, and B’s age is as much below 
20 as A’s age is above 33. What are their ages ? 


15. Two vessels contain together 7 pints. If the smaller 
contained 2 pints more, it would contain half as much as the 
larger one. How many pints are there in each vessel ? 


16. On December 21, the night in St. Petersburg lasts 13 
hours longer than the day. How many hours does the day last? 


17. The difference of two numbers is 8, and their sum is five 
times the smaller. Find the two numbers. 


18. A man built a house costing three times as much as the 
lot. If the house cost $8000 more than the lot, what was the 
price of each? 


19. A line 45 inches long is divided into two parts. Twice 
the larger part exceeds three times the smaller part by 30 
inches. How many inches are there in each part ? 


20. A has $16 less than B. If B gives $20 to A, A will 
have five times as much as B. How many dollars has each? 


21. A commenced business with three times as much capital 
as B. During the first year A lost $600, B gained $200, and 
A had then only twice as much as B. How much capital had 
each at first ? 
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22. A man has $6.25 in half dollars and quarters. He has 
three times as many quarters as half dollars. How many half 
dollars and quarters hashe? (Ex. 3, $100.) 


23. The sum of $3.50 is made up of 19 coins, which are 
either half dollars or dimes. How many are there of each ? 


24. John and Henry together have 50 marbles. If John 
had 6 marbles more, he would have three times as many as 
Henry. How many has each? 


25. John and Henry together have 60¢. If John gives 
Henry 6¢ he will have 4 times as much as Henry. How many 
cents has each ? 


26. Henry bought 13 apples, some at the rate of 4¢ per 
apple, the rest at 3¢ per apple. How many did he buy of 
each kind if he paid 45¢ in all? 


27. A and B together buy 200 lbs. of sugar. A takes 113 
Ibs. and B takes the remainder. If A uses 3} lbs. per day and 
B uses 24 lbs. per day, after how many days will they have 
equal quantities of sugar ? 


101. If a problem contains three unknown quantities, three 
verbal statements must be given. One of the unknown numbers 
is denoted by a, and the other two are expressed in terms of x 
by means of two of the verbal statements. The third verbal 
statement produces the equation. If four or more unknown 
quantities occur in the problem, the method is similar. 

If it should be difficult to express the selected verbal state-— 
ment directly in algebraical symbols, try to obtain it by a series 
of successive steps. 


Ex. 1. <A, B, and C together have $80, and B has three 
times as much as A. If A and B each gave $5 to C, then 
three times the sum of A’s and B’s money would exceed (C’s 
money by as much as A had originally, 
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The three statements are: 


I. A, B, and C together have $80. 
II. B has three times as much as A. 


III. If A and B each gave $5 to C, then three times the sum of A’s 
and B’s money would exceed C’s money by as much as A had originally. 


Let » #= the number of dollars A has. 
According to II, 3a =the number of dollars B has, 
and according toI, 80—4%=the number of dollars C has. 


To express statement III by algebraical symbols, let us consider first 
the words ‘‘if A and B each gave $5 to C.” 
« —§ = number of dollars A had after giving $5. 
| 3a—5=number of dollars B had after giving $5. 


_ 90 —4%=number of dollars C had after receiving $10. 


Expressing in symbols: 
Three times the sum of A’s and B’s money exceeds C’s money by A’s 
3 x (1—5+52—5) - (90—4%7) = &. 
original amount. ; 
The solution gives #=8, number of dollars A had. 


3a = 24, number of dollars B had. 
80 —4%= 48, number of dollars C had. 


Check. Jf A and B each gave $5 to C, they would have 3, 19, and 58 
respectively. 8(3+ 19) or 66 exceeds 58 by 8. 


Ex. 2. A man spent $1185 in buying horses, cows, and 
sheep, each horse costing $90, each cow $35, and each sheep 
$15. The number of cows exceeded the number of horses by 
4, and the number of sheep was twice as large as the number 
of horses and cows together. How many animals of each kind 
did he buy ? 

The three statements are : 

I. The total cost equals $1185. 
II. The number of cows exceeds the number of horses by 4. 


III. The number of sheep is equal to twice the number of horses and 
cows together. 
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Let x = the number of horses, 
then, according to II, «#+4=the number of cows, 
and, according to III, 
2(2%+4) or 4%+8= the number of sheep. 
Therefore, 90 x = the number of dollars spent for horses. 
35 (a +4)=the number of dollars spent for cows. 
and, 15 (4a +8) =the number of dollars spent for sheep. 


Hence statement I may be written, 


90%+ 385(4+4)+15(4x%+4 8) = 1185. 
Simplifying, 90% + 35% + 140 + 60% + 120 = 1185. : 


Transposing, 902+ 35x + 60% =— 140 — 120 + 1185. 
Uniting, 185 « = 925. 
Dividing, x = 5, number of horses. 


x+4=9, number of cows. 
4x%+8= 28, number of sheep. 


Check. 5 horses, 9 cows, and 28 sheep would cost 5 x 90+ 9 x 35+ 
28 x 15 or 450 + 315 + 420 = 1185; 9-5 =4; 28=2(9+ 5). 


EXERCISE 39 


1. Find three numbers such that the second is three times 
the first, the third is four times the first, and the difference 
between the third and the second is five. 


2. Find three numbers such that the sum of the first two is 
14, the third is twice the first, and the third exceeds the second 
by 4. 

3. Find three numbers such that the second exceeds the 
first by 3, the third exceeds the first by 10, and the third is 
twice the first. 

4. Find three numbers such that the sum of the first and 
second is 5, the sum of the first and last is 6, and the last is 
twice the first. 

5. Find three numbers such that the sum of the first two is 
8, the second exceeds the last by one, and the square of the last 
exceeds the square of the first by 7. 
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6. The difference between two numbers is 4; a third number 
is 5 less than the sum of the first two; and the sum of the first 
and third numbers is 14. What are the numbers ? 


7. Divide 20 into three parts such that the second part is 
twice the first, and the first part exceeds the last by 4. 


8. A is three times as old as B, and C is five years younger 
than A. Three years ago the sum of their ages was 56 years. 
What are their ages ? 

9. A is five years older than B, and three years younger 
than C. Seventeen years ago C was twice as old as B. Find 
the age of each. 


10. A man has 5 sons each three years older than the next 
younger. The age of the eldest three years hence will be three 
times the present age of the youngest. Find the age of each. 


11. Divide 50 into three parts such that the first part is 8 
more than the second, and the third increased by 34 is twice as 
large as the sum of the first and second parts. 


12. A is five years older than B, and C is three times as old 
as B was five years ago. In five years C’s age will be 10 times 
the difference between A’s and b’s ages. Find the age of each. 


13. The three angles of any triangle are together equal to 
180°. If the second angle of a triangle is 10° larger than the 
first, and the third is twice the sum of the first and second, 
what are the three angles ? 


14. There are 420 sheep in three flocks. The second con- 
tains twenty sheep more than the first, and the third twice as 
many as the first. How many sheep are there in each flock ? 


15. ‘here are 500 sheep in three flocks. The second con- 
tains twice as many as the first, and if 10 be taken from the 
third and added to the first, the third will contain as many as 
the first and second together. How many sheep are there in 
each flock ? 


16. Find three consecutive numbers whose sum is 126. 
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17. Find four consecutive numbers such that the last is 
twice the first. 


18. Find three consecutive numbers such that the difference 
of the squares of the third and first is 20. 


19. A, B,and C divide a certain sum of money. A receives 
$50 more than B. A and C together receive $300, and B has 
$150 less than C. How much does each receive ? 


20. Three boys, A, B, and C, divide a certain number of 
marbles, so that A and B together receive 22, A and C 25, and 
Band C 27. How many marbles does each receive ? 


21. A, B, and C have together 240 sheep. B has twenty 
more than A, and C has as many as A and B together. How 
many sheep has each ? 


22. B has twice as many acres as A, and C has three times 
as many acres as B. If A and C together have 1400 acres, 
how many acres has each ? 


23. A has one third as much money as B. C has $25 more 
than A, and $15 more than B. How much has each ? 


24. In a room there were twice as many women as children, 
and three more men than children. The number of men and 
women together was 9. How many children were there present ? 


25. A horse, carriage, and harness cost $300. The horse 
costs $10 less than the carriage and $70 more than the har- 
ness; and the carriage and harness together cost $180. Find 
the cost of the horse. 


26. In 3 classes there are 120 pupils. The second class con- 
tains 10 more than the first, and the first and third together 
have 80 pupils. How many pupils are there in each class? 


27. The sum of the four angles of any quadrilateral is 360°. 
If the second angle is twice as large as the first, the third twice 
as large as the second, and the fourth 30° larger than the third, 
find the value of each angle. 
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28. A has as many pennies as B has dollars, C has as many 
five-dollar bills as B has dollars, and together they have $72.12. 
How much has each ? 


29. Three farms contain together 1280 acres. The first con- 
tains 200 acres more than 3 of the second, and the third 10 
acres less than. of the second. How many acres does each 
farm contain ? 


30. The capacity of the first of three barrels is 3 of that of 
the second, and the capacity of the second 5% that of the third. 
If the contents of the third barrel be poured into the empty 
first barrel, there will be 10 gallons left. How many gallons 
does each barrel hold ? 


31. The surface of the earth consists of 5 zones, the torrid, 
two temperate, and two frigid zones. Each temperate zone is 
43 of the torrid, each frigid is 74 of each temperate, and the 
surface of the earth is approximately 200,000,000 square miles. 
How many square miles does each zone contain ? 


102. Arrangement of Problems. If the example contains 
quantities of 5 or 4 different kinds, such as length, width, and 
area, or time, speed, and distance, it is frequently advantageous 
to arrange the quantities in a systematic manner. 

E.g. A and B start at the same hour from two towns 27 miles 
apart, B walks at the rate of 4 miles per hour, but stops 2 
hours on the way, and A walks at the rate of 3 miles per hour 
without stopping. After how many hours will they meet and 
how many miles does A walk? 


TIME RAtTE DISTANCE 
(in hours) (miles per hour) (miles) 
fey ee oe x 3 32 


‘Dytees Gtr 2 —2 4 4(a — 2) 
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Explanation. First fill in all the numbers given directly, 7.e. 3 and 4. 
Let x =number of hours A walks, then « — 2 =number of hours B 
walks. Since in uniform motion the distance is always the product of 
rate and time, we obtain 3x and 4 («—2) for the last column. But the 
statement ‘‘A and B walk from two towns 27 miles apart until they 
meet’’ means the sum of the distances walked by A and B equals 27 miles. 


Hence oxa+4 (x — 2) = 27. 
Simplifying, 82+4%—-—8= 27. 
Uniting, i ee OD, 
Dividing, x = 5, number of hours. 


34 = 15, number of miles A walks. 


This is, of course, not a new method for solving problems, 
but simply a convenient mode of arranging the solutions of 
some examples, which, however, may be solved without this 
arrangement. 

Whenever various denominations occur repeatedly in the 
same connection, or when similar operations have to be per- 
formed repeatedly with several quantities, this arrangement 
will be found advantageous. Examples in which one quantity 
is found by multiplying the numerical values of two or more 
quantities belong to this group. In the following list the 
numerical values of the last column are equal to the products 
of the numerical values of the first two columns, provided care 
is taken in regard to the denomination. 


Length width and area of rectangle 

Rate of speed time distance covered 

Number of per- number of dollars number of dollars all 
sons each paid paid 

Number of yards price per yard total cost 

Number of coins value of each coin — total value of coins 

Principal rate per cent interest 


Ex. 1. The length of a rectangular field is twice its width. 
If the length were increased by 30 yards, and the width decreased 
by 10 yards, the area would be 100 square yards less. Fin:1 
the dimensions of the field, 
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LENGTH WiptH AREA 

(yards) (yards) (square yards) 
Pirstticldj. esas seme 2% x 2 x2 
second field’... 24+ 30 x — 10 (2 x + 30) (a — 10) 











The area would be decreased by 100 square yards gives 
(2% + 80) (« — 10) = 2a? — 100. 


Simplify, 242 + 10 x — 300 = 2x? — 100. 
Cancel 2 x? and transpose, 10: 200: 
Loa Wp 
2 wis 40, 


The field is 40 yards long and 20 yards wide. 

Check. ‘The original field has an area 40 x 20 = 800, the second field 
70 x 10 or 700. But 700 = 800 — 100. 

Ex. 2. A certain sum invested at 5% brings the same in- 
terest as a sum $200 larger at 4%. What is the capital? 














PRINCIPAL INTEREST 
R:z v 
(No. of dollars) Axi 7a (No. of dollars) 


x .05 O52 











a + 200 04 .04 (& + 200) 
Therefore .05 x = .04(a” + 200). 
Simplify, 05% = .042%-+ 8. 
Transposing and uniting, .0lw=8. 
Multiplying, x = 800; $800 = required sum. 
Check. $800 x .05 = $40; $1000 x .04 = $40. 


| EXERCISE 40 
1. A rectangular field is 20 yards, and another 25 yards wide. 
The second is 10 yards longer than the first, and the sum of 
their areas is equal to 1600 square yards. Find the dimensions 
of each. 


“A 
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2. A rectangular field is 14 yards longer than it is wide. 
If its length were increased by 10 yards, and its width de- 
creased by 4 yards, the area would remain the same. Find 
the dimensions of the field. 

3. A rectangular field is twice as long as it is wide. If it 
were 50 feet shorter and 20 feet wider, it would contain 2000 
square feet less. Find the dimensions of the field. 

4. A certain sum invested at 4% brings the same interest as 
a sum $300 larger invested at 3%. Find the first sum. 

5. A sum invested at 5%,and a second sum, twice as large, 
invested at 4%, together bring $52 interest. What are the 
two sums ? 

6. An investment of $2500 brings a yearly interest of $114. 
A part of the capital is invested at 4%, and the remainder at 
5%. How many dollars are invested at 4% ? 

7. A bought 12 oranges for a certain sum. If each orange 
had cost one cent more, he would have received 10 oranges for 
the same money. What was the price of each orange ? 

8. Six persons bought an automobile, but as two of them 
were unable to pay their share, each of the others had to pay 
$40 more. Find the share of each, and the cost of the 
automobile. 

9. Ten yards of silk and 20 yards of cloth cost together 
$35. If the silk cost three times as much per yard as the 
cloth, how much did each cost per yard? . 

10. Twenty yards of silk and 30 yards of cloth cost together 
$85. If the silk cost 50¢ more per yard than the cloth, what 
was the price of each per yard? 

11. A man bought 7 lbs. of coffee for $1.79. For a part he 
paid 24 ¢ per lb. and for the rest he paid 35 ¢ per lb. How 
many pounds of each kind did he buy ? 

12. Sixteen persons subscribed $138. Six of them paid 
equal amounts, and the remaining ones paid each one dollar 
more. Find the share of each man, 
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13. Twenty men subscribed equal amounts to raise a certain 
sum of money, but four men failed to pay their shares, and in 
order to raise the required sum each of the remaining men had 
to pay one dollar more. How much did each man subscribe ? 


14. A cistern is filled in a certain time by a pipe which lets 
in 20 gallons per minute. Another pipe letting in 25 gallons 
per minute fills the cistern in one minute less. In how many 
minutes does the first pipe fill the cistern ? 


15. A cistern is filled in a certain time by a pipe letting in 
21 gallons per minute. If another pipe, which lets in 14 gal- 
lons per minute, is opened 3 minutes longer than the first, 6 
gallons less than in the first case will be poured in. In how 
many minutes does the first pipe fill the cistern ? 


16. A sets out walking at the rate of 3 miles per hour, and 
three hours later B follows on horseback traveling at the rate 
of 6 miles per hour. After how many hours will B overtake 
A, and how far will each then have traveled? 


17. A and B set out walking at the same time in the same 
direction, but A has a start of 3 miles. If A walks at the rate 
of 24 miles per hour, and B at the rate of 3 miles per hour, how 
far must B walk before he overtakes A ? 


18. A sets out walking at the rate of 3 miles per hour, and 
one hour later B starts from the same point traveling by coach 
in the opposite direction at the rate of 6 miles per hour. After 
how many hours will they be 27 miles apart? 


19. A and B start walking at the same hour from two towns 
174 miles apart, and walk toward each other. If A walks at 
the rate of 3 miles per hour, and B at the rate of 4 miles per 
hour, after how many hours do they meet and how many miles 
does A walk? 


20. The distance from New York to Albany is 142 miles. 
If a train starts at Albany and travels toward New York at the 
rate of 40 miles per hour without stopping, and another train 
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starts at the same time from New York traveling at the rate 
of 42 miles an hour, how many miles from New York will they 
meet ? 

21. Two men start at 12 o’clock from two towns 17 miles 
apart, and travel toward each other. One walks at the rate of 
3 miles per hour, but rests one hour on the way; the other 
travels at the rate of 4 miles per hour and rests 3 hours. At 
what hour do they meet ? 

22. A and B start from two towns 20 miles apart and travel 
toward each other. A starts at 1 p.m., B starts at 2 p.m., and 
they meet at 5 p.m. If B travels one mile per hour faster than 
A, find the number of miles each travels per hour. 

23. A picture which is 2 inches longer than wide is sur- 
rounded by a frame 1 inch wide. If the area of the frame is 
40 square inches, what are the dimensions of the picture ? 


MISCELLANEOUS PROBLEMS 


24. The formula which transforms Fahrenheit readings of a 
thermometer into Centigrade readings is C =3 (F — 32). 

If C= 40°, find the value of F. 

25. Change the following readings to Fahrenheit readings: 
(a) 0° C, (0) 100° C, (ce) 50° C, (d) —12° C. 

26. At what temperature do the Centigrade scale and Fah- 
renheit scale indicate equal numbers ? 

27. The formula for the distance which a falling body 
passes over in ¢ seconds is S=ig?. (Ex. 7, p. 16.) 

If S = 240 ft. and t= 4 seconds, find the value of g. 

28. The formula for compound interest is 

oD ee ee 
i= ae -- ai p. 

(For the meaning of the letters see Ex. 4, p. 16.) 

Find the principal that will bring $662 interest in two years 
at 10% compound interest. 


LINEAR EQUATIONS AND PROBLEMS 95 


29. A number increased by 7 gives the same result as the 
number multiplied by 7. What is the number ? 


30. If a number be added to 3, the sum multiplied by 3, the 
product diminished by 20, the difference multiplied by 6, and 
the product diminished by 55, the result will be 5. Find the 
number. 


31. A has as many dollars as B has cents. If A should give 
B $6.93, B would have as many dollars as A has cents. How 
much money has each ? 


32. A man made as much money as he had and $100. He 
made as much money as he then had and $200; again he 
made as much as he then had and $3800, and found that he 
had finally $3100. How many dollars had he at first ? 


33. A man met some beggars, and after giving each 4¢ had 
9¢ left. He found that he lacked 7¢ to be able to give each 
beggar 6f. How many beggars were there ? 


34. A mason working 8 hours a day, in the course of a week, 
builds a number of cubic meters which exceeds 43 as much as 
43 exceeds the number of cubic meters which he would build 
working 74 hours a day. How many cubic meters does he 
build per hour ? 


35. A has $6 more than B and gives to B as much as B 
has. Then B gives to A as much as A then has, and once more 
A gives to Bas much as B then has; and finds that A has 
now as much as B. How many dollars has each at first ? 


36. A boy has the same number of sisters as brothers, while 
his sister has 14 times as many brothers as sisters. How 
many sons and daughters are there in the family ? 


CHAPTER VI 
FACTORING 


103. An expression is rational with respect to a letter, if, 
after simplifying, it contains no indicated root of this let- 
ter; irrational, if it does contain.some indicated root of this 
letter. 


1 —, 4 A : : 
a2 ——+4-Vb is rational with respect to a, and irrational with respect 
to b. 


104. An expression is integral with respect to a letter, if 
this letter does not occur in any denominator. 


2 . A ° 
= + ab + b? is integral with respect to a, but fractional with respect 


to b. 


105. An expression is integral and rational, if it is integral 
and rational with respect to all letters contained in it; as, 


a@+2ab+4c?. 


106. The factors of an algebraic expression are the quantities 
which multiplied together will give the expression. 

In the present chapter only integral and rational expressions 
are considered factors. 

Although Va? — b? x Va? — b? = a? — b?, we shall not, at this 
stage of the work, consider Va? — 0? a factor of a? — b?. 


107. A factor is said to be prime, if it contains no other 
factors (except itself and unity); otherwise it is composite. 


The prime factors of 10 3b are 2, 5, a, a, a, 0. 
96 
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108. Factoring is the process of separating an expression into 
its factors. An expression is factored if written in the form 
of a product. 


(x2 —4%-+ 38) is factored if written in the form (2 —3) (x—1). It 
would not be factored if written x(% — 4) + 3, for this result is a sum, 
and not a product. 


109. The factors of a monomial can be obtained by 
inspection. 


The prime factors of 12 xy? are 3, 2, 2, x, x, x, y, y. 


110. Since factoring is the inverse of multiplication, it fol- 
lows that every method of multiplication will produce a 
method of factoring. 


E.g. since (a + b)(a — b) = a? — b?, it follows that a? — b? can be 
factored, or that a2 — b? = (a+ b)(a—b). 


111. Factoring examples may be checked by multiplication 
or by numerical substitution. 


TYPE I. POLYNOMIALS ALL OF WHOSE TERMS 
CONTAIN A COMMON FACTOR 


mx + my + mz=m(x+y +2). ($ 55.) 


112. Ex. 1. Factor 6 ay? — 9 ay? + 12 ay*. 
The greatest factor common to all terms is 5 avy?._ Divide 
6 x3y?2 —9 a?y3 + 12 ayt by 3 xy?, 


and the quotient is 272 —8ay+4y?. 
But, dividend = divisor x quotient. 


Hence 6 x3y2 — 9 4273+ 12 vyt = 3 xy?(2 22 — 8 ay + 44?). 


* Ex. 2. Factor 


14 a!b2c2 — 21 a2b4c? + 7 a2b2c2 = 7 a2b2c2(2 a? — 3 6? 4-1). 
H 
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EXERCISE 41 


Factor the following expressions : 


1. 15 abe —9 be. oy CO DC Oa. 
2 9a — 6 2a’. 10. 17 m’n?—51 m?n?+85 mn. 
3. 162°—4 2% 11. 15 a’b’a — 9 b’y +12 bt. 
4. 14acd —7 cd + 21 ed’. 12. 9 xyz’ —6 a®yee8 +3 alye2?, 
5. 3a—6a7?+ 9a. 13. 14 a*y*#—21 a*y’2+49 v*y?2’. 
6. 8 pty + 2 p*y? — 6 p*y’*. 14. 12 m’n?—18 m?n?—24 min’ 
7. 5a’y? —15 xy + 20 ayz. 15. 11 p'g? — 33 p*g? + 11 pq’. 
8. Tm—Tmn—T p. 16. 4 -- 2 — 7 o. 
17. 39 a®b*tc® — 26 atb’c® + 13 a®b®e’. 
18. 51 m®y° — 34 my’ + 12 miy’. 
19. 2 a*— 4 a?y + 6 ay? + 8 7. 
20. 4 xy? — 28 a7y? + 40 a*y* — 48 ay’. 
21. a(a+b)+y(a+ Dd). 
22. 3x°(m+n)—2 y'(m+n). 
23. 6 a’b*(p+q) —4 ab(p +9) —(p+9). 
24. 4a°(a@—y)—T #(a@— y). 27. w(a — 3) —3 a(x — 3). 
25. 4a0"—12 ao! — 6 a’, 28. 3a°(x+9)—(#+9). 
26. 6-07)" — 3 a"h™. 29. am+bm+an-+ bn. 


TYPE II. QUADRATIC TRINOMIALS OF THE FORM 


x’ + px + q. 


113. In multiplying two binomials containing a common 
term, e.g. (@ — 3) and (w+ 5), we had to add —3 and 5 to ob-. 
tain the coefficient of 2, and to multiply —3 and 5 to obtain the 
term which does not contain w or (w — 3)(« + 5) =a’ +4+2a—16. 
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In factoring xv? + 22%—15 we have, obviously, to find two 
numbers whose product is —15 and whose sum is +2. 

Or, in general, in factoring a trinomial of the form v’?+px+4q, 
we have to find two numbers m and n whose sum is p, and 
whose product is g; and if such numbers can be Cn the 
factored expression is (@-+ m)(x +n). 


Ex. 1. Factor 7? — 42 —77. 

We may consider —77 as the product of —1-77, or —7-11, or —11-7, 
or —77- 1, but of these only —11 and 7 have a sum equal to —4. 

Hence a?—4%—77 =(«#—11)(«#+4+7). 


Since a number can be represented in an infinite number of 
ways as the sum of two numbers, but only in a limited number 
of ways as a product of two numbers, it is advisable to consider 
the factors of q first. If q is positive, the two numbers have 
both the same sign as p. If q is negative, the two numbers 
have opposite signs, and the greater one has the same sign as p. 

Not every trinomial of this type, however, can be factored. 


Wx 2.. Hactor a’ = 11 a +30. 


The two numbers whose product is 80 and whose sum is —11 are —5 
and —6, 

Therefore a? — 11a+ 30 =(a— 5)(a—6). 

Check. If a=1, a?—11a+30=20, and (a—5)(a—6)=—4- —5=20, 


Ex. 3. Factor 2’-+- 10 ax— 11 a’. 


The numbers whose product is — 11 a? and whose sum is 10a are lla 
and —a. 
Hence x2+ 10 ax — lla®=(4+ lla)(w#-a). 


Ex. 4. Factor v° — 7 ay? + 12 y®. 

The two numbers whose product is equal to 12 y6 and whose sum equals 
—7y> are —4y3 and —3y°. Hence 2°—7 xy3+4 12 y®= (23 —3 y?)(x8—4 9), 

Ex. 5. Factor 1—3a—10 a? 


- This expression is a special form of the general type, obtained by let- 
Line eh: 
Hence 1-—8a-—10@=(1—5a)0+ 24). 
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114. In solving any factoring example, the student should first 
determine whether all terms contain a common monomial factor. 


EXERCISE 42 


Factor the following expressions ; 


20. 
. ¢—12 ab —18 &% 

. m4+-15 mn — 34 n+. 
. pe—T pgr +12 q*r. 


Lome eae Bley 
et be 6. 
G2 Sid 4-2. 
a’ +7 a+ 12. 
ve? —4¢— 21. 
m? +4'm — 21. 
g+5q—14. 
y’—Ty—18. 
y—8y+165. 
v?—5e—14. 

Se eae 

; m*—14m™-+33. 

. &—3a—4. 

. y — 8844+ 387. 

. y — 36 y— 37. 

.-m—19 m+ 48. 

10h? —14 b— 51. 

. &—320+175. 

. o—s 2+ 16. 


e— 17 ax 4/30 at. 


24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
"33. 
34, 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44, 
Ab. 
46. 


m? + 28 mn +187 n?. 
We 2 dD Ooo: 
a’y"z? —19 xyz + 48. 


fy fg oe arg fan A 
a® +17 a + 60. 
(ie othe 2. Oe 


a‘b* — 13 ab’? — 30 c*. 
9m +m? + 20. 

G=-2 bo ap. 

tS nero 

ob Ae erties 

Ln lon: 

m? — 25. 

o—ha+ 6 x. 

o.04 00 Ue oar 

3m —15 m?—18 m. 
5 yw — 105 y — 20 y?. 

6 ab? + a°d — 5 a7b*. 
Of 2 0 

98 ay? — 28 wy + 2 x. 
Som A Gin SS 9 Nile 
m**?— 9 m*tn+20 mn. 


(a+b)?—T(a+b) —18 


47. (a+ b)?—12(a+6)?+20(a+b). 


48. a?—3ab. 
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TYPE III. QUADRATIC TRINOMIALS OF THE FORM 
pxe+qx+r. 


115. According to § 66, 


(40+ 3)(6e—2)=202°+7 x—6. 
20 a is the product of 4 and 5 a. 
— 6 is the product of + 3 and — 2. 
+7 is the sum of the cross products. 


Hence in factoring 6 #?—13+5, we have to find two bino- 
mials whose corresponding terms are similar, such that 


The first two terms are factors of 6 a’. 
The last two terms are factors of 5, 
and the sum of the cross products equals — 13 a. 


By actual trial we find which of the factors of 62* and 5 
give the correct sum of cross products. 

If we consider that the factors of +5 must have like signs, 
and that they must be negative, as — 15 @ is negative, all possi- 
ble combinations are contained in the following : 








6a2—1 71> 3a—1 3a2—5 
NVA S er NF 
ax ve aa Toe 
Tp ay (es A Z2@—5 pg—t 
a i —liz —17 «x me LOU 


Evidently the last combination is the correct one, or 
6v—138%+5=(8xe—5)(2x—1). 


116. In actual work it is not always necessary to write down 
all possible combinations, and after a little practice the student 
should be able to find the proper factors of simple trinomials 
at the first trial. The work may be shortened by the following 
considerations : 


1. If pis positive, only positive factors of p need be considered. 


2. If p andr are positive, the second terms of the factors have 
the same sign as q. 
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3. If pis positive, and r is negative, then the second terms of 
the factors have opposite signs. 


If a combination should give a sum of cross products, which has the 
same absolute value as the term qa, but the opposite sign, exchange the 
signs of the second terms of the factors. 


4. If px’?+qu+r does not contain any monomial factor, none 
of the binomial factors can contain a monomial factor. 


Ex..1. Factor 3 2? — 832% +54. 


The factors of the first term consist of one pair only, viz. 3x and x, 
and the signs of the second terms are minus. 54 may be considered the 
product of the following combinations of numbers: 1 x 54, 2 x 27, 3 x 18, 
6 x 9, 9 x 6, 18 x 8, 27 x 2, 54x 1. Since the first term of the first factor 
(8a) contains a 5, we have to reject every combination of factors of 54, 
whose first factor contains a 38, Hence only 1 x 54 and 2 x 27 need be 
considered. 


32—1 32—2 
x x 
a2 — 64 7 — 27 
— 163% — 832 


Therefore 3 a? — 83% +4 54=(8 x — 2) (a — 27). 


Ex. 2. Factor 9%? + 202 — 21. 


9x2=9x-x or 38x-38z, but the second combination has to be rejected, as 
21 contains a 3, and as consequently one of the resulting binomial factors 
would contain the monomial factor 8. Hence 9x-« has to be selected. 

The last term 21 may be factored as follows: 1 x 21, 8 x 7, 7 x 8, and 
21x 1. According to (4), only 1 x 21 and 7 x 3 need to be tried. 








9x7+1 9x%+7 
%— 21 4—3 
— 1882 — 20x 


The second combination produces the absolute value of the middle term 
but the wrong sign, hence the factors are 


(9%—7)(%+3). 
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117. The type pa’?+qv+r is the most important of the 
trinomial types, since all others (II, IV) are special cases of 
it. In all examples of this type, the expressions should be 
arranged according to the ascending or the descending powers 
of some letter, and the monomial factors should be removed. 


EXERCISE 43 


Factor the following expressions : 


1. 38a’?—2—2. 21. 2a?—8ab—2 0% 

2. 50—Ia—2. 22. 4a?—a—14. 

3. 32°—102+53. 23. 60 a? — 59 ab — 20 0%. 

4. 40°? 4+Txe—Z2Z. 24. 124° — 23 27-10. 

5, od? —5a-+ 2. 25. 8 a —38 a2 + 35. 

6. 2a?—92-+4. 26. 2—5 a7? +3 a". 

7. 92?—264—3. 27. 3—x2—2 2". 

S24 = 8 eto. 999 6-7. 

9. 40?—11e¢—3. 29. 12—22°—5-4. 
10. 60?+6—12. 30. 12 —a2’—2. 
11. 4a°—5ax—6. 31. —5xv—w?+6. 
ie. (ie ahr, Meaty 32. 4¢7410ay+4y’. 
13. 9m?—17m —2. 33. 8 ay? +22 ay’? — 6 y’. 
14. 5a°+ 26a+5. 34. 24 a°+ 42 ab — 45 ab’. 
15. 6e@—17a+4+12. 35. 30 ay + 95 ay? — 35 ay’. 
Guede = 4 OU tes. S63 ot ba 
et lot oe, 37. 2(a+b)?+11 (a+b) +5. 
18. 62°—T7 ay— 37’. 38. 4(a+y)y?—8(@+y) +3. 
19. 2a@?+13ab+ 60°. 39. 3a°"— a" —2. 

welog toa 10. 40. aw’+(a+b)a+b. 


ar) 
=) 
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TYPE IV. THE SQUARE OF A BINOMIAL 
w+ 2xyt+y’. 


118. Expressions of this form are special cases of the pre- 
ceding type, and may be factored according to the method used 
for that type. In most cases, however, it is more convenient 
to factor them according to § 65, 


a + Qay tyra (ety) 
a —2ay + y= (e@—y)’. 

A trinomial belongs to this type, 7.e. it is a perfect square, 
when two of its terms are perfect squares, and the remaining 
term is equal to twice the product of the square roots of these 
terms. 

The student should note that a term, in order to be a perfect 
square, must have a positive sign. 


16 x? — 24 ay + 97? is a perfect square, for 2V16 a2 x V9 y? = 24 xy. 
Evidently 16a? — 24ay + 9y?= (44 —35y)?. 


To factor a trinomial which is a perfect square, connect the 
square roots of the terms which are squares by the sign of the re- 
maining term, and indicate the square of the resulting binomial. 


EXERCISH 44 


Determine whether the following expressions are perfect 
Squares or not, and factor whenever possible: 


1. @+2ab+ 07. 7. p?+8p+16. 
2. a? —2ab—b% 8. 1—4m+4m2 
3. ¢c' +- 2cd a. 9. 9+6p+p% 
4. +4a+4. 10. 4—6p+p% 
5.2 — 624.9, 11. a’ —144a+4+49. 
«6. ae — 2a+4, 12. a@+18a+81, 
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homed 0 g.9, Joep a 2 ab — 0". 

14. a’—6ab+ 954. 26. 168 y? + a? — 26 ay. 
thea? S12 be be ie 

16. 9m?n?+ 42 mn + 49. 28 eas Ge OU et 

17. 4a°y? — 20 wyz +25 27. 29. 2m®n? — m* — n°. 

18. 4 a* —15 a?y’2? +. 9 yz". 807 0007 6:2 +} O47, 
19eroOds 200 Gu ee 20 U. Sind — 20 a 

20. 22505 — 30a?+1. 390, 22 G2 -E YY, 

21. 4a°—8ab+40*. 33. 98 aty? — 56 ay? + 8 ay" 
22. m+2m>+m. 34. 25077? — 101 ay? + 47’. 
Baan | An be oO. Soe db .0> ee 

240 20-1200 — 18 36. (a+b)? — 24 (a+b) +144. 


37. (a—b)?—2xe(a—b)+ 2", 


TYPE V. THE DIFFERENCE OF TWO SQUARES 
ry’. 
119. According to § 65, 
a?—b’=(a+b\(a—bd), 


le. the difference of the squares of two numbers is equal to the 


PP 


oduct of the sum and the difference of the two numbers. 
Ex. 1. 4a°y8 —9 2° = (2 xy? + 3 2°) (2 wy? — 3 2’). 
Ex. 2. 16 a’— 64 6” = 16(a’ —4 5”) 

= 16(a* + 2 b°)(a* — 2 6°). 
Tixe es: at — bt = (a? +b”) (a? — 8’) 

= (a+ 0’)(a+b)(a— Db). 


Nore. a? + 0? is prime. 
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EXERCISE 45 


Resolve into prime factors: 


1. m?—n’. 16. 4a®—9 qd". 
2. p’—q’. Vee oe ye 
3. a’ — 9. 18. 16 2°—196 2. 
4, 16-06% 19. 9a” —81. 
5. 4a?—1. 20. 100 — 900 a™. 
6. 1 — 25.47’. 21. at—a’. 
PAS fehl I paar Aa F 22. 144 a?— at. 
8. ab? — 36 b*. 23. Dayz — 9 ay? 
9. 49 a*d*—16 c*. 24. 12 a°— 3 d’c’. 
10. 36 a’ — 25 b*. audrey pee be 
Piel Oc. ise. 362.04 0°" — 0 
12. 225 a®— 144 ab? 27. 3 — 2. 
13. a'— O°. 28. 25 a?+™ — 225 a™b*. 
14. at— dt. 29. 10000 —1.. 
15. a®— b% S0sn0U dL: 


120. One or both terms are squares of polynomials. 


Ex. 1. Factor a?—(ce+d)’. 
a*#—(c+d)*= (a + c+ d)(a—c-—d). 

Ex. 2. Resolve into prime factors and simplify 

(4a+3b)?—(2a—5by)* 
(4a+8b)2?—(2a—5 b)2=[(4a+3b)+(2a—5 b)][(4a4+3b)—(2a—5 d)] 

=[4a+8 b+2a—5b][4a+3b—-2a4+5] 
= (6 a—2 b)(2a+8b) 
=2(3a —b) - 2(a+4b) 
=4(3a—b)(a+4b). 
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EXERCISE 46 


Resolve into prime factors : 


1° (Gb) 7. (a—2a’)?— (a—b)*. 

2. (w—y)?— 2. 8. (4a+b)?—(8x4—y)?. 

3. (a+ by—9e’. 9. L—(8a—5b)’. 

4. W—(b+c)’. 10. 3—3(a+ 5)’. 

5. 4a°— (b—c)’. ll. (4+6+4+0)—(x@+y—2)’. 

6. (a+3b/P—16c’. 12. (a+26+3¢+d)’—(e+f). 
Resolve into factors and simplify : 

13. (a+b)?—a’. 17. (83a+5)?—(2a—1)’. 
14. a’?—(a—b)’. 18. (8a°—a)?— (a+b). 
15. (a+2b)?—9 a 19. (4a+6 b)?—(a—T by. 
16. 25a?— (2a —65)*. 20. (a+b+c)?—(a+b)* 


TYPE VI. THE SUM OR DIFFERENCE OF TWO CUBES 
x+y’, and x°— y’. 
121. According to § 79: 
a + yf = (a+ y) (a — ay +9?) 
a — y= (x —y) (a + vy +y’). 
Ex. 1. Factor 8 2° —1. 
8 x8 — 1 = (222)8— (1)3 
= (247 -—1)(4244+ 22241). 
Ex. 2. Factor $ a® + 27 0°. 
8 a? + 27 BS = (2 a8)3 + (3 b2)3 
= (2 a8 + 3b2)(4 a8 — 6 ab? + 9 BA). 


After a little practice the student may omit the intermediate step and 
write the factors at once. 


reese eo o43 c 
= (5 a*bt — 7 c*)(25 atb® + 35 adic? + 49 c°). 
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EXERCISE 47 
Factor the following: 


1. a —0d*. 10. 125 a? 4+ 6% 19. soy — Slat 
2. a’ + b%, Tikese— 210s 20. 2 — 1331. 
Sore 1. 12. 16 Oa 12D 0% (Sle or = 2 

oi oes Male 13510004 Dp IUILAN 

5. 1+a*. 14. 216 a? — d*c*. 23. 1,000,001. 

6. 8—a’. 15. 2° — 27 ay. 24. 1,000,027. 

gh eke kamal I 16. 22°+ 54 7, 25. 64,001. 

8. 270° —1. Pia fen ae 26. 64,000,001. 

9. 64a?— 0%. 18. a’ + 27 ab’®. 27 a OOOOT a. 


122. In factoring a°® — b°, the expression may be considered 
either the difference of two squares or the difference of two 
cubes, producing respectively the following results: 

a’ — b§ = (a? + 5°) (a? — b*) 
a’ — b° = (a? — b”)(a* + ab? + 0%). 

The factors of the first result can easily be factored again, 
while it is difficult to factor the last factor of the second re- 
sult. Hence the prime factors of examples of this type can be 
obtained most readily by considering them the difference of 
two squares. 


Ex. a°’— 64 = (a’ + 8)(a’— 8) 
=(a+2)(a@—2a+4)(a—2)(@?4+2a+4). 


EXERCISE 48 
MISCELLANEOUS EXAMPLES 
Resolve into prime factors: 
1s L—9. 3. aoh® — 729. 5. 1 — mc”. 


2. m>— n°, 4, To BasDe: Gea’ =p 
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oe aA oe oie 8 17. aft" —26.0°b* — 27. OF 
Sree 2 at a, 18, a — ba 4. 

9. 3a'—-3a¢— 386. 19. x — a, 

10: 4 19332 ms 30 mn. 20; au— Db a’+-4., 

11. at—5 a’b? — 36 b+. 21. 729 a®h? — a’b*, 

12 fo 42 — ba: 22. (a+6)?—1. 

13. a’— ab’ 23. (a+b)?—1. 

14. 3 p®— 39 pt 4-108 p2. 24. (w+y)i—1. 

15. 18 a*— 74 wy? + 8 y'*. 71s Bias bee fade 


Ge == 7 a = S, 


TYPE VII. GROUPING TERMS 


123. By the introduction of parentheses, polynomials can 
frequently be transformed into bi- and trinomials, which 
may be factored according to types I-VI. 


A, After grouping the terms, we find that the new terms contain 
a common factor. 


Ex. 1. Factor ax + ba + ay + by. 


ax+ be + ay + by =a(a+b) +y(a + b) 
=(a+b)@+y). 


Hix 2-H oCtoLl © — Dea p, 


x —5a2?-x+5=27(% — 5)—(ax — 5) 
= (# — 5) (a2 — 1) 
=(# —5)(e +1)(@—1). 


EXERCISE 49 
1. am+ ym + ant yn. 4, 2am+2ap—3 bm—3 bp. 


2. wv +ay+ax+ ay. 5. 6am—3 bm—6 an+3 bn. 
3. 2aw—3ba+2ay—3by. 6. 2y'—y+4y—2. 
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. pe—pe—pg ti. 14. a@@—a—a’ay+ ay. 

. 2 + may —4 ay —4 my’. 15. p+ pq?— pq —@. 
60°+38 wy — 2 av — ay. 16.1 —7 eo 

. CW+ea?— ef? —e&f?. 17. p—5p?+2p—10. 

. 3 08—Te#?+3a—T. 18. a&’— aa — ap 4+ pa. 

0 1S OL eee 19. m&—13 m!—7 m?4+91. 

orn 20. ax+be+tayt by+az+bz. 


It is sometimes necessary to change the order.of the terms of 


the given expression before the method can be applied. 


21. ax+ by —ay— ba. 
99 Ee a ea 
23. aa? — 3 b*y’ + 3 BaF — ay? 


B. By grouping, the expression becomes the difference of two 


squares. 


Ex. 1. Factor a?—6ab+0?—16 c?2. 

a? — 6 ab + 9b? — 1602 =(a2 — Bad +. 9B2)— 16 c2 
=(a —8b)2—(4c)2 
=(a—8b+4c)(a—8b—40). 

Ex. 2. Factor 9 a? — y?—427+4 yz. 

9a? —y?— 4224+ 4 yz =9 2? —(y? —4 92442?) 
= (3 x)? —(y — 22)? 
=(8a+y—2z2)(8e4—y+22). 

Ex. 3. Factor 4 a?—0?+92a?—4 y? —12 aw + 4 by. 
Arranging the terms, 
4a? —b?4+ 992 —4y2 — 12 an +4 by 
=4a?—12ar+92?—6?4+4 dby—4y? 
= (4 a? — 12 ax + 9 x?) — (6? — 4 by + 4 y?) 
=(2a—382)?—(b—2y)? 
=(2a—8x%+b-—2y)Q@a-—824—-b42y). 
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EXERCISE 50 


1. @—2ab4+0?—1. 7% 250 —2 ay — 2? — y*. 

2. a&—40a0+4607—C. 8. a’+b°+2 ab—2?+2ay—y’. 
38. v# —6ayt+9y—25 a’. 9. 16a*—4@°—4ab—b*. 
Aelita 10a°So—o a= 6 ab — 3.64. 

5. 16m?—4a?—4ay—y 11. a—a?—6a°b — 9ab*. 

6. 16—a’? —b*+ 2 ab. Lee = 10 ete 25 — 121 oF; 


13. @+12a436—e¢4+4ay—4y’. 
14. @—2+0?—y—2 ab —2 ay. 
15. at—2a’b? + bt — 25 at — 40 ay? — 16 


C. By grouping, the expression becomes a trinomial of the form 
of px’ + qzu-+r (or its special cases II and IV). 
Ex. 1. Factor 32?—6ay+3y?—1024+10y7+3. 
3a%7—6ay+3y?—10%4 10¥y4+38=38(2? —2ay+4+ y?)—10(47—y)+38 
= 3(a—y)?—10(a@—y)+3 
=[8(@@ —y)— 1][@—¥) — 8] 
=[387%—s8y—I1][x—y—3]. 
Similar, although a type of VII A is the following example: 
Ex. 2 40°—12ay+9y—20%+4+3y. 
442-—12ay4+9y?-2244+3y=(224—3y)?-(24 — 3y) 
=(24%—8y)(2x%—38y-1). 
EXERCISE 51 


1. a? +2a+1+a00+0. 3. a’ —4ab+40°—3a+66-+-2. 
oF a — 200--b> a+. 4, e—y?+2e—2y. 

5. vw —8ayt2y—244+4y. 

6. w—6ayt9yr—Tx4+ 217412. 

7. 40?4+8ab+40?—5a—50-+1. 


(For additional methods of factoring, see Appendix IT and 
Chapter XVI.) 
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SUMMARY OF FACTORING 


I. First find monomial factors common to all terms. 
II. Binomials are factored by means of the formule 
a’ — 6° =(a+6)(a—6). 
— 6? = (a— 6)(a? + ab + 6%). 
a’ + 6°= (a+ 6)(a°—ab+ 6°). 
III. Trinomials are factored by the method of cross products, 
although frequently the particular cases II and IV are more con- 
venient. 


IV. Polynomials are reduced to the preceding cases by grouping 
terms. 


EXERCISE 52 
MISCELLANEOUS EXAMPLES 


Factor the following expressions: 


1. a? — 0’. 14. 17a?—25a—18. 
2. w+b?—2ab. 15. 20a? — 220 a+ 605. 
8. a+ 2a0. 16. a — 7294. 

Np ap cea Wats eR bk LITO i. 

bio de 1000-8 O- 18; Cus (i op. 
Gre OD a 6 es 192 0 ee 2a 
ees Ole 20. 1.207 + 16 0a0— 130067 
8. a? — abd’. 21. a®—1—2b-—0% 

9. 2ay—a?— yz’. 22. 2 —axv—be+ab. 
10. # —160?+4 5524. 23. 2a?+at*—327, 

11; vo" —16 a. 24, 2—x— 27, 

12. 827 — 6527+ 8 x”. 25. (a+b+c)?—1, 
13. d3av+2be+3ay+2by. 26. 1—(a+b)*% 


27. 
28. 
29. 
30. 
31. 
32. 
33. 
34, 
35. 
36. 
37. 
38. 
39. 
40. 
41. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 


64. 
65. 


FACTORING 
at — ?, 42. a?a® — Ba? — ay? + by’. 
Tao" — 1 ab: Age oe — vo. 
8 at — 31a? — 4. 44, o?—2e+1—y7'. 
v—1+2ab+0. Ab. Aa ba? Eo — 5. 
9.x? — Jar 46. ¢—0+a—bd. 
ey +e—Ty’—7. VWitoirenddpArne eWay 
(a+ bY— G(a+b)4+20. 48. 38at—3 a? —720 27. 
3 ax’? —3 ay? +5 ba’?—5 by”, 49. 225 at —120 a’y? + 16 4. 
27 wty + wy. 50. a®+ a’b + ab’ + 6% 
9x? — 8224-9. 51. 2+ (a—b)x—ab. 
(a + 6)? — 8. 52. w+4a°—a—A4. 
729 x — 100 y™. 53. w+2e+1—4(e¢+1). 
289 a? — 34 ay + ay? 54. a? —a. 
128 — 2a’. 55. 2 —82°+162. 
10a‘ — 33 a2 — 7 a’. 56. 36a°"—9 b*. 


a’ (a+ b)+4a(a+b)+4(a+ 0). 


a? —2ab+67—6a-+ 6D. 


C4 A -o 0- O.0 O0. 
= 200--Y—6a--60--p. 


62? —122y+6y?— 37%+37y+6. 


oe — y+ og? — yx’, 


de bee 0 a ee ee 


(@—1)(@ = 2)—6. 
(« +-4) (« —3)—18. 


Simplify the following expressions, and factor the result: 


66. (a +7)(x—2)—(2%—9) (Ba+ 2)+(a#—8) (a —10)— 30. 
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CHAPTER VII 


HIGHEST COMMON FACTOR AND LOWEST COMMON 
MULTIPLE 


HIGHEST COMMON FACTOR 


124. The highest common factor (H.C. F.) of two or more 
expressions is the algebraic factor of highest degree common 
to these expressions; thus a’ is the H.C. F. of a’ and a%b’. 

Two expressions which have no common factor except unity 
are prime to one another. 


125. The H.C. F. of two or more monomials whose factors 
are prime can be found by inspection. 

bese Clot ands» isis 

The HH. CLR otsa76'c*, a?d*c and 4-0" 18-70% 

The H.C. F. of (a+ 6)? and (a+ 6)?(a—6b)* is (a+b)? 


126. If the expressions have numerical coefficients, find by 
arithmetic the greatest common factor of the coefficients, and 
prefix it as a coefficient to H.C. F. of the algebraic expressions. 
Thus the H.C.F. of 6 xyz, 12 a°y°z, and G0 ay? is 6 ay. 

The student should note that the power of each factor in the 
H.C. F. is the lowest power in which that factor occurs in any 
of the given expressions. 

EXERCISE 53 

Find the H.C. F. of: 

LaeeOr 0, 2 70", 

moc, Lo of0'C’. 

Smear, D1 cid. 

4. 24 a°yz, 6 y’2*u. 


4 a’a*, 6 a®x3, 12 aa’. 

19 x74’, 95 wz*, 117 at 

12 afy*z’, 18 aty?2®, 24 a%y%z8, 
3 xyz, 9 aty®z, 15 x?y?e. 


moO 2B @ ao 
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9. 4ab’c*, 16 atb’d', 64 a®bd%et. 
10. 98 a’b’c*, 180 a®b*c®, — 300 atb%c®. 
11. 15 a’ba’y’, — 45 b®y*, —90 atdtaty4. 
12. 3(a+50), 4(a+b)’, 8(a+b)*(a—D). 
13. 3(@+1)(@+2), 12(@+4+1)(@+3), 6(@+1)*. 
14. (a+ b)%(c+d)’, (a+b)(e+d)’, (a+ b)*(c+d)%, 
15. 6@+y)’, 8at+yyr@e—y), Ie+ye—y)y. 
16. 6a'(a+b)’*, 8a(a+ b)%, 10 a(a + 6)’. 


127. To find the H.C.F. of polynomials, resolve each poly- 
nomial into prime factors, and apply the method of the 
preceding article. 


Ex. 1. Find the H.C.F. of #—4ay+4y’, 2—S3ay+2 7’, 
and 2? — 7 xy +10 7’. 
e?—4ayt+4y?2?=(x4-2y)2, 
a —Say+2y?=(%—2y)(x—y). 
e?—Tay+10y2=(*@—2y)(*—Sy). 
Hence the H.C. F. = 2 yy. 


Ex. 2. Find the H.C.F. of 6a*—6 ab’, 2 a®—8 a+ 6 ab’, 
and 12 a* —12 a’b?. 
6 at — 6 ab? =6 a(a’ — b*) =6 a(a — b) (a? + ab 4+ B?). 
2a—8a?b+6ab?=2a(a—4ab+4 3 b?)=2 a(a—b)(a—3b). 
12 at — 12 a?b? = 12 a?(a@? — 6?) = 12 a®(a + b)(a— Dd). 
Hence the H.C. F. =2a(a—b). 


128. If 7a is contained in several expressions, obviously 
— 7a must be contained also. Similarly, if a—0 is a common 
factor of several expressions, —a-+ 0, or b—a, is a common 
factor also. From this it follows that each set of expressions 
has really two highest common factors, whose absolute values 
are equal, but whose signs differ. H.g. Ex. 1 of § 127 has the 
two answers, «— 2yand 2y—a; Ex. 2,2 a(a—b) and —2 a(a—b) 
or 2a(b—a). 
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EXERCISE 54 

Find the H.C. F. of: 

1. eo oy heey? — 18 oy. 
12 a7y?2?, 3 atyP2® — 18 a y®e'. 
36 a’a, 12 a®a? + 24 a’. 
9 aw —12 a’a*, 24 a’a? + 36 aX’. 
a — b*, 407b +4 ab? 
4w—9 b*, 10 a°b +15 ab’. 
9 ax? — 16 ay’, 12 abu +16 aby. 
16 a’b? — 25 bc’, 24 ab? — 30 be. 
Ae’? 4+12ey+9y, 162+ 24y. 


et 
=) 


m?—4 a, m?+ 2 ma. 


a 
as 


. m—n, m?+mn, mnr+ mn’. 
40412 oy +9 ay’, 16 xy 4 24 7’, 

. 9a?4 24 wb +16 ab’, 18 a? + 24 a’d. 

~ 400? +12 aay +9 ay’, 18 a®e + 27 a®y. 


nn 
o -, WO WwW 


. a+b, at—dt, a+ 0%. 


pa 
for) 


. axtay—be—by and at— bt. 

. @—Te+12, v—8a2+15. 

. & —3a—4, o& —8x+416, e—162. 

. @+38a—18, a — 27, 7—6a+4+9. 

Ob + 2 aoe ee ences ots 

- &+3ae—54, e+a—42, ve’ +24—48. 

. 20+9a+4, 2e¢+1140a+5, 20—3a—2. 

. 8a°+15 a’ +18 ab’, 3a*+ 9 ad + 6 a’b?. 

. @+4ab+38b0?, P12 ad—30’, v’+9ab+18 B 


wo wo DO DO NO F KF FF 
Oo 9 es OO. 6 (CO —=2 
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25. w—4ayt4y’, 2—8y', at — 16 y'. 
26. w—2e?—34+6, 2e—527+2. 
27. 38a°b—3 a*b— 21 ab, Ta’?—Ta—49. 
28. a—b, —a+b. 
29. a—da, d3u—a. 
30. 13 a?—13 0’, 26 b®— 26 a’. 
31. 32°—104+4+3, 9a—2%, 
129. If only one of the given expressions can be factored by 


inspection, determine by actual division if its factors are con- 
tained in the remaining expressions. 


Ex. 1. Find the H.C. F. of a? —4, and a —32?+8a—12. 


The factors of 727—4 are x—2, and «+2. By dividing x? — 32? 
+82 —12 we find that x — 2 is a factor, but x + 2 is not a factor. Hence 
the H. C.F... = 2% — 2, 


130. If several but not all expressions can be factored by in- 
spection, find the H.C. F. of those which can be factored, and 
test the factors of the H.C.F. by actual division as in the 
preceding case. 


Ex. 2. Find the H.C.F. of 2 —32?—8 2-4 24, a — 27, and 
p—2e'+62~ 27. 


a8 — 8a2?—82%+24=272(4 — 3) -8(4—- 3) =(4 — 8) (@ — 8). 
8 —27=(~% — 8) (a? +3749). 


The H. C. F. of these two expressions is « — 3. 


v8 —~2e2 +64 —27\x4 —38 
x3 — 3 2? ytat9 


+64 

y2—32 * 
9x — 27 
9% — 27 


Hence the H.C. F. = x — 83. 


118 ELEMENTARY ALGEBRA 


131. If divisor and dividend are both arranged, the division 
can be exact only when the first term and last term of the 
divisor are respectively divisible by the first and last terms of 
the dividend. 


Ex. 3. Find the H.C.F. of a +4+3a?—11 «—26 and (3 x—1) 
(e—3)(@+ 2). 


Since x? is not exactly divisible by 3%, 8a —1 has to be rejected, and 
since 26 is not exactly divisible by — 3, x — 3 has to be rejected. Hence 
only «+ 2 has to be tried. But actual division shows that x«+2 is a 
factor of x? + 322 -—1lla2-— 26. Therefore x + 2 is the H.C. F. 


EXERCISE 55 
Find the H.C.F. of: 


1. @—8a+2, at—60e7+4+8a—3. 
2. 4e?—1, 4a®—6a?—4a+3. 
3. @—38a4+2, @+a—2, a+20°?—a—Z2. 
4, 2a'+5a° +227, of —9a3+9x—70. 
5. w—4e4+3, 32°—-1024+3, 2—60?+ 11 27-6. 
6. 8a?—1, 4a°—-1, 4a? +a -1. 
7 8e—1, 8e?+4242, 1694+427+1. 
8. w2—a, at—Te’+6, at— 30° +5e°+34—6. 
9. w+5xe—24, oF +42?— 2624 15. 
10. 8e¢+a—2, 4a°+4a0?—a-—1. 
(For another method of finding the H.C.F. of expressions 
which cannot be factored by inspection, see Appendix III.) 


LOWEST COMMON MULTIPLE 


132. A common multiple of two or more expressions is an 
expression which can be divided by each of them without a 
remainder. 


Common multiples of 38? and 5y are 30 a?y, 60.22y?, 300 x2y, etc. 
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133. The lowest common multiple (L.C.M.) of two or more 
expressions is the common multiple of lowest degree; thus, 
xy? is the L.C.M. of a’y and ay’. 


134. The L.C.M. of two or more monomials whose factors 
are prime can be found by inspection. 


The L.C. M. of a#b® and a®b is a5b®, 


135. If the expressions have a numerical coefficient, find by 
arithmetic their least common multiple and prefix it as a coef- 
ficient to the L.C.M. of the algebraic expressions. 

The L.C.M. of 3 a3b3, 2 a2b2c3, 6 c8 is 6 a3b3c8, 

The L.C.M. of 12(a + b)8 and (a + b)?(a — b)? is 12(a + b)3(a — b)2, 


136. Obviously the power of each factor in the L.C.M. is 
equal to the highest power in which it occurs in any of the 
given expressions. 


137. To find the L.C.M. of several expressions which are 
not completely factored, resolve each expression into prime 
factors and apply the method for monomials. 


Heel. Hind thes. C.M. ot 4.076% and 4 a*— 4 ab". 
4 a?b?2 = 4 a2b?. 
4a! — 4 a2b3 = 4 a?(a? — b8). 
Hence, L.C. M. = 4 a*b?(a? — 5%). 


Ex. 2. Find the L.C.M. of a?— b’, a? +2ab+0’, and b—a. 
a? — 6? =(a+ b)(a— dD). 
a?+2ab+ b?=(a + b)?. 
b—a=-—(a-—b). 
Hence the L. C. M. + =(a+ b)2(a—D). 
Nore. The L.C. M. of the last example is also —(a + b)?(a— Bb). In 


general, each set of expressions has two lowest common multiples, which 
have the same absolute value, but opposite signs. 
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EXERCISE 56 


Find the L. C. M. of: 


~ ne wd 
Be epee 


reo), 


2 
Sue Oo ya aoe 
4 


Mazi 0, 13 

9. 
10. 
a 
12. 
13. 
14. 
15. 
16. 
Lis 
13; 
Lo; 
20. 
7A be 
22. 
23. 
24. 
25. 
26. 
27. 
28. 


12, 15a’, 25ab?, 106%, 18 a7. 
S.0e, 912 Oe Lag 

5 ary’, 4", 20 a?y®, 45 27%, 
elon lo ey ao LU aC 
4a’bed, 20 ab’cd?, 40 abe’d, 8 dl’. 

PA Take RTA RG OWI RTS 

9x, 3xy, 2(e+y). 

4(a—y)', 3(@t+y)', 12(@—-y)(@+y). 
(a+b)", (a+b)"™*1, (a+ b)™™. 

(aw —1)(# — 2)’, (a@— 2) (@—3)?, (@—3)(a#—1). 
32, SY, wy — xy’. 

Aa’, 3y’, 6 a°%y? — 6 ay. 

6(a@+y), 3x—3y, Bayt 6y’. 

4abe, 9a? — 16 2. 

a —b*, a— b%. 

a+ b*, a—ab+b*, a+b. 

et+5e+6, v+424+3, a+. 

Agt—4e’, 3¢?+60¢+3, 627—1207+6. 
4e0°+2a—2, 4a?—1, 4a°+4a—3. 
32°43, 5a47—5, 15a. 

«+1, «+2, «+3. 

2ea—1, 4~+4+2, 42?—1. 

207?—aw—1, 2e°?¥+a—3, 42°+82+4+3. 
dam, ol, x) — eek 


5 ay’. 


oO ~~ co oO 


by, 4 aa. 
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. 6a°— 54, T(a@—3)*, 32°—-9ae+ 3. 

. @—etoa—i, e2—ws. 

. '@—1la+6, 3a?—8a+4, #@—5a+6. 

. 20 —38a?—Qa, 2e?—15e’—8a, 2? —102+4+16. 

. 1204+ 23ab4100°, 407+9ad+ 50, 8a?+5ab4+2 07 
. (a—b)(b—c), (6—c) (c—a), (Cc—a)(6—a). 

. (a+b)?—c’, a®?—(b+c). 

36. 


e—1, 2—2e+4e—3. 


(The ‘method for finding the L.C. M. of expressions which 
cannot be factored by inspection will be found in Appendix III.) 


CHAPTER VIII 
FRACTIONS 
REDUCTION OF FRACTIONS 


138. A fraction is an indicated quotient; thus ‘ is identical ~ 


with a+b. The dividend a is called the numerator and the 
divisor b the denominator. The numerator and the denominator 
are the terms of the fraction. 


139. Since a fraction represents an indicated division, the 
proofs of all fundamental properties may be based upon the 
definition of division ; viz.: 


= @ means a= ba. 


Ola 


140. Jf both of the terms of a fraction be multiplied by the 
same expression, the value of the fraction is not thereby altered. 
Expressed in symbols, 


According to the preceding paragraph, this really means 
if a = ba, then ma = mbza. 
But in this form the correctness of the conclusion is obvious. 
(§ 90, 3). 


Hence it is proved UES eee 


141. If both the terms i a fraction be divided by the same 
expression, the value of the fraction is not thereby altered; or 
ma__a 
mb db 
This follows from the preceding article. — 
122 


FRACTIONS Eso 


142. A fraction is in its lowest temms when its numerator 
and its denominator have no common factors. 


Ex. 1. Reduce a ae 3 to its lowest terms. 


Remove successively af common divisors of numerator and denomina- 
tor, as 3, x, y?, and z% (or divide the terms by their H. C. F. 3 ay?z8). 





Hence Sayre _ 22 
9xry2z8 3x 

143. To reduce a fraction to its lowest terms, resolve numerator 
and denominator into their factors, and cancel all factors that are 
common to both. Never cancel terms of the numerator or the 


denominator ; cancel factors only. 


Ex. 2. Reduce Gace Ota e to its lowest terms. 








6a*t— 24a 
a—6a?+8a_a(a?—6a+8) 
6at—24a2 6 a? (a? — 4) 
_ a(a—2)(a — 4) 
, 6a%(a + 2)\(a'— 2) 
wg) Op 3) Fe 
rea) 
— § a*-+ 60 a*} + 66 ab? 
Ex. 3. Red — to its lowest terms. 
Be Se ONES 12 (a? —121 b) (a?— 8%) 
—6a*+ 60 ab +66 ab? — 6 a*(a? — 10 ab — 11 b?) 





— 12 a!9(a? — 121 6?) (a2?— ob?) ~—12a(a+11b)(a—11b)(a+b)(a—b) 
if — 6 a?(a—11b)(a+b) 
~ —12a%(a+11b)(a—11d)(a+6)(a—d) 
— ae een 
~ 2a8(a +11 b)(a—b) 





144. By the law of signs in division 
prec st —a 
A SS ares AEG 
That is, a fraction is not altered if the signs of both its 
terms are changed; but the sign of the fraction is changed : 
the sign of either term is changed. 





& 
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2 2 
Ex. 4. Reduce aia to its lowest terms. 


b? — ai 


a? + ab —2 B? _ 
b2 — a2 


a? + ab—2 0? 
— (a? — b?) 


_ _ a@+ab—20b? 


a2 — b2 


suit Geeta) 
pin ee 





a+b 


EXERCISE 57 


Reduce to lowest terms: 








1 9a Go 25 0 112 ay — ay” 
3 0 125 a*y 9x—Dy 
8h 5 n+2 
2. IN, 7. Liou 12. 6 ab i 
16 a7b? 16 a” 6 ab — 6 ab? 
Sp oat n m . 
a 250 aPy?2" 3. eh Uso “ey aa + bx 
25 a yt2! Tal? Cx 
4 34 a’b?c?. 9 IZ2m+12n. 14 25 rx — 89 ry. 
" 85 alb%xt ' Q4e+24y " 35 sx — 49 sy 
2 23 aa! 10 9@b+12 ab? a 4e?—9 0° 
46 ataty? " 9 a®b—15 ab? © OR aea Hy 
4a? —9 b? 1+? 
16. ——————-- OO Bi eee et 
(2a—3b)? Bile tL 
17. ax + ba — ca 29. 3827—10e%43 
ay + by — cy 92?—6a+1 
18 m* — 2mn + n> 93 40+12ab+90? 
m? — n? ' 16 ab 4+ 24 B? 
2 
19. 9x +6044 O4. v—Ta+12 
9x*—1 a—8a+15 
8}3 2 
20 apc --1 25. a’—3a—4 


Cee - abe 


a@—8a+16 


26. 


21. 





31. 


32. 


33. 


28. 


29. 


30. 


42. 


a—Ta+12 
a—-2a—3 
20+9a+4— 





Zee ae 
152°+2ay—y’ 
12 2? + ay — y? 
2m*—mn—6 1? | 
38m’? —Tmn+2 n? 
ax + ay — cu —cy 
Ax + ay + CH -+ CY 





2ac—Zad—3bce+3 bd. 
Zac—Zad+3bc— 3bd 


Me a —_ 
NL 


mn—2m+3n—6 
mn—2m—38n+6 


w—4a+4_ 
—xv’+5x2—6 








FRACTIONS #25 
Cyn ee Ge, 
2p? —5 p’g+3 p? 
ie a+ 0? +2ab—c 
* @+e+2ac—b? 
36 ow — 21 eb o6 2 
S Sie Sab 
a‘t — d* 
37. ——— 
ao 1b 
PF ma th 
38. qin o® 
a-t- b)§ 
go, (+0! 
Pei Naki hice big 10 
14 pg? — 14 pq 
ry paca 
b—a 
a’? — 9 ab +14 db? AA tet A 
20°+ab—ad " J—a 


| 
| \ 145. If only one of the terms of the fraction can be factored by 


inspection, find, if possible, the H.C. F. according to § 129, 


, / 
v5 








9 a? — 864a+4+ 35 
9a? —36a4+85=(8a—5)8a—7). 


9a* — 86a+4+ 35 


“and divide numerator and denominator by it. 


| Ex. 1. Reduce 3a? —13 a? +23 4a—21 


to its lowest terms. 


But 3 a — 5 cannot be a factor of the numerator. (Art. 131.) 

Hence only 3 a@ — 7 need to be tried. 

Actual division shows that 3 a3 — 13 @ + 23 a4 — 21 is exactly divisible 
by 83a —7, and that the quotient is a? —2a+4 3. 


Therefore 2@ — 18. +238 a —21_ @Ga—-T(@—2a4+3 
(8a—5)(8a—7) 


_a@—2a+3 


s8a—5 
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146. Since a factor of each term of a fraction is also a factor 
of their difference or sum, we can frequently find the H.C. F. 
of these terms without factoring them, and thereby reduce the 
fraction. 


20¢—4 07 +5%—33 

22—(o + 9a—1S 

The difference between numerator and denominator = 8 2? — 4% — 15 
=(382+5)(*—3). 

3% -+ 5 is not contained in either term. (Art. 1381.) 

Hence if there is a H.C.F., itis x — 3. 

By trial « — 3 is found to be the H.C. F., and the fraction reduces by 

2074+ 2ae-4+4 ahi 

227—2x2+6 


Ex. 2. Reduce 





to its lowest terms. 


division to 


EXERCISE 58 


Reduce to lowest terms: 











4 —20°+72—30. 6 +5 ab+8 ab?+60° 
’ Og Oa ' 8430a%>4+ 4ab? +203 
9 oe—T2e#+6 7 38a0+7a?—8a—2— 
' 28 —5oe®t Qe OB ey Dee 
3 w—5a’—84+48 3 w—4P+a04+6— 
"  g—9 a? + 20x " — 3024+ 3a2—2 
4 +6 a?+7"%+10 9 5 P—Bary+2ay—4y* 
er 5 eae 5 P—9ey + 7 oy— 38 
5 e—6o?+11e—6 10 2 e+ e—2e—1. 
; = 8 LSet sigs SO ey. 


ert 


147. Reduction of fractions to equal fractions of lowest common 
denominator. Since the terms of a fraction may be multiplied 
by any quantity without altering the value of the fraction, we 
may use the same process as in arithmetic for reducing frac- 
tions to the lowest common denominator. 
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Tay 20) nd © to their lowest com- 


Ex. 1. Reduce 6 bea” 3 oe? 4 ab? 


mon denominator. 


The L.C.M. of 6 b2x?, 3 a3, and 4 ab? is 12 a3b2x? 








To reduce 2 a to the denominator 12 a*bx?, numerator and denomi- 
oe 822 
nator must be multiplied by oe or 2 a3, 
Similarly, multiplying the terms of =*. by 4 62x?, and the terms of 
5 xy 14 at 8 b3x2 15 ax y 
“ by 3 a’x?2, we have ————_, ———_,, and ———_~.. 
r OH aaa 2 abe?’ Waid’ 12 ad? 


148. To reduce fractions to their lowest common denominator, 
take the L.C. M. of the denominators for the common denominator. 
Divide the L.C.M. by the denominator of each fraction, and 
multiply each quotient by the corresponding numerator. 


32 3a2— 2 i 5 
@+3)\@—3) @—3)\@—1y ™* @—Hets) 


to eet lowest common denominator. 


Kx. Reduce 


The L.C. D.=(a« + 3)(#@ — 8)(# — 1). 
Dividing this by each denominator, we have the quotients (* — 1), 
(x + 3), and (a — 3). 
Multiplying these quotients by the corresponding numerators and 
writing the results over the common denominator, we have 
320% — 34 327+7x2 —6 rnd 5a—15 : 
(%-+8)(a—8)(a—1)’ (@+8)(@—3)(@—1)’  (w@ +8) (e@—8)(@—1) 


Notr. Since a= D we may extend this method to integral expressions. 


EXERCISE 59 


Reduce the following to their lowest common denominator: 





IIA be Da. x Fret MEY Zt 
Boles Sd aa tsar ers ine eee 
2 1 iat ey 6 F 4 Lak ts arb Bab . 
" 5b? 3 ab? 0 Tae. 4c’d 2ctd® 
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xz? 6 3 4 
. “Tague 10. ‘ 
Tie ae 6? a e—ar w— we 
3 Soy Bay? Dah 4 3a+2 20+1 
' Tadb’a? 2a‘b’c’ 3 abe eB aes O) eee Oo 
1 a 3 5 6 
 Pomepeceaad Vidar ga 
z a—'b' a’—ab ata «w—a 2—@ 
13 3a 4a 6a : 
ghee ab be 2 a0 bs OF 
1 5 
GN Gk a aides sed ia 
we e—2Qe—3 #9 
15 es snes Bays ie a | R 
ae — Be Pe ed ee Bee ee eel 
FY jes rn SMa es eB he 
P—T Ptpgt?e p—?¢ 
17. wl, 21189 (oes Cdac 
p+¢d P—-pat? p+? 
18 eee FS 2b ab. 
if 92Gb ania? —iab abs 62 





ADDITION AND SUBTRACTION OF FRACTIONS 


a+.6 
a fs 





Kay Ree! 
6 Cc 


denominator are added or subtracted by dividing the sum or the 


(Art. 74), fractions having a common 


difference of the numerators by the common denominator. 


150. If the given fractions 


have different denominators, 


they must be reduced to equal fractions which have the 
lowest common denominator before they can be added (or 


subtracted). 
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Hixeles Simplify ee ote tee OF OA 
Bi PTSD Op MEH GMALD 04-3 b) 


The L. C.D. is4(22a—38b)(2a4+35). 
Multiplying the terms of the first fraction by 2(2 a4 + 3b), the terms of 
the second by (2 @— 36) and adding, we obtain 


2a+3b a 6a—b _22@a+386)(20+3b)4+Qa—3b)(6a—b) 
2(2a—38b) 4(2a+8b) 4(2a—38b)(2a4+3b) 
_ 8a? + 24 ab + 18 6? + 12 a2 — 20 ad+4+ 3b? 
a 4(2a —8b)(2Qa+4+838b) 
pe ae tab ei 
MAD 00) (2 Oe B) 


151. The results of addition and subtraction should be 
reduced to their lowest terms. 


a+2b Za+b a—ob 
w@—ab' a@—3ab+20? at—2ad 
a?—ab=a(a-—)b), 
a —3ab4+20=(a—b)(a—25). 
a?—2ab=a(a—25). 
Hence the L. C. D. =a(a —b)(a—25). 
at+20, 2a+ b a=—36 





Ex. 2. Simplify 


a—ab a@—8ab+2b2 a*—2ab 


_(@+2b)(a—2b)+ a(2a +4 b)—(a—38bd)(a— bd) 
* a(a — b)(a—2b) 

_a@— 40? +(2 a? 4+ ab)—(a? — 4 ab 4+ 38 b*) 

a a(a — b)(a —2b) 
_a®?—40242a2+ ab—a?+4ab—30? 

7 Ula Die 2D) 
_2a2+5ab—T7b? _ (2a+7b)(a— dD) 
Wd(acb (er 2 DY an) ia4e 

— 2a+7b. 

) a(a—2d) 


Notre. In simplifying a term preceded by the minus sign, e.g. 
—(a—8b)(a—b), the student should remember that parentheses are 
understood about terms (§ 68); hence he should, in the beginning, write 
the product in a parenthesis, as — (a? — 4 ab + 3 0?). 

e 
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EXERCISE 60 
Simplify : 
a SGC 0) 3.4 DOr a8. b 
4 6 12 
2 sat4b 5a—7T60 6a+411d 
; 9 15 45 
A a+b a—b.a—26 
3. —-+-: 13. —_ 
uel 6a 5b ‘ Za 
Aiea ave ee Peay eee 
ec Yy 2 2" 2 xy jy 
5. dbe _, 8ac_ Tab 15: 1 1 
BY wate c +3 2+4 
re Za+3b 38a—T7b a Dr, Elalsge 
4a ob x—-3 we—4 
7 6a—1ly ldy—8se 17 5) 6 
13 2 hia] be ERO 
Tx+5y 2y—8z2, 4y at y 
TY ae Re RN sb cpetieted a Ur ma AS 9 TY = 
on T yz az x+y w-y 
9 2 ,90—20 Fatd 19 4a 36 
' 5a 15 ab 10 a? ee a oe 
10 Tu—3v -d5u4+6v_duv— 8v 20 th setd Ae 
' 12uv 18 v dU u Me al cite 
11. aa (Hive: Let 2 =1-) Py Agere cit alae aE 
1 e+dsy wex—dsy 
ae a ,sa—206 ety a—dsy , w—47 
12. a es 22. — : 
6a T op z 6ab x—yYy x+y ev — 7? 
93 Za—3b_ Z2a+3db , 8a'+ 18d" 
 Jat3b ores 0p: 
24 4e¢t+y Au—y. 
ee ear ee eS, 
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FRACTIONS 14 


5a 6x Bae ae 





















































25. — . 
ex—-9 a@—38 2—1224+ 27 
a a 
26. +- ———__— + 2, 
(a+b)? (a+6) 
a a+b b 
27. ates eer 
Geng a0 018 a0" 
a a a2 
Ps eens 
a  2a—4 3a—6 
9 
29 eed 3 n 
x—4 a—3 «& 
ao le a a? +2 
G1 art al aa 
31. He fer ee 
a_i 
2 
32 poe 
a+ ay 
33 w—4 32-0 5a°+9e+14 
Se ice lal ep Tem gt 293 jee D 
sig (a ag fl sae eee cea 
Arh ee, as es ct+m x+6b xwe+e 
6 4 2 2 it Z 
Ti eS acl Sac a ata ay, BU a a Ae ek ees 
x—-a #«#—-b x—C (a—1)° Se WO a 
me Oe Semele Sie yeh. 
' O(@—7) 4(a—2) 36(x +2) 
aa a b a4 03 Oy 


Tae ab ou? ) gh al D anes a’? — 6? 


OG SARIS lea IE 8 lly A bite oc 
TEES ee re gata 
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add -o a’ —ab +0? 
































42. 
a+b a—b 
43. 3m 3m : 
1—m 147 
A4. BS oly Mild _ 4m, 
way? vyty xy(@+y) 
2 3 3] x 
45. — ie ee eee 
1—3@ (eas 1—52+62 
a? 5? 
CNG ee — b). 
C—O ao Cd) 
4 ous PR TEM 
ey foie peace ee EZ, Siew Mee a) efeitos 
i 10 ab 2508 4a—10ab | Bb 2a 
48 Yai eet ME oy emda ee at Gea 
» Aoi de +1 ee a 1 6 gies 
2 
ho. il vs 4. 8a 


DD 1 ae +4 aii 


SOLUTION 


Combining the first two fractions, 





] 1 4 
oo eee oe 1 
a—-2 a+2 a?—4 @) 


Combining (1) with the third fraction, 


Gea gt47 gt 16 


Combining (2) with the last fraction, 





4 4 8 a 
(2) 








Bit See OU e 120 a? : (3) 
@—=16 atl (¢§=18)(4 = 7) 7 
2 2 4b 
50. ——— — aeeineiedt 0s 
atop Tob eee 
51. 1l+e 1-2 147 








1—s Spee 


po, 2P+49,3p—4q_ _ 2Apg 
3p—4q 8p+4q Y9p?—16¢ 
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1 1 end ae 
53. —— — ——_. 
a+1 gg eT a*—1 
2 a 5 
54. — : 
7 ee ao? — x? 
ae 1 Lele cee erage eee he, 
TOE ha et 0. da Be 


a b c 
C= pay 0). (ce a\(e = by 


SotuTion. In examples of this type it is advisable to arrange all factors 
in the denominator in a similar manner ; here in alphabetical order. 


56. 


Instead of (b — a), write —(a — b). 
Instead of (c — a), write —(a—c). 
Instead of (¢ — b), write —(b —c). 

Substituting the values and considering § 144, the expression becomes 
ae eee ee ee “are Cn ae 
(a—b)(a—c) (a—b)(b-—c) (a—c)(b—-Cc) 

The L. C.D. is (a — b)(b —¢)(a— Cc). 

Hence the expression equals 


a(b—c)—b(a—c)+c(a—b)_g 
(a — 6)(b —c)(a —C) why 






































g 3 3 2 15 
57. 60. 
ee nt DP hime op lineriete (ae Oe da Oe 
58, 02 65 CL en ON ey ak 
a—b b—a S3+2 38—a 2-9 
x a x ui 1! if 
59. ——— — ——. 62. —— — . 
Gia eae 1—2z reer ag ee eral 
: 3) 
63. a g Oat 
Daher ir os aaa 
hed ea gt 1 x 
eee (Oe | pec 
: o— 1 (@ ) pape Asp 
4! 1 1 


* G@—b(a—6) * @—b—a) | @—ay(o—b) 
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a b Cc 
66... es SS. +. 
GEDG=o (Chama e Wcsae=D 
67 Pico tae 
PP tset? 8492-23 
68 c— 1 e+tl «#-2 
» eS) 26 oo ae ee 
Ae 
69. 0 Get [een a rks a apes 
Ze—1 
3a°—8e4+1 
the pales ee Es | 
i seg us aac Te 


152. Reducing mixed expressions to improper fractions. Since 
an integral expression may be written in the fractional form 
with the denominator 1, this is merely a special case of addi- 
a b_ac+b 
Le c 
numerator of the required fraction is obtained by multiplying 
the integral expression by the denominator of the fraction and 
adding (or subtracting) the numerator of the given fraction. 


tion of fractions. E.g. eee Hence the 
c 


EXERCISE 61 


Reduce the following expressions to fractional form : 














i, gene: Ne pend) autos 
Cc a—2 
g, tt114. 8) gio et 
Co ee: 
y" gen ee chee 
ot ae a a®#—a+l1 
2 
4. a et 10. a +a-1—S— 248 
Ptos a— 
Da0— CD 10 ay 
5. LPG ae elem, e — —_—_ ay. 
26 SE ae | x—3Y 
S20" 1%—t 12; Cae 2 OO 





ge i eee 
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153. To reduce a fraction to an integral or mixed expression. 








a+b ab 
SRE e ($ 74) 
pals mes BR a2 
Lenin eee BLOB 8 iy ue 
da ba “da ba 5a 
Ao? — 20? +44 — ; 
Ex. 1, Reduce sad Fie) Parodi to a mixed expression. 
Z2u—3s 7 
482024 4e—17| 22-8 
443 — 64? Qa242x45 
4y27+47 
4a? —62 
+10%—17 
+ 10a — 15 
—2 
Therefore 4x%—20?+4e—17_ (20?+20¢4+5 (22-3 nd, 
ceed (2% — 3) 
2 
=—2774+-2" Dyce 3 
: 2x%—3 


A fraction may be reduced by division to an integral or 
mixed expression, if the degree of the numerator is equal to, or 
greater than, that of the denominator. 

If the remainder be a polynomial whose first term is nega- 
tive, it 1s customary to write a minus sign before the fractional 
part of the result and to change all the signs of its numerator 


P Qat+4a®—Se+3_9, —2a°+5a—3 
iv: easel 4na3 A YIiS Pa eee 
20-0 Gi Oo 


8 4 8a 4a 43 


EXERCISE 62 


Reduce each of the following fractions to'a mixed or integral 
expression: 
6a’7—9a+8 2 6a? + 8a'—4e—T 


1. 
32 22" 
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Bt w—Te+4 7. v+3a%b+3abi+2 
T—o a+b 
yy w+ 8a+13 Bt 20°—6x+17 
e-+2 2e—4 
Sey alas 6) are 
e+1 a+b 
a’ + 8 0? TO ssh a’ — 4. 
a—2bd  eGiAeay 


MULTIPLICATION OF FRACTIONS 


154. Fractions are multiplied by taking the product of the 
numerators for the numerator, and the product of the denomina- 
tors for the denominator ; or, expressed in symbols: 


If a= and y=< 
Bede yi: 
the BO 
n | Ty is 
According to § 139, this really means: 
If be =acandydy = ¢, 
then bday = ac. 


But in this form the correctness of the conclusion is obvious. 
(§ 90, No. 3.) 
Hence it is proved that 


ac : a c 
xy —=—, orsince «=- and y=— 
1 be Mean chy 

Ce ee 
b6 ad  obd 


155. Since i=% we may extend any principle proved for 
ac 


fractions to integral numbers, e.g. = aC = o 


To multiply a fraction by any integer, multiply the numerator 
by that integer. 


FRACTIONS 137 


156. Common factors in the nwmerators and the denominators 
should be canceled before performing the multiplication. (In 
order to cancel common factors, each numerator and denomi- 
nator has to be factored.) 


Ex. 1. Simplify 


Ex. 2. Simplify 


A a®b <3 6ce Taxty 
VU ikdGe Gave iu 2 ab? 


—4.-6.-7 a®bc*daty 
3:5-2-a- ab*cda 














The expression = 


_ __ 2B acxy 

«5 bd8 

a> — 6? r—400" 6a—18b 

w@—dab+60? Sev?+5ab+5b? T(a—b)’ 
_(a—b)(at@+ab+b%) a(a+2b)(a—2b) . 6(a—38bd) 
TG 2 Ba 80) 3 (a2 + ab + b?) 7(a — b)? 


_2a(a+2d). 
ea 





EXERCISE 63 


Find the following products: 


a 


























mnt 24 mh wy Tae 
36 =m *n?® ' Tag 4a 
O06 eo a ory 6y2 10072 
IE pe 4p ae ie a. 
MAK Nt ep 8 2 Re 97? 
14 x’y? 202 f 6 d2m+12n utr. 
LD Sanaa ae ' 24u+24r min 
4a? — 90? © a, 
Za+3b 2a—3bd 
8 4a?+12ab4+90? | 4a : 
3a? (2a +80)? 
@—169 w—8a 10 5a _@—6a4+9 
(iad 13 es ee 
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‘1 at+1l a+2 6 w—5e+4 24+38a—4 
Nac panes Phas 43 ees 
19 w—1l w—4a4+3- 7 vb + ab? a? — ab? 








- 14. 
“+3 x? +o (a—1)? a’*b — ab? a®?+adv? 


15 1 _@-—62+5 ba—D)d 
' (@—1)? +62+6 x 





a +18a+80 _ w+6a—T a—5d 
a? +) ai—'b08 a7 4-15 @ +56 a. — 1 


af—8a 40°—80+4 pew 


16. 





























Lis Fire thea s wecatecncl Wan 5 Vy, ab sod Bide ee 
2b°?—2 a? —2Za wv4+2a+4 
2 
18. 22a) 20. a—b\? @+ab 
TSE a+b/ ab—0 
2 

19. Gee LN ye 21. AON eas ei 40: 
a+2/ a-—l1 “+1 x —7 16 


DIVISION OF FRACTIONS 


157. Divide © by ©. 
bak wa 


iE: t i g a Se 
; on beed 
Then, by definition of division, x ie a . 
44 tak d a ad 
Multiplying both members by -, x= es 
C c 
d 
O oe oral RRS 
; th EE Sit 


158. To divide an expression by a fraction, invert the 
divisor and multiply it by the dividend. Integral or mixed 
divisors should be expressed in fractional form before 
dividing. 
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159. The reciprocal of a number is the quotient obtained by 
dividing 1 by that number. 


The reciprocal of a is -. 


The reciprocal of 3 is 1 + 


4 
3° 
a+b; a 


Si-—s 
Pie 
ate +5 x 


The reciprocal of aa 








Hence the reciprocal of a fraction is obtained by inverting 


the fraction, and the principle of division may be expressed as 
follows: 


160. To divide an expression by a fraction, multiply the 
expression by the reciprocal of the fraction. 








Ex. 1. Divide e zaueah, Dye. ub 
ae aap 
PEE TUN eM On le a emer ey che 
x? + xy? : uy + y? x3 + xy? x? — y? 
— (&— y) (e+ ry +) (ae? + 9?) 
a(x? + y”) (e+ y)(@-y) 


— ya? + xy + 9), 
x(a + y) 








EXERCISE 64 


Simplify the following expressions: 























4a°b | 4ab> 2 a +ab , a+a% 
' Baty 3 ay MET Sie eae 
17 att! Sake g Ux 8at2 | (a2) 
7 wy? — 14.27y? _ @—5a+4 (a—1) 
2 3 2 
3. PR ie: As Sti LS aL 
y 2a+36 
2 
a 94 7 8 a+0b , ab+50* 





o @+6ab +60 
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Cy a aaa i Le bi able 
e4+4e—5 v4t6%2—27 
10 a—b? . (a—by 
(a+b) 2a 
2, 2 
11. 2 Saya miller) ela Sp 
a—1 a’? — 25 a+a—2 
12 e—b _a@+ab+d? 
e@tab  al?+a’b 
13 2a'—iatls Za+l a—5 
AiG De pion | 
302 a(a+2 b) 2 ab 
14, pat as eed dyer, : 
ieee ab + 6? a — 02 
15 ab 6 a’b—4 ab? _ a*b? ; 
"a+b 450?—208? 15a+100 
16 Whe oy y 2a Sal? , 2a'-Ta—4, 
Ag? doo OG Ode eo oo eo 
17, Ua2zat+4, ati+a-2 | ai+8a__ 
; Gp Coe ated Ja A407? — 0) a 


18. (a+b) . w—D 


a—3b. a&—270° 


19 ety w+ ay + ay? oe —Sayt+2y" 
. a Mipeen ll aS) bi en en eee 
wy (w@+y) (@ +9)’ 





20 etay we tayty®? . etary + ay? 
ip MeN vg le ae Ee OE 9 2 
x? — xy x+y x—y 


21. 49 aty’—2 (a—2)° _ (a—2)’, 
a’ —4 Tayt2 (a+2)? 


a?—(b—c) , (b—c)’—@ 


3 (b a)! (ant ae 
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COMPLEX FRACTIONS 


161. A complex fraction is a fraction whose numerator or 
denominator, or both, are fractional. 


sites 
Ex. 1. Simplify at e 
i ay 
2 2 
a,b ¢ a’c + ab? + be? 
Le We a abe 
Gp at 0 ean bc" 
——--+-— EE AE SS et RAT IS 
GearG 8 abe 
__ ve + ab! + bet abe 
abe a’c — ab* + bc? 
_ ae+ ab? + be* 
a’c — ab? + bc? 


162. In many examples the easiest mode of simplification is 
to multiply both the numerator and the denominator of the 
complex fraction by the L. C. M. of their denominators. 

If the numerator and denominator of the preceding examples 
are multiplied by abc, the answer is directly obtained. 








Bay yoo Y 
of 
e—-Y Ly 
19 tae 
LC—Y Vy 


Ex. 2. Simplify 








Multiplying the terms of the complex fraction by 
(a + y)(« —y), the expression becomes 


(e+yyrt+@—yy?_2e+2y 

(w+ y) — (@—y) 2y 
Laceve, 
wey 
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EXERCISE 65 















































Simplify : 
a a a+b 
= 5. 
‘ene Dts % 
Rae 
a a+? i 
eh ais Cc a+— 
b : B + aL 
a—— . ° 
c ‘ AT 
a 
a is a 
= b a —~+4” 
3. 0 ”. : 5) 
mr ae ue Fy ‘ 
a je) Tes Bt x 
b daes0 oa 
Corer: 8. i 1 12. i: 
4. . =——= 1 + — 
d c 6a a 
2 
a ats} 
Z v— wv 
of agpiaanaet arama weer 
26 e—1l #41 
1 at 1 2a—5b,2a+5b 
ee eaten aL ie, 2at5b | 2a—5d 
Palin seta L)s YORU | Caney 
a—1l a+1 2a—5b 2a+5b 
Bored 9 
7 <+5+1 
bs a H bi 4 
ras 
oe caged 
2 — 
——— ry cea 
a, ib <a 
Ji a x 
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aa 260 
aL J re rE fog 
© i 
y a 
+e a 27. 2+ : 
pea za Bat 
iD 6+-= 
eek preg a 
ae emer ese eee 
23. + es tier 
ith ar 
Bee Ay toe tet 
24, Ue ee 
ae gl as P-p— 
Ne Sank elas: a 
ieee ete ae 30. : 
Lo x 9 a+l1 
ALS wei par re a i 
x — xe—3+- 1+ 
2— 2 a—l 
REVIEW EXERCISE II 
Simphify: 


1. (a+o)(i+ 


3 ey aha 
6b 


ny, re (ae Ee 
b Wale ews th © 2b 


(Hm) « (C-2 


Gears) 8 GG) 
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ay 








2 

Drom \(a+ 5 13 
( c+y x—Y¥ 

22\° 

eae e 14 
(55) 

2 5y\? 

et Seats 15 
aoe 
(ees rr 

Cc a 
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328 242 
17. ease a aan Ga 
c Cc C C 





64 2° 16 2? 4z 


1950 ele lg eet] 8 
(G+5+ Yous 


OC 0te eo 
PYM) eect taaae eT Fes 
anal 


4 
fa ele 
8 b? 16a 


3 2 
(2% wy? Dade’ Say reese 1), 
z 


) 


pelo: 
" 3207 





2 2 
at (a eo) dat 


3a—4b 3a+4b 








a a? 
23. — 
aan G@+bi* 





HC » 


. (+ A) + (a+4). ae 


: (#—5)+(# +1435) $2. 
x 


a—b a’—b*) Bima 


" 9a?— 1606? 





pope ye Yuz 
SU eo y> eae 
6 9 y x 








[1+ (—1)]+[1+ (@+1)]. 
1+ 59+ 5e°+ 2° 
1+2 ; 
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33, & eet ae Og Ol ole 

—4\G— bd) cas be eee abs a? bt 
ev ge peated Re? Vein, >< Aha a aaa eel 
(y—z\(y—2) @—2)@—y) (@—y)@—2) 


SB fee Se mmgeter i Lok 
PU eee eee do dO Ay 


36 a—2 {|@—4 (2-32 2241 
eG 9 4 1D} ea 
a’ + a‘b — a’b® — ab* 

att — a®b? + abt — dF 


Seer | ter Leer cr naa peta a any 
BG az v?—52+6 














37. 











1 E 1 2 
39. 1 ibe Fete 
Piaget opsclanaish nant 
40. Iia=3,.b=4, c=5, d=2, find the value of 
a 
b+ : 
ee 
ad 
Factor the following expressions : 
Gar te a 
aie Gee ees pial at tetas Wy 
ae Te 
Comme baa) (oe eA 64 x? 
43, ———— : 4, ———_, 45, ——+1 
y’ ee b? of 27 hy rE 
46. Simplify [$a—3y—(Gea—y)]+a(ga—hy). 
ce sO A 
th Re 





mumeSay 1 16 
48. Divide }— j,0?+ % oF —A xt by 4+44—127, 
L 


47. Simplify 
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49. From Tn —£ aye 4 Soe 
b a? a 
subtract Lee Sapient SNES 
5. oe ee 


DOM st plily, an" 0) = ae oe 


51. A man left half his property to his wife, one third to 
his daughter, and the remainder to his son. If the son received 
$1700, how many dollars did the man leave ? 


52. A man bought five pounds of coffee of two different 
kinds for $1.55. If the better kind cost 35¢ and the poorer 
kind 25 ¢ per pound, how many pounds did he buy of each? 


53. A and B set out walking in the same direction, but A 
has a start of 2 miles. A walks at the rate of 3 miles, and 
B at the rate of 34 miles, per hour. After how many hours 
will B overtake A, and how far will he have walked ? 


54. The sum of 13 dollars is made up of dollars, half dollars, 
and quarters. If the number of dollars is half the number of 
quarters and four times the number of half dollars, find the 
number of each. 


CHAPTER IX 
FRACTIONAL AND LITERAL EQUATIONS 
FRACTIONAL EQUATIONS 


163. Clearing of fractions. If an equation contains frac- 
tions, these may be removed by multiplying each term by the 
L. C. M. of the denominator. 


Yee pik as 


Ex. 1. Solve Th =12— 








e+4 
aoe 
Multiplying each term by 6 (Axiom 3, § 90), 
2% —2(4 —3)=72 —3(4+ 4)-— 6a. 
Removing parentheses, 24 —2x%+6=72 —3x”—12—-6¢2. 
Transposing, 2%—-2%4%+324+62=-—64 72 — 12. 


Uniting, 92 = 54. 

7% ==.6, 
Check. If x =6, each member is reduced to 1. 
Ex. 2. Solve 5 14 9 


a@—1l-e+1~ ~~ 2+3 
Multiplying by («—1)(%# +1) (+83), 

5(% +1) (% + 3) —14(@ -1)@43) = —-9(@+1)(@¢—-1). 
Simplifying, 5”? + 202 + 15 — 14a? — 28% + 42 = — 92? +9, 
Transposing, 5a? — 142? + 9x? + 20x” — 284 = — 15 — 42 + 9... 
Uniting, —8xr = — 48, 

eG; 


Check. If x= 6, each member is reduced to — 1. 
147 


148 
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EXERCISE 66 


Solve the following equations : 
































Temi 16. 16 aph 
3 2 x—3 
ipessrah Vi es sy 7 es) 
mn ee LT ches 
9a—5 OL Wap. ee 
4¢= ys Bg ee 
4 a 5 18. Cyn as ib. 
1s—a@ ¢_l—«@ Toy eae el eek Lp 
3 De ed ' 5a 102 10 
19 —-2 Al —@ AD tart: 1 
— 20. —— abi =' 20 
2 i 3 x SEU 
BA Ee She 21. Ure ogee 
Z 6 ty! Bio aA. 
2— 3 g-4. D=—& 12-+e¢ 124-22 
= S PAE —s 
20 is 15 12 2a 32 
i eee! 4oe—1 3 
=—r+4, 23. —2=-4%—3 
3e+10_ 2e4+4 24. 62-5 5 _5¥_¢ 
7 b 4 3 
x -+-3 De UAT Ove oes 
=v. yg a ny ER Ad ee 
Lo : Pe See gt 
eee 26 eee 
x ay xe+4 
45 20. ae 6 
—=—15. 2 . cd 
42 s i x—8 15—2 
45 “+1 x 
te 7=12. 28. ——_ — . 
a, g—4 ¢2—83 
65 _ ae 29 2e2+4 5 
38a+2 een GD 
150 peepereete), Get 
—2=—13: 30. 
38e+1 12274+52—8 









































34. 


35. 


36. 


37. 


45. 


46. 


FRACTIONAL AND LITERAL EQUATIONS 
ale 2082 —2414=2C2—™) =A; 
0) Late) 3G ra) 20 s+.). 


33. 2 (20-9) +5 (e—4) = 7 (32-2) — (82-5), 
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8e—T_ 12%—19 38 es 13 ee a8 
Gest ota ES Te a Ge 
ee Re hd hls 39 15 2 eee see 14) 
Pole hoo G2 ' B8@—2 3227-22 32—2 
6 an 2 is 16 40. 51 _ 23 %+26 _ 2a 
et-2 e—2 2-4 2a+3  42’°—9 —3 
i 1 24. 4 2 _15%+2 
= . 41. —— 
ES weyes a ge” —9 oes ee 2 9e?—4 
42 wap ty fi COs 
4 = 2 6 a ee 
4e—T fee it 
' 624+18 102+380 45 
AA Ue eas te 53 e+ 4 
'8a—-2 52-6 (82—2)(5a—6) 
Oo) ot. Sba+1 . at 2H+5 2+29 _ 
e—T 2+3 o—4e—21 een ky ae 
(Oo. 8s 26 «—25 6a2—11 eee ia 








ee 8. 
4a oe —e—20 - - x'— 11 v+1 
Spal} 2Ze+9 1427449 
Oye oie mak eae) 
oF 2u—5 _ 250° —27%—42° 
oy Vite ae 25 06 
Odelat <a — 5 _ 20°— 85 a+77. 


goto 86 e+ 627 +%—12 


52 2e—9 2-7 _ (5 #—13)(2%—4) 
~38e-1 2245 6e4180%—5 








49 


50. 
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4 3 il 4 2 3 
53. — ~ 56. ae 
t—3° B—5 + Fairs aed x 
5 3 2, al 6 10 
54. — =-. 567. ———- + ——_ = . 
et+T «—5d @& a por 4x—8 
ik 1 2 OP TRS ppeeetc cael 
5. = : 58. —— 
: e— 1 ¢— 5 ee 5a 102—5 rss ae 1 


2a—1 1-3¢” ae 
6a0°—44 > 9a FOr Sa 
Tih gE Lio ae ab lO eee 


59. 


a 3 i presen. tke 
61. 4(13 w — 6) , 30.2 — 2“) _9&+.2 2, 5+11¢ 
5 10 eae 4 


62. 2-280 _ 2.102+2) 
2(@—1) 38-152 

164. If two or more denominators are monomial, and the 
other polynomial, it is advisable first to remove the monomial _ 
denominators only, and after simplifying the resulting equa- 
tion to clear of all denominators. 


Ex. 1. Solve 16e+3_ 2%—-5_ 84-1 
10 eee a | 5 








Multiplying each term by 10, the L.C.M. of the monomial denomina- 
tors, 


162+ 8—-D2— = 162-2, 


Transposing and uniting, 5 = thoi 
5a—1 
Multiplying by 5x2 — 1, 25% —5 = 20z — 50. 
Transposing and uniting, 5a = — 46. 
Dividing, C=. 


Check. Iix= — 9, each member is reduced to — 23. 
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165. Frequently it is advantageous to unite terms before the 
clearing of fractions. 
ge ic OS crit 7 a 
et+2 x+5 e2#4+3 2£+6 


Uniting the fractions in each member separately, 


Ex. 2. Solve 

















+ On fo Oe 8) 824+ 12 — 2 — 8a — 15 
(x + 2)(a% + 5) (x+3)(%+ 6) 


v9) 9 
ee, ves 


(x+2)(4+5) (a+8)(a+6) 


Dividing both members by — 3 and clearing fractions, 


? 


or, 


e?+9x+18=27+724+4 10. 


Transposing and uniting, 2x2=—8. 
Dividing, %=— 4. 
Check. «x =— 4 reduces each member to $- 


Solve the following equations: 


Urs pet el eg (io a es 





























Gar oo 
5 6e+11 3 

64 2Zle2+7 Wiel lett 

: 9 62+3 3 
65 24 OL Oe Bi 

; 15 Bet taTignk 6 
gg, Lie 18 34-75 _ 18047 

: 14 Og 6a+14 

Tx—d, «w-1 1 142-3 

icra 24—15 la 10 
68. 18%+43  3x+5 = OHS 





15 DOF a he 


morte —Tar—29 | 14619 
9 Ben 2s 2a eS 








69. +11}. 


ee 
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: 1 1 1 it e—1 «2-4 2-5 2-8 
71. = Fp Spe ae ee ee 
r—o «c-— 6  a2—4 o2—2Z e—2. o=5 26 Wigs 
ry aa ade ce a 
Seep. 8 nae 0) an 9 
74 ees Bo 2 -e pee  ae 6a—4 —5 
© 1204342424 120°—14e—48  9e?—-12%—-32 0 
2—-a% 1—3% g 4 36 
3 9 x 
75. 


pao. WN AERC 
NEL OED BND 


Toe Shs EG: 
76. (4e—4) (524 3)=(2e%+4)10%—3). 


LITERAL EQUATIONS 


166. Literal equations (§ 88) are solved by the same method 
as numerical equations. 

When the terms containing the unknown quantity cannot be 
actually added, they are united by factoring. 


Thus, ax + ba =(a-+ b)a. 
max + ma — mnx =(m + m? — nm)a. 


Ex. 1.. Solve oa 2020 te 








a a 
Clearing of fractions, ax — a? + bx — b®? =—3 b? — ab. 
Transposing, ax + be = a? + b? — 3b? — ab. 
Uniting, (a+ b)x = a® — ab — 202. 
Dividing, gee ee 
a+b 
Reducing to lowest terms, x£=a—2b. 


EXERCISE 67 


Solving the following equations: 
1. a+a2=b—Z2x. 3. a+m+e4+9=2m+a+10. 
2. a—x=b—8. 4. eave 0: 


19; 


20. 
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» ML—N=p. Pe a nd ge OO 
a(e—b)=c. b e a b 
a(b—a)=c. 22. a(o+F)=m(o—=) 

C 
4(a—a)=3a—5b. ay tthe a 
38(4a—32)=5(4b—2). ala 
Mx + nx =p. 94, tO _e 
- M—Me= px—d. az—b a 
es e+t_q 4 
» ax+be=ac+0. 25. =< =. 
x—b m 

. (a@+b)x=m—cz. See ree 
(a— b)x=2a—(a+b)z. LE ae ee Be 
elt py hoy lan aders Seta 
a a—-x a—b 
nef 28. e —c=d 
% b+2 
on Lee 29. =+° 41224 
os 1 ST RE 
Ce are 30. a—bm _c—bn_4 
x x ma na 
a— bx Sn Gi 31. Some kt ek 

Cc Cc a b 
ae er C— a. 1 e—C 
el 32. 
ae v6 a= py oo 
o—b,«@2+b., aa—o 
33. = 0 
ech enews 6? 
34 a—-2Za_ e£+2b _s2—3a 
eG eee? + 20 2b 
35 sa: da(4b—5a)_ a 
Bee 125... a8 4G gee ae 
36. a(x +b) Lar Beers 
eta x+b 
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38. aan es) ae en 


1 
a (5.629)? +1 


39 errr 
1 «((6.620—1 
ae 





167. It frequently occurs that the unknown letter is not 
expressed by a, y, or 2. 





ies th 2a — 6) __ 2a+b , find a in terms of 6 and c. 
3da—c ds(a—c) 


Multiplying by 38(a — c)(8 a4 —‘c) 
6(a — b)(a—c)=2a4+b)(B8a—C). 
6 a*—6ab —6ac+6bc =6 a? —2ac+4+ 3 ab — be. 
Transposing all terms containing a@ to one member, 


—6ab—6ac+2ac—3ab =—6 bc — be. 





Simplifying, —9ab —4ac=—7 be. 
Uniting the a, and multiplying by — 1, a9b+4c)=7 be. 
Dividing, ees, 

9b+4¢ 


EXERCISE 68 


Leet iat find a in terms of db and e. 
A OALS ; =, find } in terms of a and ¢. 
a. If oa 2 solve for ec. 








, find a in terms of 6 and «. 
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it pabeaaal 
5. —=-+-, solve for 
he ae: 


6. Solve the same equation for p. 
7. The formula for simple interest (§ 30, Ex. 3) is i= ai : 


i denoting the interest, p the principal, r the number of %, and 
n the number of years. Find the formula for: 


(a) The principal. 
(6) The rate. 
(c) The time, in terms of other quantities. 


8. The formula for falling bodies (§ 30, Ex. 7) is s=1 gf”. 
Find: 
(a) g in terms of s and ¢. 
(>) ¢ in terms of a and s. 


9. (a) Find a formula expressing degrees of Fahrenheit (F’) 
in terms of degrees of centigrade (C) by solving the equation 


= 2 (F— 32), 
(6) Express in degrees Fahrenheit 40° C., 100° C., — 20°C. 


10. The formula for compound interest is [= pj 1 =p "—p. 
md 100 
Express p in terms of J, 7, and n. 


11. If C is the circumference of a circle whose radius is R, 
then C=27R. Find &# in terms of Cand z. 


12. If a? =b?+c*?— 2c, find p in terms of a, b, and «. 





32 =—— , solve for a. 
b c—2@ 


14. F=50 +0), Find: 


(a) h in terms of F, }, and e. 
(6) 6 in terms of F, h, and e. 


is. If C= —“_, find r in terms of C, E, and R. 
R+r 
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IDENTICAL EQUATIONS 


168. Identical equations may be proved by applying the same 
operations which are used in the solution of equations. If the 
resulting equations prove to be true, then the original equation 
is true. 

Care, however, must be taken not to multiply the two mem- | 
bers of an equation by zero, since the axiom of dividing equals 
by equals cannot be applied to zero divisors. 


He aRrovestiay 2. ee 
a es 


The identity is true, 
if 2b—(a+b)=a+6-—2a (clearing of fractions), 
or, if b--a=b-—a (simplifying). 

But since b—a=b-a, 


Lee Grats Ot 0 
a 2ab 2 ab 








aps 
b 


169. Frequently a relation between letters is given in the 
form of an equation, and another equation has to be proved. 


Ex. 2. If ad=be, prove that © aun Sa dnea. 











a—b c—d 

The identity - + = c+¢ is true, 
if (a+ b)(c —d)=(a—b)(c+ a) (clearing of fractions), 
or, if ac + bc — ad — bd = ac — bc + ad — bd (simplifying), 
or, if bc — ad =— be + ad (canceling), 
or, if 2bc =2ad (transposing), 
or, if be = ad (dividing). 

But bc = ad. 

Hence aap alt, 








diab so ha 


6. 
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EXERCISE 69 


Prove the following identities : 


i 


rs 


If ad = be, prove that : 

















a+b b-a_U+2ab— al 


























a b ab 
ELL so Ae NE ea 6 
ee ee ey 

Za+3 a+. FS ses a 
a—Ta—6 ad—a—6 a’—2a—3 
Vio Dens Moe — 7 
4a®—a 2a—-1 a 4da’?-1 
SLL PUT eas) tc Te 
eb .a+-0° a—bd a? —? 

















If ac= 6’, prove that: 
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i. 


Beall Too 
Co DF <C 
atbd _e+d 16 RUS Seed 
b d Je) 9 St a eee, 
Ge Obes 0 we+2b? 
b d ™ waea @ 
a—c b—d ; 
a ante? aa If a? + 6? =c’, prove that: 
ae VO” 18. (a—by+2ab=c’. 
a+3b c+3d 19. (a+b)/+ (a—b)?=2 
d4+38b_ 5ce+3d a? Naam 
oT 2G Sb pl aoe aS 6 +()= i 
am+bn__cem+dn a\?  /e\2 
————————= ——> Pad —-|/=/- 
ap+bq cep+dq “HQ (3) 
a+2b—c—2d_c+2d b 142 
b—d d . C C 
3a+6b—5c—10d_a+20). ee sha b : 
36—5d b Cc Cc 
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PROBLEMS LEADING TO FRACTIONAL AND LITERAL 
EQUATIONS 


170. Ex. 1. When between 3 and 4 o’clock are the hands of 
a clock together ? 
At 3 o’clock the hour hand is 15 minute spaces ahead of the minute 


hand, hence the question would be formulated : After how many minutes 
has the minute hand moved 15 spaces more than the hour hand ? 


Let x =the required number of minutes after 3 o’clock, 
then x =the number of minute spaces the minute hand 
moves over, 
and 2 = the number of minute spaces the hour hand moves 
over. 


Therefore x — = =the number of minute spaces the minute hand 
moves more than the hour hand. 


Or a—~=165. 
12 
a 11% 
Unit —— = 15. 
niting, iB 
Multiplying by 12, Li 780; 
Dividing, x = 18° = 164 minutes after 3 o’clock. 


Ex. 2. A can do a piece of work in 3 days and B in 2 days. 
In how many days can both do it working together ? 


If we denote the required number of days by x and the piece of work 
by 1, then A would do each day } and B i, while in x days they would do 


respectively 5 and = and hence the sentence written in algebraic symbols 
5a ae 
1s =" ~- -= . 

Bio's 

A more symmetrical but very similar equation is obtained by writing 


in symbols the following sentence: ‘‘ The work done by A in one day plus 
the work done by B in one day equals the work done by both in one day.”’ 


Let x = the required number of days. 
Then —= the part of the work both do in one day. 
x 
Ves eet 
Therefore sielaieiar ant 
: 3 “f Ie 
Solving, x = §, or 11, the required number of days. 
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Ex. 3. The speed of an express train is 2 of the speed of an 
accommodation train. If the accommodation train needs 4 
hours more than the express train to travel 180 miles, what is 
the rate of the express train ? 


TIME RATE DISTANCE 
(hours) (miles per hour) (miles) 
Express train 180 + ee a 9x 180 
5 x 5 
: : ; 180 
Accommodation train 180 + 4 = — fs 180 
x 
Therefore, Lol ALL ay (1) 
x x 

Clearing, 180 = 100+ 42. 

Transposing, 4% = 80. 

Hence x = 20. 


2x2 = 36 =rate of express train. 


Explanation: If xis the rate of the accommodation train, then oe is 
5 

the rate of the express train. But in uniform motion, Time = anes 
ate 


Hence the rates can be expressed, and the statement, ‘‘ The accommo- 
dation train needs 4 hours more than the express train,’’ gives the equa- 
tion (1). 


EXERCISE 70 


1. Find a number whose third, fourth, and fifth parts added 
together make 47. 


2. Find a number whose third part exceeds its fourth part 
by 4. 

3. What number exceeds the difference of its third and 
fifth parts by 26? 


4. Two numbers differ by 5, and one-half the greater exceeds 
the smaller by 1. Find the numbers. 


a 


K 
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5. Twonumbers differ by 9, and 54, of the greater is equal 
to 4 of the smaller. Find the numbers. 


6. Find two consecutive numbers such that 4 of the greater 
exceeds 4 of the smaller by 1. 

7. The sum of two numbers is 56, and one is 2 of the other. 
What are the numbers ? 

8. A certain number is increased by 2, the sum multiplied 
by 3, the product divided by 2, the quotient increased by 2, the 
sum multiplied by 3, and the result is found to be 12. What 


-is the number ? 


9. Find the sum of three consecutive numbers such that 
one half of the first, plus one third of the second, plus one 
fourth of the third, equals 16. | 

10. A’s age is one third of his age 30 years hence; how old 
is he? 

11. Five years ago a boy’s age was one third of his age six 
years hence. How old is he now ? 7 

12. A boy’s age is one fourth of his father’s age, and in five 
years his age will be one third of his father’s age. Find the 
father’s present age. 

13. A is 10 years older than B, and + of B’s age is equal to 
4 of A’s age. Find their ages. 

14. A is 40 years old, and B is half as old as A. In how 
many years will B be 5§ as old as A? 

15. The sum of the ages of a father and his son is 36, and 
in 10 years the son’s age will be 2 of the father’s age. Find 
their ages. 

16. A post is a third of its length in the ground, a fourth of 
its length in water, and 14 feet above water. What is the 
length of the post ? 

17. A man left $41,000 to his wife, two sons, and two daugh- 
ters. Each son received 4, and each daughter 2, of the wife’s 
share. What was the share of each ? 
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18. A man left 4 of his property to his wife, + to his daugh- 
ter, and the remainder, which was $14,000, to his son. How 
much money did the man leave ? 

19. A man lost 2 of his fortune and $1000, and found that 
he had left 4 of his original fortune. How much money had 
he at first ? 

20. A and B together have $500. If A gains $150, and B 
loses $100, B’s money will be £ of A’s money. How much 
haseach? 

21. After expending one third of his money and $20, a 
man had left one fourth of his money and $30. How much 
money had he at first ? 

22. A train traveling 30 miles per hour starts # of an hour 
before a second train that travels 35 miles an hour. In how 
many hours will the first train be overtaken by the second ? 

23. An express train starts from a certain station three 
hours after an accommodation train, and after traveling 160 
miles overtakes the accommodation train. If the rate of the 
express train is 8 of the rate of the accommodation train, what 
is the rate of the latter? (§ 170, Ex. 3.) 

24. The length of a rectangle exceeds the width by 54 feet. 
If the length were decreased by 3 feet and the width increased 
by 1} feet, the area would not be altered. Find the dimensions. 

25. If each side of a square were increased by 14 feet, the 
area would be increased by 213 square yards. Find the side 
of the square. 

26. The width of a room is 4 of its length. Another room 
is 10 feet shorter and 1 foot wider. If the second room con- 
tains 150 square feet less than the first pits find the dimen- 
sions of the room. 

27. If the radius of a circle were increased by one yard, its 
area would be increased by 66 square yards. If ris assumed 
as 34, find the radius of the circle. (The area s of a circle 
whose radius is #, is found by the formula s=7R*%) 

M 


~ 
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28. When between one and two o’clock are the hands of a 
watch together? (§ 170, Ex. 1.) 


29. At what time between 2 and 3 o’clock are the hands of 
a clock together ? 


30. At what time between 3 and 4 o’clock are the hands of 
a clock in a straight line and opposite? ° 


31. At what time between 6 and 7 o’clock are the hands for 
the first time at right angles? 


32. At what time between 6 and 7 o’clock are the hands for 
the second time at right angles ? 


33. A has invested capital at 44% and B has invested 
$10,000 more than A at 4%. They both derive the same 
income from their investments. How much money has each 
invested ? 


34. A man has 4 of his money invested at 4%, one third at 
34%, and the remainder at 5%. How much money has he 
invested if his annual interest therefrom is $12,000 ? 


35. A man has acertain sum of money invested at 5%, and 
twice that amount at 4%. The sum invested at 4% brings 
$ 350 more interest than the one invested at 5%. How much 
money is invested at 4 % ? 

36. What principal invested at 4% simple interest for two 
years will amount to $ 27,000 ? 


37. Divide 65 into two parts, such that, if the greater is 
divided by the smaller, the quotient is 3. 


38. The sum of two numbers is 123, and if the greater is 
divided by the smaller, the quotient is 2 and the remainder is 
3. Find the numbers. 


39. An ounce of gold when weighed in water loses 45 of an 
ounce, and an ounce of silver ~ of an ounce. How many 
ounces of gold and silver are there in a mixed mass weighing 
100 ounces.in air, and losing 7 ounces when weighed in water? 
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40. A can do a piece of work in 2 days, and B in 4 days. 
In how many days can both do it working together? (§ 170, 
Hx: 2.) 


41. A can do a piece of work in 3 days, and B in 4 days. 
In how many days can both do it working together ? 


42. A can do a piece of work in 4 days, and B in 5 days. 
In how many days can both do it working together ? 


171. The last three questions and their solutions differ only 
in the numerical values of the two given numbers. Hence, by 
taking for these numerical values two general algebraic 
numbers, e.g. m and n, it is possible to solve all examples of 
this type by one example. Answers to numerical questions of 
this kind may then be found by numerical substitution. The 
problem to be solved, therefore, is: 

A can do a piece of work in m days and B in n days. In 
how many days can both do it working together ? 

If we let «=the required number of days, and apply the 





method of § 170, Ex. 2, we obtain the equation 1 a u _i 
mn : NEO ae 
Solving, «= ra 
Therefore both working together can do it in —""_ = days. 


To find the numerical answer, if A can do this ie in 6 


days and B in 3 days, make m=6 andn=3. Then mo — 2, 


i.e. they can both do it in 2 days. 





Solve the following problems : 


43. In how many days can A and B working together do a 
piece of work if each alone can do it in the following number 


SEES (a) A in 6, B in 6. 
(6) A in 12, B in 4. 
(c) A in 12, B in 6. 
(d) A in 20, B in 5. 


& 
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44. Find three consecutive numbers whose sum equals 21. 
45. Find three consecutive numbers whose sum equals 135. 


The last two examples are special cases of the following 
problem : 


46. Find three consecutive numbers whose sum equals m. 
Find the numbers if m= 24; 30,009; 918,414. 


47. Find two consecutive numbers the difference of whose 
squares is 17. 


48. If the sides of a square were increased 1 yard, the area 
would be increased by 23 square yards. Find the side of the 
square. . 

49. A battalion of soldiers is drawn up in the form of a solid 
square. To form a solid square containing in each side one 
soldier more, 27 more men are required. How many men are 
there in the square ? 


The last three examples are special cases of the following one: 


50. The difference of the squares of two consecutive numbers 
is m; find the smaller number. By using the result of this 
problem, solve the following ones: 


I. Find two consecutive numbers, the difference of whose 
squares 1s (a) 47, (6) 121, (c) 1517, (d) 10,475,429. 
Il. If the sides of a square were increased by one foot, the 


area would be increased (a) 17, (0) 917, (c) 415,673: square 
feet. Find the side of the square. 


51. The sum of the three angles of any triangle is equal to 
180°. In a given triangle the second angle equals three times the 
first, and the third angle 5 times the first. Find the first angle. 


52. The second angle of a triangle equals m times the first, 
and the third equals n times the first. ind the first angle. 
Solve the problem if: 


(a) the second angle = 5 times the first, the third angle =3 
times the first. 
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(6) the second angle = 2 times the first, the third angle= 9 
times the first. 

(c) the second angle = 73 times the first, the third angle = 64 
times the first. 


53. If the radius of a circle is increased by 1 foot, the area 
is increased by m square feet. Find the radius of the circle. 

Solve the problem if, by increasing the radius by 1 foot, 
the area is increased (a) by 44, (6) 11, (c) 286 square feet. 


(Assume r= =) 
i 


54. Two men start at the same hour from two towns, 100 
miles apart, the first traveling 3} miles per hour, and the sec- 
ond.63 miles per hour. After how many hours do they meet, 
and how many miles does each travel ? 


55. Two men start at the same time from two towns, d miles 
apart, the first traveling at the rate of m, the second at the 
rate of m miles per hour. After how many hours do they 
meet, and how many miles does each travel? 


Solve the problem if the distance, the rate of the first, and 
the rate of the second, are respectively : 


(a) 48 miles, 2 miles per hour, 4 miles per hour. 
(6) 25 miles, 3 miles per hour, 7 miles per hour. 
(c) 18 miles, 24 miles per hour, 3} miles per hour. 


56. In how many minutes will the minute hand of a clock 
move over m minute spaces more than the hour hand ? 

Nore. The greater number of examples relating to movements of the 
hands of a clock can be solved by determining from the data of the 
example the number of minute spaces the minute has to move more than 
the hour hand, and by substituting this number for n in the answer of the 
last example. 

57. When are the hands of a clock for the first time together 
after (a) 1 o’clock, (0) 6 o’clock, (c) 9 o’clock ? 


58. When are the hands of a clock opposite, and in the same 
straight line after (a) 2 o’clock, (6) 4 o’clock, (c) 8 o’clock ? 
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59. A cistern can be filled by two pipes in m and n minutes 
respectively. In how many minutes can it be filled by the two 
pipes together? Find the numerical answer, if m and n are 
respectively (a) 4 and 5 minutes, (b) 7 and 42 minutes, (c) 2 
and 3 hours. 


60. A cistern can be filled by three pipes in 3, 4, and 5 hours 
respectively. In how many hours can it be filled by all three 
together ? 


61. State and solve a literal problem which comprises all 
examples of the type of the preceding one. Find the answer 
if the pipes fill the cistern respectively in (a) 2, 3, 4 hours, (6) 
6, 30, and 20 minutes. 


62. A cistern can be filled by two pipes in 3 and 12 hours 
respectively, and emptied by a third pipe in 5 hours. In how 
many hours can the cistern be filled if all the pipes are run- 
ning together? Can the last answer be obtained from the 
general answer of the preceding one? 


63. A cistern has 3 pipes. The first will fill the cistern 
in 7 minutes, the second in 42 minutes, and the three running 
together in 5 minutes. In how many minutes will the last one 
fill it? 


CHAPTER X 
RATIO AND PROPORTION 
RATIO 


172, The ratio of two numbers is the quotient obtained by 
dividing the first number by the second. 


Thus the ratio of @ and b is = ora+b. The ratio is also frequently 


written a:b, the symbol : being a sign of division. (In most European 
countries this symbol is employed as the usual sign of division.) The 
ratio of 12:3 equals 4, 6:12 =.5, etc. 


173. A ratio is used to compare the magnitude of two 
numbers. 


Thus, instead of writing ‘‘a is 5 times as large as b,’’ we may write 
is) = Dd, 


174. The first term of a ratio is the antecedent, the second 
term the consequent. 


In the ratio a: b, ais the antecedent, b is the consequent. The numera- 
tor of any fraction is the antecedent, the denominator the consequent. 


175. The ratio G is the inverse of the ratio A 
a 


176. Since a ratio is a fraction, all principles relating to 
fractions may be applied to ratios. E.g. a ratio is not changed 
if its terms are multiplied or divided by the same number, ete. 


Ex. 1. Simplify the ratio 24: 33. 
2:82 =$ 2328 = Bx B= F324. 
A somewhat shorter way would be to multiply each term by 6. 
167 
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Ex. 2. Transform the ratio 5:32 so that the first term will 
equal 1. 


mee) 

ec 
Clearing, a= 02, 
Dividing, A a 


EXERCISE 71 


Find the value of the following ratios: 


1. 144: 36. 5. $6.00: $ 2.00. 

2. 53: 64. 6. 12 hours : 36 seconds. 
3. 4:4. 7. 6 yards: 12 feet. 

4. 162:12 8. 6 dollars : 75 cents. 


9. 24: 31. 14. 49 wy: 63 wy”, 
10. 188: 263. 15. 4(a+b)x:6(a+b)y. 
16. (@—1):(@+4+1)’*. 








11. 44:3. 

17. (@’—3 242): (@’—4 a+ 4). 
12% 24 a3 a; Pe ett at 41 
13. 17 wy: 81 ay. paints <a oS. 


Transform the following ratios so that the antecedents equal 
one: 
toed < lou. DV Ard 2. 
20. 33:42. 7A ares Wa 


Solve the following equations: 
ome : &—= 1d. Boma: = OD, 
244d :'4 2 = 15, 26amOn eet 2 = 9, 
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27. dabc:4u=15be. 30. b:x=a—ce. 
28. 16: («—3)=4. 31. 150; (8%+41)=11. 
29. 144:(2%+1) = 16. 


32. If 150 ounces of gold cost $3060, and 20 ounces of silver 
$12, find the ratio of the value of gold to the value of silver. 


PROPORTION 


177. A proportion is a statement expressing the equality of 
two ratios. 


$= §ora:b=c:d are proportions. 


178. The first and fourth terms of a proportion are the 
extremes, the second and third terms are the means. The last 
term is the fourth proportional to the first three. 


In the proportion a:b =c:d, a and d are the extremes, b and c the 
means. The last term d is the fourth proportional to a, b, and c. 


179. If the means of a proportion are equal, either mean 
is the mean proportional between the first and the last terms, 
and the last term the third proportional to the first and second 
terms. 


In the proportion @:b=0:c, b is the mean proportional between a 
and c, and ¢ is the third proportional to a and b. 


180. Quantities of one kind are said to be directly proportional 
to quantities of another kind, if the ratio of any two of the 
first kind is equal to the ratio of the corresponding two of the 
other kind. 


If 4 ccm. of iron weigh 30 grams, then 6 ccm. of iron weigh 45 grams, 
or 4ccm. :6 ccm. = 30 grams: 45 grams. Hence the weight of a mass of 
iron is proportional to its volume. 


Nore. Instead of ‘‘directly proportional ’’ we may say briefly ‘‘ pro- 
portional.”? 
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Quantities of one kind are said to be inversely proportional to 
quantities of another kind, if the ratio of any two of the first 
kind is equal to the inverse ratio of the corresponding two of 
the other kind. 


If 6 men can do a piece of work in 4 days, then 8 men can do it in 
3 days, or 6:8 equals the inverse ratio of 4:3, 7.e.5:4. Hence the num- 
ber of men required to do some work, and the time necessary to do it, are 
inversely proportional. 


181. Jn any proportion the product of the means is equal to the 
product of the extremes. 


Let ‘Th: 


or 
Clearing of fractions, Ga == bc 


182. The mean proportional between two numbers is equal to’ 
the square root of their product. 

Let the proportion be a:b=6:¢. 

Then Ore Con nS aLGLe) 

Hence b= Vac. 


183. If the product of two numbers is equal to the product of 
two other numbers, either pair may be made the means, and the 
other pair the extremes, of a proportion. (Converse of § 181.) 


If mn = pq, and we divide both members by nq, we have 


Le a 
Ten 
Mx... Vind @,lteoeee ate 
12%=42. (§ 181.) 
Hence % = $3 = 3}. 
Ex. 2. Determine whether the following proportion is correct 
or not: 8:5=7:48. 


8 x 43 = 85, and 5 x 7 = 35; hence the proportion is correct. 
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184. Ifa:b=c:d, then 

I. b:a=d:c, (Frequently called Inversion.) 

Il. a:c=b:d. (Called Alternation.) 
III. a+6:b=c+d:d. (Composition.) 
Or a+t+b:a=c+d:c. 

IV. a—b:b=c—d:d. (Division.) 

V. a+b:a—b=c+d:c—d. (Composition and Division.) 
Any of these transformations may be proved by the method 

of § 169, although in many cases shorter proofs exist. 








To prove, e.g. a—b pa eae a. 
b d 
This is true if ad — bd = bc — bd. 
Or if Zac, 
But ad@=be. (§ 181.) 
Hence Gree Sead: 7 
b d 


185. These transformations are used to simplify proportions. 


I. Change the proportion 4: 5=a:6 so that x becomes the 
Jast term. 

By inversion 5:4=6: 4. 

IJ. Alternation shows that a proportion is not altered when 
its antecedents or its consequents are multiplied or divided by 
the same number. 

E.g. to simplify 48:21 = 32:74, divide the antecedents by 16, the 


consequents by 7, O30 22a 
Or Lisle 2 he ae 
III. To simplify the proportion 5:6=4—~@: a. 
Apply composition, 11:6 =4:z. 
IV. To simplify the proportion 8:3=5+4: 4. 


Apply division, Sis S = bea, 
Divide the antecedents by 5,1:3=1:4%. 
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M+tdn m+au ~ 


V. To simplify 
m—-3n M—2 


Apply composition and division, 2m _ 2m, 
Gn 22 
Or ld == vt © 
; Sop weit 
tee guzel 
Dividing the antecedents by m, —=-- 
Saeed 


Notre. A parenthesis is understood about each term of a proportion. 


EXERCISE 72 


Determine whether the following proportions are true or not: 
oie te 1) ae 


Simplify the following proportions and determine whether 
they are true or not: 


6. 240:81=95: 9. 80,00) 2).91 <= 44,00; 
To. Of 369 = S8eAp. 9. 134:114= 63: 52. 
10. 114: 126 =12: 2,7. 
11. (a?— 0’): (a+b)?= (a+b): (a—D). 
12, @—Piet+ayt+ya=er—y:a+y. 


Simplify the following proportions and determine the value 
of x: 


13. 12:16=15: 2. 18. 96:72=4a: 21. 
14. 28:35=16:«. 19. 185:5a=72: 64. 
15. 25:55 =35:2. 20. .36:.8a = 105 : .63. 
16, 48:75 =a: 32. 21. 62: 26h=a: 21. 


Iiemeeoo — 15: 19. 22. fab: 2bc=a; 12 cd. 
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93. (a+b): (a—2 =a: (5-2) 











b 
25 bbws 10.028? 
" 12a?' 16 ac? ee ort 


Find the fourth proportional to: 
25, Loiay oO 27. 2, 44, 94. 29. a’, ab, ac. 
26. 2, 3, 4. Gen Oy On C. 30. m°, mn, mn’ 


Find the third proportional to: 
31. 9 and 6. 33.0 20. and..1o: 35. land ™m. 
32. 16 and 20. 34. a’b® and a’bd. 36. mandl. 


Find the mean proportional to: 


37. 27 and 3. 40. a+b anda—0d. 

38. 2 and 18. 41. aand 4a. 

ay ab - ee a0 42. 9m'’n and 114 mn’. 
c 


43. Form two proportions commencing with 3 from the 
equation 3x 6=2 x 9. 


44. If ab=«xy, form all possible proportions whose terms 
are a, 6, x, and y. 


45, If4ae=—5,y, find the ratio of a: y. 

46. If 1ll«=6y, find the ratio of a: y. 

47, lhouw= by stind the ratio ona 27. 

Transform the following equations so that a will be the 
fourth term: 

48° opp: 0. 50. fa Ao, 

49.0008 se 9. 512? die Dieta, 
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Transform the following proportions so that only one term 
contains @: 


52. 5:6=—11—2a:2. 59... 675=7 +a: 2. 

53. 6:138=38 —a: a. 60. 25:21 =4- wv 22. 

54. 60a:5a=22—2:2. 61. Ja: d5a=204 e:2. 
Bbi ip ie 2 oD — ae 62. 4:7 —=2: 2-15. 

56. 42:54=2:18 —@. 63. 3:2=4+27:4—~2. 
bi aU — ose, 64. m:n=9+2:9—-2@. 
58, 3:4=—a—4: 4. 65. a+b:a—b=a+a:a—xa. 


Find the ratio x: y, if: 








66. 6a=Ty. 685i es Dee ye, One ee ere 

Gp eed 1a; 69; Avy=Surs Vl aR yey ae: 

72. e+y:e—y=3:1. ap Gee x SoS genes 

73. d3e+4y=5242y. y 2 

fle aE 76. If © 574 fina 
2a+5y 8 7 ay 


77. State whether the quantities mentioned below are 
directly or inversely proportional : 

(a) The number of yards of a certain kind of silk, and their 
cost. 

(b) The time a train needs to travel 10 miles, and the speed 
of the train. 

(c) The length of a rectangle of constant width, and the area 
of the rectangle. 

(d) The sum of money producing $60 interest at 5%, and 
the time necessary for it. 

(e) The distance traveled by a train moving at a uniform 
rate, and the time. 

78. A line 4 inches long on a certain map corresponds to 42 
miles. A line 5 inches long corresponds to how many miles ? 

79. The areas of two circles are proportional to the squares 
of their radii. The radii of two circles are to each other as 
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3:5, and the area of the smaller circle is 18 square inches. 
Find the area of the larger. 


80. The temperature remaining the same, the volume of a 
gas 1s inversely proportional to the pressure. A body of gas 
under a pressure of 15 pounds per square inch has a volume 
of 2 cubic feet. What will be the volume if the pressure is 
6 pounds per square inch ? 

81. Two rectangles have equal areas, and the ratio of their 
longer sides is 8:19. Find the ratio of their shorter sides. 


82. The distance one can see from an elevation of h feet is 
very nearly the mean proportional between the elevation h and 
the diameter of the earth (8000 miles), provided these lengths 
are expressed in the same denomination. What is the greatest 
distance a person can see from a ship 30 feet high? From the 
Eiffel Tower (900 feet high)? From Mount Etna (10,000 feet 
high) ? 


186. When a problem requires the finding of two numbers 
which are to each other as m:n, it 7s advisable to represent these 
unknown numbers by mx and nx. 


Ex. 1. Divide 108 into two parts which are to each other 
Habe 


This problem contains two statements : 
J. The sum of two numbers is 108. 

II. The ratio of the same numbers is 11: 7. 

A. If we use I to express one unknown number by the other, one 
number is x, the other 108 — a, and II, written in symbols, produces 
xz :108—2=11:7, which solved gives the value of x. 

B. It is better, however, to use II to express the two numbers. 


Let 11 x =the first number, 
then 7 % =the second number. 

I, expressed in symbols, gives llx+72= 108, 
or 18% = 108: 

Therefore = 6. 

Hence 11 «= 66 is the first number, 


and 7 x= 42 is the second number. 
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Ex. 2. A line AB, 4 inches long, 
Iseorouuced tO, a point, GC, ©SO) Tae mie eee eee ned 


(AC):(BO)=7:5. Find ACanapa. * 8 © 
Let AQ=T&, 
Then BO=5%. 
Hence AB = 2 x. 
Or Dee 4 
Y == 2. 
Therefore iezl4=AC. 
bia — BC, 


EXERCISE 73 


1. Divide 120 in the ratio of 7:8. 

2. Divide 35 in the ratio of 11:3. 

3. Two numbers are to each other as 9:7, and their differ- 
ence is 14. Find the numbers. 

4. A straight line 16 inches long is divided in the ratio 3:5. 
What are the parts ? 

5. Brass is an alloy consisting of two parts of copper and 1 
part of zinc. How many ounces of copper and of zinc are 
there in 8 ounces of brass ? 

6. Gunmetal consists of 9 parts of copper and one part of 
tin. How many ounces of each are there in 17 ounces of gun- 
metal ? 

7. Airis a mixture composed mainly of oxygen and nitro- 
gen, whose volumes are to each other as 21:79. How many 
cubic feet of oxygen are there in a room whose volume is 3550 
cubic feet ? 

8. A line AB, 9 inches long, is produced to a point O, and 
AC is to BC as 18:11. Find the length of AC and BC. 

9. The total area of land is to the total area of water as 
7:18. If the total surface of the earth is 197,000,000 square 
miles, find the number of square miles of land and of water. 
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10. Water consists of one part of hydrogen and 8 parts of 
oxygen. How many grams of hydrogen are contained in 100 
grams of water ? 


11. Divide 100 in the ratio of a: b. 
12. Divide a in the ratio of 6: 1. 


13. The three sides of a triangle are respectively 9, 18, and 
21 inches, and the longest side is divided in the ratio of the 
other two. How long are the parts ? 


14. A line 10 inches long is divided in the ratio of a: 2. 
Find the parts. 


15. The three sides of a triangle are respectively a, 0, and ¢ 
inches. If c¢ is divided in the ratio of the other two, what are 
its segments ? 


16. A’s age is to B’s ageas 3: 2, and 5 years ago the sum of 
their ages was 45 years. Find their ages. 


17. A’s age is to B’s age as 4: 3, and 8 years ago the ratio 
of their ages was 3:2. Find their ages. 


18. Two men, A and B, start from the same town and travel 
in the same direction. <A’s rate of travel is to B’s rate as 5: 2. 
Find their rates of travel, if after three hours they are 9 miles 
apart. 


19. One angle of a triangle is 67° and the ratio of the two 
others is 8:5. How many degrees are contained in these 
angles ? 


187. The products of the corresponding terms of two or more 
proportions are in proportion. 


t= eee 2 then 2 
OG! : bn dq 
This follows directly from § 154. 


N 
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Ex, 1. gltiak G6==3+4).and 6 oie bind themratiowr ae 


ab: be = 21:20. (§ 187.) 


Or simplifying, a C— 2): 20. 

188. If Gip eo 4: 
and Oe 4h; 
then 


’ Ost Cio aOe SRL Ls) 
These three proportions can be conveniently written as 
follows: CD Caos Ase, 


Ex. 2. Divide 100 in the ratio a:b:.c. 


Let ax = the first part. 
Then bx = the second part, 
and cx = the third part. 
Hence ax + bx + cx = 100. 
Uniting, “(a+b6+c)=100, 
e100 es 
at+o+¢ 
Therefore Ne SU the first part. 
a+tb+e 
ie ee the second part. 
a+b+e 
aap sees the third part. 
a+b+ec 


Ex. a it oh find Rte ih 
y da—l4y 


Dividing each term by y, 


AY 
Qe—Ty | o(5)—7 MeO 18 |, 
ee see Oe ; 
y 
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ab+cd_a’+ CF 


Ex. 4. If a:b=c:d, prove that = — 
ab—cd w—eé 





According to § 169, this is true if 


a3b + a2cd — abc? — cd = a8b + abc? — a®cd —c3d. 


Or if a?cd — abc? = abc? — a®cd. (Canceling. ) 
Or if ad — be = be—ad. (Dividing by ac.) 
Or if 2ad=2 bce. (Transposing.) 

Or if ad=be. (Dividing by 2.) 


ab+ecd_a?+c? 


But since the ad = be, = = 
ac—cd @—C 


Note. The methods of simplifying proportions, as given in § 184, will 
frequently produce shorter proofs than the method used in Ex. 4, 


EXERCISE 74 
Pome Lil Oi) ak, OT er Oe ITI Ci 
Slit Oss a, OOO Gms EO Ch aC, 


Goeller (he Opn nOeG) toe 2.0. Nd ther Pratiole oe it 
terms of a, 0, c, and d. 


deem ieeeaerr oy ae eas TI aS Gs 


&. Ifa:db—=m:n, and 6b:c=m:n, find a:c in terms of m 


Gameli Orel 0 Co oe ana C2 ==), TN Ge Os 
Vpn) Oe te I ee 


8. Ifa:b=b:c=m:n, find a:c in terms of m and n. 
OuaeLi wr 3:4 and Hy a8: 15, find a: y. 
10. Divide 143 into three parts which are to each other as 
Bare Aste), 


11. The three angles of a triangle are to each other as 
6:11:19. Find the number of degrees contained in each if 
the sum of the 3 angles is 180°. 
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12. A line 12 inches long is divided into 3 parts which are 
to each other as 6:7: 9. How long is each part ? 


13. A line a inches long is divided into 3 parts which are to 
each other as 5:4:5. Find the parts. 


14. The sum of three sides (perimeter) of a triangle is 
90 inches, and the ratio of the 3 sides equals 3:4:5. Find 
each side. 


15. The perimeter of a triangle equals p inches, and the 
ratio of the sides is a:b:c. Find each side. 


16. If «:y=5:1, find 27a+3y:3a—Z2y. 
17. If a:b=4:3, find 6a—b:9a—TD. 

18. If m:n=5:2, find 8m—Tn:4m—138n. 
19. If a:b =— 3, find 6a—26:9a+1706. 


If a:b=c:d, prove that: 
20s 0Cew0 ce. 
21. at+b:a+b+ct+d=a:at+e. 
22. a—c:b—d=c:d. 
2, +e: b? +- d?=a?: 6. 
DAMN OC = 
95. a +2b7:20?=—ac+2 bd:2 bd. 
OB O.0: OF — oUt 6 nO CD 
OTe Ds 66 + 000 il. 
ase a’ -+20?:ac+ 2 Oda 24: 
If a:b=b:c, prove that 
29. a?:b’=ab: be. 
30. a? + ab: b?+bc=a?: b* 
31. a—b:b—c=b:e. 
32. If @40?4+04@0:0?+7?=C+¢@: cd, prove thata:b=c:d. 
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Solve the following equations: 


33. 
34. 
35. 
36. 
oie 


8e—7:6e2+7=122—19:9242. 
o5e—24:3¢7+32=724+6:9x2—8. 
12a oo lowe he + 9 2 FS. 
Seow Ewe be — lb = 2:3. 


e—a:x—b=a-+):a-—b. 


Hint. Simplify before solving. 


38. 
39. 
40. 
41. 


x:a—b=x2—b:a. 
GP ae = ee 
e—a+b:2+a—b0=a—24+20:b-—242a. 


Two travelers starting at two points 24 miles distant 


walk towards each other, and their rates are as 4:5. How 
many miles does each walk before they meet ? 


42. 


The three sides of a triangle are to each other as 3:4:5 
oO 3 


and the area is 24 square inches. How long is each side? 
(Compare § 30.) 


REVIEW EXERCISE III 


Solve the equations: 


3. 


4. 1 


5. 


1 1 
es amy 


Lg, 
ete i= 

x ++ 2 Z 
x eee ae et a Be7+4 
e+1l 2@%4+3 @4+2 (#+1)22+4+3)(%4+2) 
a+ b?: eo =a? —adb+d*7: a+. 
1 feeer | 


i al eae ee 


The sum of two numbers is 79, and if the greater is 














, divided by the smaller, the quotient is 4, and the remainder — 


Tee 


Find the numbers. 
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6. A boy bought some oranges at 3¢ apiece. He sold 4 of 
them for 4¢ apiece, and the rest for 5¢ apiece, and gained 24¢. 
How many oranges did he buy ? 3 


7. A man sold a house for $4000 more than half its cost, 
and gained thereby $1000. What did he pay for the house ? 


8. A man sold a house for $2000 more than # of the cost, 
and gained thereby 25 % on the money invested. What did he 
pay for the house ? 











m+n 
9. Simplify mon 4m 
m+n : 








ten a ea _1—aé 
10. Simplify (ie at «| ees age and check the answer by 


the numerical substitution, a = 2. 

dee on a wry oy 
BAY iy YA as) Oe Oana 
Die acai wey egy 
ety @—y e—y ory 
12. Simplify (5 aomt?y’? — 7 yim tbzit) (5 aim tty? 47 ying), 








11. Simplify | 1+ 














13. Reduce to lowest terms: 
(3 abe + 4 bed — 5 ede) (36 p? — 25 gq’) 
(6 p + 5 q) (6 abc’ — 10 e’de + 8 bed) 
14. Find two numbers whose sum equals a and whose dif- 
ference equals b. 


15. Divide 300 into two parts such that + of the greater 
increased by twice the smaller is as much as the smaller 
increased by 2 of the greater. 


16. Factor I. at—(a+4)a*+4a. 
Il. 92a—2)?—4(8a—2)*, 


tet a:b =3:2,and 0: c¢=—2. 7 unc Cc. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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Solve nahi oD a b—a - 
b(c—x) b(b—2) 
Find the L. C. M. of: 
(9a? — 16 7")? 92?-16y’*, 83a4+4y, 3a—4y. 





If a =5, find the numerical value of: 
ite ee Oy Le 12 a 
Find the H.@sE- of: | 
am —1, a —1, (a®™—1)*. 
Find the H.C. F. of: 
gam—3 + yy", and Ha helt pckA 


Reduce to mixed or integral expressions: 





at ae ge 
a+b 
2 , gen t4p4e—1 } q2n-5pe—4 , qi-npz-8 
Simplify aac > aes) Segre 


Simplify : 
a(a—b)(w—c) , b(a—a)(a—c) , c(a—a)(x— dD) 





C= OSOL DCEO kun Cea ICE i 


Solve: 
3—a , 8-2 Bi tL OE eee ict NO. 
Se eG ned a 8 ee ere A 




















CHAPTER XI 
SIMULTANEOUS LINEAR EQUATIONS 
189. An equation of the first degree containing two or more 


unknown numbers can be satisfied by any number of values 
of the unknown quantities. 





If 2e—3y=5. (1) 
Then y=2 es (2) 
Le. if x= 0, y= — 3. 

iki c= 1, y= —ail, etc. 


Hence, the equation is satisfied by an infinite number of sets 
of values. Such an equation is called indeterminate. 

However, if there is given another equation, expressing a 
different relation between « and y, such as 


a+y=10; (3) 

these unknown numbers can be found. 
From (5) it follows y=10— a, and since the equations have 
to be satisfied by the same values of a and y, the two values of 


y must be equal. 
Hence 2 — 


The root of (4) is x=7, which substituted in (2) gives y=3. 
Therefore, if both equations are to be satisfied by the same 
values of x and y, there is only one solution. 
184 
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190. A system of simultaneous equations is a group of equa- 
tions that can be satisfied by the same values of the unknown 
numbers. 

xe+2y=5and7x%—3y=1 are simultaneous equations, for they are 
satisfied by the valuesx=1,y=2. But2%—y=5 and 4a — 2y =6 are 
not simultaneous, for they cannot be satisfied by any value of « and y. 
The first set of equations is also called consistent, the last set inconsistent. 


191. Independent equations are equations representing differ- 
ent relations between the unknown quantities ; such equations 
cannot be reduced to the same form. 

54+ 5y = 50, and 8x2+3y=30 can be reduced to the same form ; 
viz. «+y=410. Hence they are not independent, for they express the 
same relation. Any set of values satisfying 5% + 5y = 50 will also satisfy 
the equation 3%+ 38y= 30, 


192. A system of two simultaneous equations containing two 
unknown quantities is solved by combining them so as to obtain 
one equation containing only one unknown quantity. 


The process of combining several equations so as to make 
one unknown quantity disappear is called elimination. 


193. The three methods of elimination most frequently used 
are: 
I. By Addition or Subtraction. 
Il. By Substitution. 
Ill. By Comparison. 


ELIMINATION BY ADDITION OR SUBTRACTION 


194. Ex. 1. “Solve | gy ctacdiatat 1) 

2e—Ty=—8. (2) 
Multiply (1) by 2, 6a4+4y = 26. (8) 
Multiply (2) by 3, 62 —21y =— 24. (4) 
Subtract (4) from (3), 25 y = 50. 


Therefore, Af aay 
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Substitute this value of y in either of the given equations, preferably 
the simpler one (1), 


324 4=— 13. 
Therefore “= 3. 
af cane 


In general, eliminate the letter whose coefficients have the lowest 
common multiple. 


Check. 38-34+2-2=—9+4=18, 
2.8—7.2=6-14=—8. 


Ex. 2. Solve ea pk foetal @) 

1384+ 5y=1385. (2) 
Multiply (1) by 4, 25a — 15y = 235. (3) 
Multiply (2) by 3, 39a+15y = 405. (4) 
Add (3) and (4), 64 x = 640. 
Therefore o=— 10. (5) 
Substitute (5) in (1), 50 —3y = 47. 
Transposing, —sy=-—3. 
Therefore yo: 

Ti 10, 


Check. <b 110 ot b= 4% 
18-10-+ 5-1 = 135, 


195. Hence to eliminate by addition or subtraction: 


Multiply, if necessary, the equations by such numbers as will 
make the coefficients of one unknown quantity equal. 


If the signs of these coefficients are like, subtract the equations ; 
if unlike, add the equations. 


EXERCISE 15 e 
Solve the following systems of equations and check the 
answers: 
ox+ Ty=50, : ies ae 
\9a+14y=97. ~ (iTy— 42”=3865. 


10. 


1B 
13. 
14. 


is 
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abe ay 
Cze2+15y7=101. 
Bice os ae 
5y—2ae=1 
ma EE ib 
6a+Ty=s. 
See iar 
3x%— y=20 
Seta 30, 
2 od = 1b. 
(Ta—sy=27, 
oe ceo! 
ey Gees 
5a+6y= 27. 
o%—3y=dd. 
(aoe y = 42, 
Om 2 fea: 
de+4y= 43, 
l4a+7 y=69. 
(Te—3sy= 23, 
3e+4y=31. 
eae. Ty=—4, 


eae 
x—y=12. 


16. 


Lis 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


9xr+ 14 y=83, 
(2x—1ly=—9), 
x— dy=0. 
32—30 y =15, 
Pe he 
19%—24y=38. 
Spar 


go+hy=6, 
(15be—2y=1, 
2.5¢a—sy=6. 
ashen 
tx— y=0. 

4.9 y—3.22=1.9, 
| Se ne 


Lie 1 byl 
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ELIMINATION BY SUBSTITUTION 





196. Solve io ee (1) 
32+2y=13. (2) 
Transposing — 7 y in (1) and dividing by 2, pues Fonts) 


2 
Substituting this value in (2), 3 crap +2y=18. 


Clearing of fractions, 2ly—24+4y= 26. 
Therefore eye. 


This value substituted in either (1) or (2) gives x = 3. 


197. Hence to eliminate by substitution: 


Find in one equation the value of an unknown quantity in 
terms of the other. Substitute this value for one unknown quan- 
tity in the other equation, and solve the resulting equation. 


EXERCISE 76 
Solve by substitution: 


(38e+2y=5, a (5e+5 =10y, 
2a+5y=7. L5a—2y=16. 
{ 4e@-— Ty= 2, hae 5y—11, 
LD) M5 Bee $4527 Ty. 
(9y—5x= 2, a 4y=32+4, 
l3y+4u= 29. lSy=4e4+3. 
| eee sf Ae bree: Sy+ 7, 
d8e+5y= 31. 11 e=138 y — 28. 
oe Oa E26: ee [ at Ba 29, 
AD y— 27 a= — 2. la+3y=19. 
(35a—17y= 359, “ (eam 4, 
Tx— 5y=—9Y. 4¢e+1iy=12. 
{ 6a — Tigre 3b, , fo ts ve 
24y—41¢%=— 29. 4x—+y=10, 
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ELIMINATION BY COMPARISON 


32—2y=2 1 

198. Ex. Solve Hora We 

e—T=—I12y. (2) 
From (1), -  ¢= teu (3) 
From (2), x=7T-—12y. (4) 
Therefore ta =7—12y. 
Clearing of fractions, 2+2y=21— 36y. 
Transposing and uniting, 38 ¥ = 19, 
Therefore y =}. 
Substitute in (4), G==els 


199. Hence to eliminate by comparison: 


In each equation find the value of one unknown quantity in 
terms of the other. Form an equation with these values and 
solve it. 


EXERCISE 77 
Solve by comparison; 


\ 


1 jae 6 ace eT aa 
9y=5 —162%. 6e+5y+2=0. 

a w+4y=37, 7. ade 
2e+5y = 53. 3a—4y= 

3 Wa Sa 8 eee dot 
3a— y=20. 32%—-2.9y=1 

4. obs Le—10y=c1, 
384¢+2y4y+1=0. lle—16y=.1. 
{id Sy + 66 = 0, 
23 y — 284+ 13 = 0. 
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200. Whenever one unknown quantity can be removed 
without clearing of fractions, it is advantageous to do so; in 
most cases, however, the equation must be cleared of fractions 
and simplified before elimination is possible. 





Ex. Solve 
BO seated Te) (2) 
Z is 
Multiplying (1) by 12 and (2) by 14, 
4%+8+3y+9= 36. (3) 
7e+21—2y—4=14. (4) 
From (3), 4x+3y=19. (5) 
From (4), 7z%—2y=-—3., (6) 
Multiplying (5) by 2 and (6) by 3, 
84+ 6y = 38. (7) 
21a —6y=-—9. (8) 
Adding (7) and (8), 29 % = 29, 
A N 
Substituting in (6), 7—2y=-3. 
Yam, 
Check. Lee Orme aso 280) 
3 + 
Ligeid eg Ont Zier ee eT 
2 7 


EXERCISE 78 


Solve the following systems of equations by any method, 

and check the answers of Exs. 1-10: 

(24+) +3044)=26 

~ (4(@@+5) +5(y4+ 6)= 64. 
(6(@—7) Pas) = 18, 
(8 (a — 9) — 9(y — 10) = 26. 
| ee +3(4y—5)= 438, 
4(5x—6)+5(6y—7) =121. 


10. 


SIMULTANEOUS LINEAR EQUATIONS ~~ 191 


2.3%¢+4.7 y=70, 


























(NORE Cupane: 
3 (a —2) +5(y—1)=19. 


3(2a—y)+4(e#—2 y) = 87, 
2(38 x«—y) —3(@— y) = 82. 
































fe : dG sol 4s 
2u+y 11 4—2y 38 
pilal 7-20 _3 
12. {5—3y 2 
2 ’ ly-2=4 
oy+4 
9 w—3_2 
y+2 3 
Ty—6 133: 
i m+1_3 
y—2 2 
8, w+ 2ytt _ 
‘ 2e—y+l1 ¢ 
= 4, a 3xe—yt1_ 
x—y+s 
Paneer 
she —_—____-"—__—_- = 0, 
4a+d5y—25 
15. 
_ OF Sis wh caneht ae 
5e+d3y—23 
J #o* e220», 
3 As 5 
e—-3 y—3 
ei RIM Ry Yi 
| Aeebrieg et ae 
Sa—-2y  5e—3y ply 
5 
2e—3y ,4a—3y 
aa 1 
3 a 9 ts 
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18 eee re ee 
| (@+5)y—2)=@+2)(y—D). 
19 ht eg, 
~" (2e—38)(5y+7) =2(5 v@—6)(y+1). 





Repoval 3 
wee Pest rat) 
% Patan ie: 
| \Cano ges: 
[20 tee Bee 20 
da+4y Sy—3e_2a+3y 3y—2e 
12 9 6 3 
ne 1 at sa y—21 
ee Py i) glen Fd? Wee Cea a La thas 
ee are) ee 


Eo ee (e +4): (y+) =2:3, 
a Aan ene tak Lc yt gue an 
24. (w+1):(yt+1): (@+y)=38: 4:5. 


201. In many equations it is advantageous at first not to 
consider # and y as unknown quantities, but some expressions 


involving 2, and y, such as : and - xy, ete. 


baat 
- +-= 3. (1) 

¥ 

Ex.1. Solve epee 
aa (2) 

30 8 
2 x (2), ay ° (3) 
(1) + (3), Se 11. 
Clearing of fractions, 33 = lla 
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Substituting x = 3 in (1), 1+ : Eas 
229) 
y 
Therefore ae 4s 
Check. §$+4=14+2=8; —4=5-1=4 


193 


Examples of this type, however, can also be solved by the regular 
method, provided they do not involve more than two unknown quantities. 


Clearing (1) and (2) of fractions, 3y484= 
15y—4%=4 xy. 


2 x (5), 30y — 8x = 8 xy. 
(4) + (6), 33 y = 11 xy. 
Dividing by 1ly, a os 0, E00. 
1 
Sd fore a 2. 
Ex. 2. Solve 3 
6aey+-=21. 
y+ 
6 
Gx (1), 6 xy —— = 12, 
9 
(2) — (8), — 9. 
Therefore fl IS 
Substituting x =1 in (1), y—1=2. 
iO F 


EXERCISE 79 











Solve 
whats Lat 
: Conye 6 : | y 
dab og Baal ate | i3 4 
See ee Pe —= 24, 
tO a’ y 
1 ae: 
2 [ates 4 lati 
16 ¥_5 La ae 
tone. pon Baye? 
) 


= 0. 


(4) 
(5) 
(6) 
(7) 
(1) 


(2) 
(3) 


bd 81% 
Or SI bo 


+ 
LIF SI & 





| 

| 

| 24 
rey 
aay 

( 

| 


elS sly &| 
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5 iy 0.7 
pee? + = 103, 
ies 3 6 13. 
y 
BOT PO Ce 
2a eb m3 
=o. [e+5=18 
1 = 14. 
$20 [B27 =6 
ial y 
5, ee) 
1 Le. : Lbs 
2 
ee ae a XY 
[day+4a=— 24, es 
xy 
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202. Ex 


(1) x n, 
(2) x , 
(3) pe (4), 
Uniting, 
Dividing, 
(1)x m, . 
(2)x a, 
(7) — (6), 
Uniting, 


.1. Solve feat eum 


Mx + ny = p. 
anx + bny = cn. 
bmx + bny = bp. 
anx — bmx = cn — bp. 
(an — bm)x = cn — bp. 


pee cn — bp 
an — bm 





amx + bmy = cm. 

amx + any = ap. 

any — bmy =.ap — cm. 
(an — bm)y = ap — cm. 





1 a 
Meet cas fo) 
Sane) : 
bya 4: 
x 2y 
pose ee eae 
eT 
pean 
| 6 y 2 
if 4 
—_ ——— = 12 
x—-1 y—2 ; 
4 3 _99 
[+= 
2 
+-=1, 
y 
ah 
y 3 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
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EXERCISE 80 











Solve: 
(av +2 by =6, ‘ (a(e+ y) = 16, 
(2 ax+5 by =9.  (bd(@—y) =8. 
x — | Xe by=1 
a { aw + by =a, Ge (ax+ by=1, 
| be — ay = b. bx + ay = 0. 
(ax — by=9, { ax + by =4, 
toe —dy =1. lax — by=2 
wa Reis 
eee, an a 
x—y=b. 12 
rey 
5 Bees pgs 
Le eet c+1 
x+my=a TRE 
6. | Z To: ay. 
xe—ny =). y ae 
a 
lieben” 
© a 
dx + ey=J. A y b 
(ax + by=e, ; +1 _a+1 
Mx = ny. y+1 641 


((a+b)x—(a—b)y=4ab, 
\(a-+d)e+(a—b)y=2 (a? +0". 


ae iia Pie en Aa 
" ((a+b)y—(a—b)#=2 ae. 
Cel! Gee 
1 Jerym? 19 2d ook 
aa a TN cae 
Up crrmee rf y > 
b «— by=a 
| eerie ; es ee 
18. z ab(a@—1)=y 
c 
ae 
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21. Solve the equations 
ax + by =¢, 
pe + gy =7,; 
and from the results find by numerical substitution the roots of 
‘xs. 1-4, page 188. 


22. Find a and s in terms of n, d, and / if 


[s=4(a+, 


——~*., 


(l=a+(n—1)d. 
23. From the same simultaneous equations find d in terms 
of a, n, and lL. 


24. From the same equations find s in terms of a, d, and 1. 


25. From the same system of equations find n in terms of 
a, 1, and s. 


SIMULTANEOUS EQUATIONS INVOLVING MORE THAN 
TWO UNKNOWN QUANTITIES 


203. To solve equations containing three unknown quantities 
three simultaneous independent equations must be given. 


By eliminating one unknown quantity from any pair of equa- 
tions, and the same unknown quantity from another pair, the 
problem is reduced to the solution of two simultaneous equations 
containing two unknown quantities. 


Similarly four equations, containing four unknown quanti- 
ties, are reduced to three equations containing three unknown 
quantities, etc. 


Ex. 1. Solve the following system of equations: 
2e¢—8y+42=8. (1) 
38ue+4y—52=—4. (2) 
4ue—6y+3z2=1. (3) 
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Eliminate y. ; 
Multiplying (1) by 4, 8x%—12y416z2= 32 
Multiplying (2) by 8, 9%+12y—15z2=—12 


Adding, hie ao ae S20 (4) 
Multiplying (2) by 8,  94%+4+12y—15z2=—12 

Multiplying (8) by 2, 82—12y+ 6z2= 2 

Adding, 17% — 9z=-10 (5) 
Eliminating « from (4) and (5). 

(4) — (5), 102 = 30. 

Therefore eats | (6) 
Substitute this value in (4), 17% +3 = 20. 

Therefore pag (7) 


Substituting the values of x and z in (1), 
2-—8y+12=8. 
oO. 
Hence psa, (8) 


Check. 2-1—8-244-8=8; 38-1+4+4-2-—5-3=—4; 
4.1—6.245-5=1. 


204. After some practice the student will be able to elimi- 
nate the unknown quantities of simple exainples mentally. 
Eliminating by subtraction should then be avoided, and by the 
use of negative multiplhers every elimination should be based 
upon addition. 


Ex. 2. Solve (1) 2a+3y+2z=21| 3 


OEY oY ey eal hey 4 Multipliers for the 
elimination of 2. 











(8) Ta —5y4+4z2=15 —3 
(Ay 4 i Sy ok 1| Multipliers for the elimi- 
(5) — «+ Ty=19|—4] nation of x. 
— 15y =— 46. ’ 
Therefore Pits 
From (5), ea 2. 


From (1), 2= 4, 
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EXERCISE 81 


Solve: 


1. 


_| 
i 
| 
| 
dl 
| 





| 
| 


| 
| 


e+ 5y+6z2=29, 
10%+y+2z2=18, 
5ex+9y+sz2= 82. 
2e+5y—32=18, 
6e—38y+4z2=16, 
5a+3y—62=105. 
2e+3y—z2=21, 
9e+5y—2z2=71, 
6x2—Ty+5z=50. 
e+2y+32=382, 
2e+y+382=31, 
4e—2y+2=12. 
2ea—3y+4z2=8, 
sea+4y—5z2=—4, 
4ex—6y+52=1. 
Tx—6y+22=4, 
14%—8y—z=0, 
2a—9y—3z=—35. 
6e2+5y—4z2= 98, 
9x—l5y+6z=—6, 
8xe—sy—9z=12. 
9x—Ty—6z2=18, 
12e@—14y7492= 27, 
18e@—35y+152=0. 
d3e—ytz=7, 
x+2y—4z2=—8, 
2e—2Zy+2=2. 


10. 


16 


17 


18 


ety+tz=12, 
4eot3y+5z2=49, 

l5e—2y+z2=1. 
ety+z=9, 

Be) eee 
“xt+y—Zz=—5. 

ee ae 2 

. 1 2e—5y4+82=15, 
l4eatyt4z2=3. 
(S5ea+y—4z2=0, 

; beeen 
2e—3sy+2=0. 
2ea+4y+82=18, 

. Jeti sees 
8e+9y+272= 34. 
e+2y+32= 32, 

: [ie sSy seat 
oetyt2z2=40. 
se+3y+2=17, 

: ety seats 
et+d3sy+tsz2=18. 
2e—dsy—4z2=6, 

: Ise cap Petees 
L5e+T7y—9z2=106. 
i ee 

. ,oX%—dSy—9z=—10, 
5 /_ 6 


re 


20. 


Pl. 


22. 


23. 


29. 


| 
| 
| 
| 
| 


+ - 





5y—Tex+4z2=— 44, 
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z—d5y =— 38, 
e+ y = 23, 
y+2= 25, 
2 4+-2= 24, 


5y+6z2=50, 
T7z+8a2=59. 


e+y+z2=39, 
1S ¢=10y, 
Nai eyes 


2ex+3y—4z2=—8, 


y=5u—T, 
2=/( x«—10. 
5(2ae—3y) +3(8 «—52z) =31, 
2(2a—3y)+5(8y—Tz)=—45, 





a 





SS acs 


ar A 
x» & 





28. 





4(3a—5y)—8(by—Tz)= 





D 
2 as eam 
eS 


25. 


—4y+52=18, 
miaipes 


Loe 


14e%—24y—82=~—.4, 


26. 


27. 


30. 








el 1 


| 
| 
eas 
| 
| 


6 


2Zy—Tz 


Ty +22 


1e+.2y+.32=3.2 
2e+ 1y+ yi, oi 
oet.2y+.12=8. 


e+3:y+2=2:1, 
TPA sare Tie cies Sand Ni 
x+3:x+y=1:2. 


ay, 


2 
=2 159 


8e2+3.2y+42=11.2, 
“e—2y+1.82=7.6. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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USP ts |e Sie 





—. 





+ 
Srl 
l 
Or 
ie 


+ 





Blo sie sie 
| 
CR ei 





~~ )CO- 


ree Sey Hee SP 


S| Ot 





sel lee 





| e+ 


ly 


oe ae eee 
l5z2—-—a+sy=e. 
(Tea+illytz=a, 
Ty+11z+u=a4, 
Tz+ilety=e. 


ae cS 
ay 2 1 


| 


| 
b> bo by 
oS g 


| 


pay 
+ 2 
+2 


eee 


maple 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


(ax+ by =2 ab, 




















{ by+cz=ab+e, 
Ea ea eee ee 
mes ii 

y 2 

eee 

duet 9 « 

Um 

[ax+ by + w= a+b, 
hala 

e+z2=1. 
(38e+6y+22+v=2, 
oe Rae Pert 8h 
x+2y—2z2—2v=0, 
2e+y—z2z2—30=5. 
(e+tytz+v=—4, 

Poe anys Zee), 
se+4y4+38v=l, 
l4v—5¢+324+y=1. 
[2+y — 5, 

ie 

| oe 

xz 

ae 

l yz 

O60" = 0" == 0", 
Ged ct, 


e--2— 6; 
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PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS 


205. Problems involving several unknown quantities must 
contain, either directly or imphed, as many verbal statements 
as there are unknown quantities. If the problem is to be 
solved by one equation containing only one unknown quantity, 
whose symbol is a, all statements except one are used to ex- 
press the unknown quantities in terms of #, while the remain- 
ing statement produces the equation. (§ 101.) 

In complex examples, however, it is often very difficult to 
express some of the unknown quantities in terms of one of 
them. In such a case it is advisable to represent every 
unknown quantity by a different letter, and to express every 
verbal statement as an equation. 


Ex. 1. The sum of the three digits of a number is 8. The 
digit in the tens’ place is } of the sum of the other two digits, 
and if 396 be added to the number, the first and the last digit 
will be interchanged. Find the number. 


Obviously it is very difficult to express two of the required digits in 
terms of the other; hence we employ 3 letters for the three unkuown 
quantities. 

Let x = the digit in the hundreds’ place, 

y = the digit in the tens’ place, 
and z =the digit in the units’ place. 

Then 100%+10y-+ 2= the number. 


The three statements of the problem can now be readily expressed in 


symbols: atyt+e=8. - (1) 
y=3@+2Z). (2) 
100% + 10y+ 2+ 396 =1002¢4 10y+%. (3) 


The solution of these equations gives x=~1, y=2, 2=5. 
Hence the required number is 125. 


Check. 14+2+4+5=8; 2=1(1+4+5); 125+ 396 = 621. 


206. Between the two methods of expressing all unknown 
quantities in terms of one letter, 2, and employing as many 
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letters as there are unknown quantities, there is often the 
intermediate way of representing some, but not all, unknown 
quantities in different letters. H.g. denote two quantities 
directly by letters, as « and y, and express the remaining 
unknown quantities in terms of # and y by some of the given 
verbal statements. The remaining two statements give the two 
necessary equations. 

E.g. in the example of the preceding paragraph, we could 
make a = the first digit, and y = the last digit. Then, according 
to the second statement, the second digit=4(«+y), and the 


3 
first and third verbal statements, expressed in symbols, give 


a+ eaty)+y=8. 
100@4+ 42 (@+ y) +y¥+ 396 =100 7+ 129 (@+y) +24. 


These equations lead of course to the same number as before. 

Although this method is often somewhat shorter than the 
method previously described, it is advantageous only if the 
example is simple. In most complex examples, the equations 
can be written with the least difficulty if each unknown 
quantity is represented by a different letter. 


Ex. 2. If both numerator and denominator of a fraction be 
increased by one, the fraction is reduced to 2; and if both 
numerator and denominator of the reciprocal of the frac- 
tion be diminished by one, the fraction is reduced to 2. Find 
the fraction. 

Let x — the numerator, 
and y = the denominator. 


then “= the fraction. By expressing the two statements in symbols, 
y 





we obtain, x+1_ 2 
== 1 
Jeri 3 0) 
and TESS (2) 
x—l 


These equations give x= 3 and y=5. Hence the fraction is 3. 


B+1_4_ 2, 5-1 475 


Check. = — ee ee 
Sel 6 (Gages 





x 
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Ex. 3. A, B, and C travel from the same place in the same 
direction. B starts two hours after A and travels one mile per 
hour faster than A. C, who travels 2 miles an hour faster 
than B, starts 2 hours after B and overtakes A at the same 
instant as B. How many miles has A then traveled ? 














TIME RATE DISTANCE 
(Hours) (Miles per hour) (Miles) 
A a y xy 
B x — 2 y+1 ryt x—-2y—2 
C x—4 y4+3 syt+3a—4y—12 


Since the three men traveled the same distance, 
“y= aryt+u—2y —2. 
ay=ry+su—4y— 12. 


Or E— 2 = 2. 

8x2—4y= 12. 
(4) —2 x (8) eins 3, 
From (3) Mite. 


Hence zy = 24 miles, the distance traveled by A. 


Check. 8x8=24,6x4=24, 4x6 = 24, 


EXERCISE 82 


(1) 
(2) 
(3) 
(4) 


1. Three times a certain number increased by five times 
another number equals 31, and the second one increased by one 
is equal to three times the first one. Find the numbers. 


2. Find two numbers whose sum and whose quotient equal 5. 


3. Half the sum of two numbers is 11, and the fifth part of 


their difference is 2. Find the numbers. 
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4. If 1 be added to the numerator of a fraction, its value 
is 4. If 1 be added to its denominator, the fraction is reduced 
to 4. Find the fraction. (See Ex. 2, § 206.) 


5. If3 be added to both terms of a fraction, its value is 4. 
If 1 be subtracted from both terms, its value is 1. Find the 
fraction. ; 


6. If the numerator of a fraction is trebled, and its denomi- 
nator diminished by 2, it is reduced to 3. If the denominator 
is doubled, and the numerator increased by 3, the fraction is 
reduced to 4. Find the fraction. 


7. A fraction is reduced to 4, if both its terms are increased 
by 1, and 8 times the numerator diminished by 3 times the 
denominator equals 3. What is the fraction ? 


8. Find two fractions, with numerators 2 and 3 respect- 
ively, whose sum is 47, and such that when their denominators 
are interchanged, their sum is 14. 


9. The sum of the digits of a number of two figures is 10, 
and if 3 times the units® digit is added to the number, the 
digits will be interchanged. What is the number? (See Ex. 
1, § 205.) 


10. The sum of a number of two digits and of the number 
formed by reversing the digits is 121, and five times the tens’ 
digit exceeds the units’ digit by one. Find the number. 


11. The sum of the three digits of a number is 11, and the 
sum of the first two digits exceeds the last digit by 1. If 27 
is added to the number, the last two digits are interchanged. 
Find the number. 


12. A number consists of three digits, the sum of the last 
two digits is two less than five times the first digit ; three times 
the second digit exceeds the first digit by one; and if the first 
digit be subtracted from the number, the remainder is 215. 
Find the number. 
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13. If a certain number be divided by the sum of its three 
digits, the quotient is 43. The sum of the first two digits is 
equal to the third digit, and if 99 be added to the number, 
the first and last digits will be interchanged. Find the 
number. . 


14. If a certain number be divided by the sum of its two 
digits, the quotient is 4 and the remainder 3. Three times the 
first digit exceeds the second digit by 3. Find the number. 


15. Twice A’s age exceeds the sum of B’s and C’s ages by 
30, and B’s age is 4 the sum of A’s and C’s ages. Ten years 
ago the sum of their ages was 60. Find their present ages. 


16. Five years ago A was as old as B will bein 10 years; 
and 10 years ago B was as old as C will be in 5 years. If the 
sum of their ages is 60, how old now is each ? 


17. A sum of $10,000 is partly invested at 5%, partly at 
4%, and partly at 3 %, bringing a total yearly interest of $390. 
The 5% investment brings $10 more interest than the 4% and 
3% investments together. How much money is invested at 
3%,4%, and 5% respectively ? 


18. A sum of money at simple interest amounted in 2 years 
to $330, in 5 years to $ 375. What was the sum and the rate 
of interest ? 


19. A sum of money at simple interest amounted in 6 years 
to $16,000, and in 8 years to $17,000. What was the sum of 
money and the interest ? 


20. ‘A sum of money at 6% simple interest amounted in a 
certain time to $944. In half the time at 4% it would amount 
to $348. Find the sum and the time. 


21. A sum of money at simple interest amounted in a years 
to m dollars, and in 4 years to n dollars. What was the sum ? 
Find the sum if a=3, b=5, m= $ 500, and n= $ 600. 
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22. The sums of $1200 and $1400 are invested at different 
rates and their annual interest is $111. If the rates of inter- 
est were exchanged, the annual interest would be $110. Find 
the rates of interest. 


23. Three sums of money are respectively invested at 4%, 
4%, and 5%, and their annual interest is $1280. If the first 
and third were invested at 4%, and the second at 5%, the 
interest of the second would be $350 less than the interest 
of the other two. If the rates of interest were respectively 
5%, 4%, and 34%, the first sum would bring $ 380 less inter- 
est than the other two. What are the sums ? 


24. If arectangle has the same area as another 5 feet longer 
and 2 feet narrower, and the same area as a third rectangle 
which is 8 feet longer and 4 feet narrower, what are its dimen- 
sions ? 


2 


25. Ifa rectangle were 100 feet longer and 25 feet narrower, 
its area would contain 2500 square feet more. If it were 100 


feet shorter and 50 feet wider, its area would contain 5000 


square feet less. What are the dimensions of the rectangle ? 


26. Ifarectangle were 1 foot longer and 1 foot narrower, its 
area would be m square feet less. If it were 1 foot longer 
and one foot wider, its area would be n feet more. What are 
the dimensions of the rectangle ? 


27. A, B, and C working together can do a piece of work in 


1 day; A and C together in 11 days, and B and C together in / 


2 days. In how many days can each do the same work alone ? 


28. A and B together do a piece of work in 18 days; A and 
C in 16 days, and B and C in 20 days. In how many days can 
each alone do the same work ? 


29. A and B together can do a piece of work in a days; B 
and C in b days, and C and A in ¢ days. In how many days 
can each alone do the same work? Find the answer if a=2, 
b= 3, Cae. 


KK 
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30. A farmer sold a number of horses, cows, and sheep, for 
$500, receiving $100 for each horse, $50 for each cow, and 
$15 for each sheep. The number of sheep was twice the 
number of horses and cows together. How many did he sell 
of each if the total number of animals was fifteen ? 


31. The sum of the 3 angles of any triangle is 180°. If 
one angle of a triangle exceeds half the sum of the other two 
angles by 15° and half their difference by 65°, what are the 
angles ? | 

32. The difference of two angles of a triangle is equal to the 
third angle, and their sum is 13 of the third angle. What are 
the angles ? 


33. A and B received together $107 wages for working 25 
and 16 days respectively, If A had worked 24 days and B 
had worked 20 days, they would have received $112. What 
were the daily wages of each ? é 


34. The perimeter (i.e. the sum of the sides) of a triangle 
ig 39 inches. The greatest side is 7 inches less than the 
sum of the other two, and one of these two is twice as large 
as the difference of the remaining two. Find the length of 
each side. 


35. On the three sides of a triangle ABC, respectively, three 
points D, H, and F, are taken so 
that dD = AF, BD= BE, and CH 
=QOF If AB=6 inches, BC=4 
inches, and AC = 8 inches, what is D 3 
the length of AD, BE, and CF? 

Notre. If acircle is inscribed in the 
triangle ABC touching the sides in D, E, 
and F (see diagram), then AD= AF, 
BD= BE ane Oe, 


B 


A im C 


36. A circle is inscribed in triangle ABC touching the three 
sides in D, H, and F. Find the parts of the sides if AB=5, 
BC = 7, alee oO: 
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37. A circle is inscribed in a triangle ABC (see diagram of 
Ex. 35) whose perimeter is 14 feet, AD exceeds FC by 2 inches, 
and BD equals 1 inch. Find the sides of the triangle. 


38. On the sides of a triangle ABC 
the points D, EH, and F' are so taken that 
AD is 4 timesas large as AF, BE is 3 
times as large as BD, and CF is 5 times 
as large as CH. If AB=5 inches, BC 
= 4 inches, and CA =6 inches, find the 
parts of the three sides. 


E 
AMER C 


39. In the annexed diagram angle a=angle 8, angle c= 
angle d, and angle e=angle f. If angle ABC=60", angle 
BAC = 40°, and angle BCA = 80°, B 
find angles a, ¢, and e. 


Nore. O is the center of the circum- 
scribed circle. 


40. The sum of the radii of two 


circles is 15 inches, and the differ- 
ence of their circumferences is 44. d 
If.7is taken equal to 34, what are 


the radii? (The circumference of “ © 
a circle C, whose radius is #, is determined by the formula 
C=27R.) 


41. The sum of the radii of two circles is 7 inches, and the 
difference of their circumferences is d@ inches. Find the radii. 


42. Two persons start to walk in the same direction from 
two stations 12 miles apart, and one overtakes the other after 
6 hours. If they had walked toward each other, they would 
have met in 2 hours. What are their rates of travel ? 


43. Two persons start to walk in the same direction from 
two stations d miles apart, and one overtakes the other after a 
hours. If they had walked toward each other, they would have 
met in b hours. What are their rates of travel ? 
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44. A takes 2 hours longer than B to travel 12 miles, but if 
A would double his pace, he would walk it in one hour less than 
B. Find their rates of walking. 


45. A takes 2 hours longer than B to travel d miles, but if 
A should double his pace, he would walk it in 1 hour less. 
Find the time B needs to walk the distance. 


INTERPRETATION OF NEGATIVE RESULTS AND THE 


FoRMS oF 2, 2, 2. 
0’ 0 


(ee) 


207. The results of problems and other examples appear 
sometimes in forms which require a special interpretation, as 
1 = °, ete. 

208. Interpretation of > According to the definition of 
division, > = e,if 0=02. But this equation is satisfied by any 
finite value of w, hence ; may be any finite number, or ; is 


indeterminate. 


209. Interpretation of 0° The fraction “ increases if x de- 





x 
creases; ¢.g. 7 —100 (ly =10,000 a. By making 2 
St Uieee T0000 
sufficiently small, - can be made larger than any assigned 
x 


a 
number, however great. If # approaches the value zero, — be- 
a 


comes infinitely large. It is customary to represent this result 
a 


by the equation 9=2 
Note. The symbol o is called infinity. In some examples, 
2353 
the result 2 is only indeterminate in form; eg. If x=3, iy Seen 
x?—52x4+6 


would be Os if we substitute directly. By reducing the fraction to its 


lowest terms, % = 8) — VL) Aaa and then substituting, we obtain 
2 or 2. (a—3)(a—2) x-—2 


P 
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210. Interpretation of 4 The fraction “ decreases if x in- 
er) x 


creases, and becomes infinitely small, if @ is infinitely large, 
This result is usually written : 

tice 

eral, 

211. The discussion of a problem determines the nature of 
the solutions, if the given quantities assume all possible values. 
The following example illustrates the discussion of a problem: 

Two couriers, A and B, travel by the same road in the same 
direction, and at 12 o’clock Bis d miles in advance of A. If 
A travels a miles per hour, and B travels 6 miles per hour, 
after how many hours will A overtake B? 

Suppose they meet after x hours, then A has traveled aa, 
and B ba, miles. But since A has traveled d miles more than B, 


ax — bx = d, 


therefore, a de 

a—b 

Discussion. 1. If ais greater than b, the value of x is posi- 
tive, and A will overtake B after 12 o’clock. 





2. If ais smaller than 8, the value of @ is negative, e.g. If 
a=2, b=38, d=4, then x=—4, i.e. the men do not meet 
after 12 o’clock, but they were together 4 hours before 12 
o'clock. This is obvious from the data of the problem, for if 
A walks more slowly than B, he cannot overtake B. 

Hence there is no answer to the problem stated above. To 
make a solution possible the problem should read, How many 
hours before 12 o’clock did they meet ? 


eet ¢ =, then 7 oo; te. A and B will never meet, 
and evidently two men traveling at the same rate, and d miles 
apart, will never meet. Hence the problem has no solution. 

et a=), d= Onthenge : = any finite number, as 2, 3, 4, 


etc., 7.e. A and B are always together. This also is obvious 
from the nature of the problem. 
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212. Negative solutions frequently indicate a fault in the 
enunciation of the problem. 


213. The result ; or «© indicates that the problem has no solu- 


tion. IPf in an equation all terms containing the unknown quan- 
tity cancel, while the remaining terms do not cancel, the root is 


infinity. 
214. The solution nao indicates that the problem is indeter- 


minate, or that x may equal any finite number. If all terms of an 
equation, without exception, cancel, the answer is indeterminate. 


EXERCISE 83 


Interpret the answers of the following problems; and if 
negative solutions occur, indicate what changes in the state- 
ment of the problem would make a solution possible. 


1. A is 25 years old, and B is 15 years old. How many 
years hence will A be twice as old as B? 


2. Four times a certain number increased by 12 equals four 
times the excess of the number over 2. Find the number. 


3. One half of a certain number exceeds the sum of its third 
and sixth part by 12. Find the number. 


4. Find 3 consecutive numbers such that the square of the 
second exceeds the product of the first and third by 1. 


5. One half of a certain number is equal to the sum of its 
fourth, sixth, and twelfth part. Find the number. 


6. a times a certain number increased by 0 equals ¢ times 
the number increased by d. Find the general answer and inter- 
pret the answer, if 


(a) a=c, b and d are unequal. 
(6) b=d, a and ¢ are unequal. 
(c) a=c, and b=d. 


CHAPTER XII 
INVOLUTION 


215. Involution is the operation of raising a quantity to a 
positive integral power. 

To find (8a°b)" is a problem of involution. Since a power 
is a special kind of product, involution may be effected by 
repeated multiplication. 


216. Law of Signs. According to § 50. 
+a-ta-ta=+% 
—d-—a-=+a7. 
—a+—a-—a=— a’ ete. 

Obviously it follows that 

1. All powers of a positive quantity are positive. 

2. All even powers of a negative quantity are positive. 

3. All odd powers of a negative quantity are negative. 


(— a)® is positive, (— ab?) is negative. 


INVOLUTION OF MONOMIALS 
217. According to § 52. 


eee oe 2 eer? — ae. 
2. (b8)4 = BF. H5. D5. HS = H+5+5+5 — HY, 
3. (a")™ = a”. aq”... to m factors 
= qrtntn+n to m terms 
= qm, ; 
4. (— 8a?b*) 4 = (— 3 a*b) - (— 3.4203) (— 3 ab) - (— 3. a2b3) 
= 81 a8h?2, 
5 (=a Sg, Gary ee: 8 me 
j (3 n5)3 27 nis 
212 
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To find the exponent of the power of a power, multiply the given 
exponents. 
To raise a product to a given power, raise each of its factors to 
the required power. 
To raise a fraction to a power, raise its terms to the required 


power. 


EXERCISE 84 


Perform the operations indicated : 


1 
2 
3 
4 
5. 
6 
7 
8 
9 
10. 
aE be 
12. 
13, 
14. 
15. 
16. 
Lie 


poet 
19. 


(a?)4, 
Ee ae)", 


tepals 
. (— ay’)? 


(a’ b”) 4 
(— a*b?)?, 


CAINE: jae 
- (—dp'¢’)’. 


(— 2 pqt)®. 
(— 4 aip’c)*. 
(2 Urey. 


(— 3 ab’c’d*)’. 


(a*b*c®)?. 
UT -abeds) 
(4 a°b?c’)?. 


(— 2 ab'c*)?. 


( am)? 
( filers oe IE 
(— ap” 3. 


20. (—2a™b")°, 
21. (—3a’b*c”)’. 
22. (ary™, 


23. (— a’), 
24. (a™)”. 




















33. 


34. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 














EE aN 
2 | | 
=} 

— NL 4 
rf 


ay 3 

y. a) : 

= ant 

G ve) 
Y 














if Ea 
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INVOLUTION OF BINOMIALS 


218. The square of a binomial was discussed in § 65. 
(a+b =a? +2ab+B. 
219. The cube of a binomial we obtain by multiplying (a + b)’ 
by a+. (a + 6)? =a? +3a°b +3 ab?+ 6°, 
and (a — 6)?=a®— 3 a°b + 8 ab’ — 6°. 
Ex. 1. Find the cube of 2743 y. 


(2¢+3y)%= (22)3+3827/By)+32x)By7?+8y% 
=8 «> + 36 xy + 54 xy? + 27 y?. 


Ex. 2. Find the cube of 3 a’ — y”. 


(3 a? — yn)? = (38 x?)8 — 3(8 a?)2(y") + 3(8 x?) (y")? — (y)8 
= Ar 96 — a7 atyn + 9 e2y2n ne Teal 


EXERCISE 85 


Perform the operations indicated : 


1. (m+n)’. 9. (3a+1)% 17. (4a°—57’)%. 
2. (w~—y)* 10. (07+). . 18.. BGa—Zbe)* 
3. («—T)?’. 11. (7 a®—1)°. 19. (5 ay? — 3 2°), 
4. (7+ y)* 12. (6%4+2y)% 20. (4 xyz—1)%. 

5. (1422)? 13. (8%—5y)’. 21. (2a—y™)*. 

6. (14 22)% 14. (38 xy? —1)'. 22. (a™— yy”)? 

7 (1—32’)? 15. (av+ by). 23. (2a"—3)%. 

8. (1—32")*. 16. (2ax—d3by), 24. (2a™—3b"). 


220. The higher powers of binomials, frequently called expan- 
sions, are obtained by multiplication, as follows: 
(a+ 6)? =a?+2ab+b* 
(a+ b> =a@+30b4+3 ab?+ B’. 
(a+ b)*=at+4a%+6 a7? +4 ab? + dt 
(a+ b)’=a@ +5 at + 10 a’b’ + 10 a’b® + 5 ab* + 6°, ete. 


INVOLUTION 915 


An examination of these results shows that: 


1. The number of terms is one greater than the exponent of the 
binomial. 


2. The exponent of a in the first term is the same as the expo- 
nent of the binomial, and decreases in each succeeding term by one. 


3. The exponent of b is 1 in the second term of the result, and 
increases by I in each succeeding term. 


4. The coefficient of the first term ts 1. 


5. The coefficient of the second term equals the exponent of the 
binomial. 


6. The coefficient of any term of the power multiplied by the 
exponent of a, and the result divided by 1 plus the exponent of 6, 
is the coefficient of the next term. | 


Ex. 1. Expand (# + y)’. 


5+ 4-3 og 5+ 4-3-2 . 
1.2-3 1.2.3.4 1.2.3.-4.5 


= 75+ 5 xty + 10 wy? + 10 xy? + 5 xyt + y?®. 


(x+y)>=2° +5 iy +23 oy? + 





Ex. 2. Expand (#—y)’. 
(w — y)> = a8 + 5at(— y) + 10.2%(— y)? + 10.22(— y+ 52(— 9) 
Fe aoat ) 
=x — 5 xty + 10 xy? — 10 ay? + 5 xyt — x. 


221. The signs of the last answer are alternately plus and 
minus, since the even powers of — y are positive, and the odd 
powers negative. 


Ex. 3. Expand (22?—3y?)‘. 
(2a? — Sy) = Za)i—A2x yy) + 6227'S yy 


—4 (22°) By) + By) 
= 16 2° — 96 vy? + 216 aty®’ — 216 a’y? + 81 yy 
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EXERCISE 86 


Expand: 
1. (a—b)*. 14. (m+n)*. 27. (mn+1)°. 
2. (m+1)* 15. (m—n)*. 28. (a+ be)‘. 
3. (1—n)*. 16. (a—2)* 29. (a? + b’e’). 
4. (ab+c)*. 17. (m—n)’. 30. (2a—1)%. 
5. (e—y’)'. 18. (1+a)’. 31. (2a—1)’. 
6. 1+a’)* 19. (a—1)’. 32. (1+22)%. 
7 (m—n)’. 20. (1—a)’. 33. (8a?+5)’. 
8. (a+2) 21. (1—a)’. 34. (8a? — d)*. 
9. (x—b)* 22. (a —1)%. 35. (2a°—5 y’)'. 
10. (b+2)*. 23. (a—2)%, 36. (2a+5c'y’. 
11. (a+ b)*% , 24 (L—m’)’* 37. (a? +5 y*)4, 
12. (w—n)*. 25. (1—m’)*. 38. (8a+2y)%. 
13. (w©+y)'. 26. (m*®-+1)°. 39. (2a?—5y’)’. 


INVOLUTION OF POLYNOMIALS 


222. The square of polynomials was discussed in § 67. 


223. The higher powers of polynomials are found either — 
by multiplication, or by transforming the polynomials into 
binomials. 


Ex. 1. Expand (a+ 60—c)* 
(a+b—c)?=[ (a+b) —c]8 
=(a+b)?—3(a+b)2%e+3(a+b)ce—c 
=03+3:02b+3 ab?+ b3—3 c(a2+2 ab+6?) +5 ac?+3 be? 8 
=a3+3 a2b+3 ab?+b3—83 a2c—6 abe—3 b2c+38 ac?+838 bc? —c3. 


INVOLUTION al is 


Ex. 2. Expand (#?—32a?— 2a —1)% 


(x8 —3x?-—2x—1)8 
= [(# — 3 42)—(24+41)]3 
= (a — 8 x?)8 — 3(23 — 8.4?)?2(244+1)4 3(3— 3 4?)(2%+4 1)? — (2441)! 
=x9 —928 427x727 25 —3 (28 — 64° + 9x4) (2441) +3(x3—3 x) (402+ 424 1) 
—(8 43 + 12474624 1) 
=x? — 9 a8 + 27 x? — 2728 — 647 + 33.25 — 86 25 — 27 xt 4+ 12.45 — 24 ot 
— 33 43 — 9a? — 823 — 124%? -—6a—-1 
=79 —948 + 2147+ 62° — 2405 — dl at — 4143 —-214?-6x—-1. 


EXERCISE 87 


Expand: 

1. (a+b+¢). 10. (#@—a—1)% 

2. (a+b—c—dy’. 11. (a+b+c+d)’. 

3. (w—y—dce+5dy’. 12. (a—b+c—d)*. 

4. (m®?—2n?—3p? +4 ¢°)*. 13. (a—b—c—d)’. 

5. (a®—3a?+4a—1)* 14. (’+a°+2+1)% 
6. (a+b+c)% | 15. (@+a+1)4 

Ue CAE ay 16. (at1+7)- 

8. («x+y—2z)%, . 

9. (#’+a-+41)% 


CHAPTER XIII - 


EVOLUTION 


224. Evolution is the operation of finding a root of a quantity ; 
it is the inverse of involution. 


a= means x“ =a. 
27 = y means y? = 27, or y= 3. 


ae! 


020 — % means x° = 6%, or x = Dt. 


225. It follows from the law of signs in involution that : 


1. Any even root of a positive quantity may be either positive 
or negative. 


2. Every odd root of a quantity has the same sign as the 
quantity. 


V9 =+8, or —8 (usually written +3); for (+3)? and (—3)? equal 9. 
V— 27 =— 38, for (— 3)? =— 27, 

Vat=+a, for (+ a)*=a4, and (—a)* = at. 

V32 = 2, etc. 


226. Since even powers can never be negative, it is evidently 
impossible to express an even root of a negative quantity by 
the usual system of numbers. Such roots are called imaginary 
numbers, and all other numbers are, for distinction, called real 
numbers. 


Thus V—1 is an imaginary number, which can be simplified no 
further. 
218 
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EVOLUTION OF MONOMIALS 


227. The following examples are solved by the definition of 
a root: : 


Ex.1. Va® = + a3, for (+ 3)! = a2. 
Ex. 2. Va™=a™, for (a™)" =a™. 


Ex. 3. V8 a®b3cl2 = 2 abet, for (2 a%bct)3 = 8 a®h3cl2, 








4/21 ql2p4 3 3h \ 4 124 
Ex. 4. eae a for (ey — 81 2 O. 
Ex. 5. fs ah ele , for ae )=- 82a) 
243 5129 3 b?c# 3 b?ct 243 510¢20 


228. To extract the root of a power, divide the exponent by the 
index. 

A root of a product equals the product of the roots of the factors. 

To extract a root of a fraction, extract the roots of the numerator 
and denominator. 


EXERCISE 88 


Simplify the following expressions: 

















1 VF 12. 7/27 wbhre®. 21 \ — ar 
2. V25. 1308 eae ete 
ar 710, 10 
Savas: 14, /—27 ad’. 22. \ ee _ ; 
a 
3 ee a 
4 vs ae 15. /—5120", 23. /— Beal. 
oN 16. V144 ay, 10/3019 
6. V5 vere Ne 
a Wie Vik se fon . 
7 4/78, fag age rvs 4, ao. 
tome oo". n being even 
8. 100. ee on = ha 
3/' 26. * 
3 19. \/—- 2 
9. Vv —1000. eo n being odd. 
10. V4 a’b*. Br Leas st Ae sas 
rie Dp. : 8158 wie clim 
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28, (ea): Bo. (GU cy aoemy (aa 
x being even 
29, (Va). 33, Vara! : aie 
(V—a) V a?a!(a + y) NAA) 
ae Maule , : Nee, I 
30. V(a+b). Sabu 8 (Oe oes aa 














Blo 75-2 ab Ove sb a iy oon) So me oi 


40. °/.027 a™. 42. \/27 ai —7/—8 a& —V/a. 
41. Vibai+ V64 a", 43. V4 a‘o®—~V/8 ad. 


EVOLUTION OF POLYNOMIALS AND ARITHMETICAL 
NUMBERS 


229. A trinomial is a perfect square if one of its terms is equal 
to twice the product of the square roots of the two other terms. 
(§ 118.) In such a case the square root can be found by in- 
spection. 


Ex. 1. Find the square root of 2°— 6 a*y?+ 9 y'. 
o—6ey+9y=(e—3y), (§ 118.) 
Hence V2°—62'°y?+9y'=+ (2°—3 7’). 


EXERCISE 89 


Extract the square roots of the following expressions : 


1. b—4a+4 a’ TAS Ge 44 bit OS 

2. a4+160°—8a’d. 8. 16a*—8 ay + y'. 
Bede — 2a", OPO to 

Ato d+ 0° -|- 9 1, 10. 160'a*— 120 whe 2b bc, 
5. 1449 y*- 1477. 11. 49 m§— 140 mn? + 100 nt. 
6. wy? —6 vyz4+9 22 12. 81 a*y? —126 w’yz* + 49 2°®. 


13. @+0°?4+042ab+2 bc +2 ac. 
14. 7?4+0?4+¢4 2 ab—2 be—2 ac. 
15. a@’?+0?+1-—2a—2ab+4+2 0. 


EVOLUTION pala 


230. In order to find a general method for extracting the 
square root of a polynomial, let us consider the relation of a+b 
to its square, a? + 2 ab + b*. 

The first term a of the root is the square root of the first 
term a’, 

The second term of the root can be obtained by dividing the 
second term 2 ab by the double of a, the so-called trial divisor ; 


a+ is the root if the given expression is a perfect square. 
In most cases, however, it is not known whether the given 
expression is a perfect square, and we have then to consider 
that 2 ab + b?=b(2a+)), i.e. the sum of trial divisor 2a, and 
b, multiphed by b must give the last two terms of the square. 
The work may be arranged as follows: 


a? +- 2 ab +b? [a+b 


? 
Za+b|2ab4+0? 
2 ab + 0? 


Ex. 1. Extract the square root of 16 at — 24 ay? +9 y*. 
16 x4 — 24 xy? + 9 y6 | 422 — 348 


1b 2 
8 «2 — 3y3 | — 24 «y8 + 9 ¥6 
| — 24 x73 + 9 y? 

Explanation. Arrange the expression according to descending powers 
of x. The square root of 16+ is 44?, the first term of the root. 
Subtracting the square of 4? from the trinomial gives the remainder 
— 2447y3 +978 By doubling 422, we obtain 822, the trial divisor. 
Dividing the first term of the remainder, — 24 x?y?, by the trial divisor 
8 x2, we obtain the next term of the root — 3y’, which has to be added to 
the trial divisor. Multiply the complete divisor 8 x? — 3 y3 by — 3y3, and 


subtract the product from the remainder. <As there is no remainder, 
4x2 — 5 y is the required square root. 
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231. The process of the preceding article can be extended to 
polynomials of more than three terms. We find the first two 
terms of the root by the method used in Ex. 1, and consider 
their sum one term, the first term of the answer. Hence the 
double of this term is the new trial divisor; by division we 
find the next term of the root, and so forth. 


Ex. 2. Extract the square root of 16 at— 24 a3+4—12a+25 a2. 


Arranging according to descending powers of a. 


| 4a*-—8a+2 
' 16 at — 24.08 + 2502 —124a44 


Square of 4 a?. 16 at 


First remainder. — 2424+ 25a?-— 1l2a+4 
First trial divisor, 8 a?. 

First complete divisor, 8 a2 — 38 a. — 24a? + 9 a? 

Second remainder. + 16a2?—12a+4 
Second trial divisor, 8 a? — 6a. 

Second complete divisor, 8 a? — 6a + 2. + 16a2—124a+4 


As there is no remainder, the required root is + (4 a%—3a4 2). 


232. When some terms of a polynomial are fractional, the 
one which has the greater power in the denominator is con- 


sidered the lower power, thus 3a?—5+ 2 —2a+ 3 arranged 
according to descending powers of x equals, z: ‘4 


FeO eee hee MO., 
x H by 


Ex. 3. Extract the square root of 42? + 25 — 24 —12%¢+ th 
x x 


Arranging according to descending powers of x. 


24 , 16 


4 
pikes 


442 —12% +4 25 — ca 
4 x? ms 


4x%—3|-—122-+425 
—12%“+9 


2x%- 384 
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EXERCISE 90 


Extract the square roots of the following expressions: 
1. 97*— 24 7’s + 16 37, 

O15 1 ee. 

oa +a—2Za—2Za° 1. 

Oa S12 ae od a 20 er 25. 

A9 a* — 42 a®d + 37 a’b? —12 ab? + 454 

240 —'2 ac —2Z be + a7 + Ob" +c’, 

9a 24 a 46 at 40 a? + 25a. 

Oe Oo Ae tA ol) Oe 

16 a? +40 a2 + 73 2* + 60 2° + 36 2% 

200 4200 0 69 a 36.0 ood. 

» 49:0?-- 4240-79 5 — 56.0c- 16 ¢ — 24 be. 

. 49a? + 56 ay — 70 az — 40 yz +167? 4+ 25 2. 

160740 ab +24 ae— 30 6c + 25.6? +9 7. 

16 ay? + 40 wy? + 36 ay + 60 aby + 73 aly? 

Oe O07 21 a a — 4 oe + Slate. 

9a? — 540° + 1 —6a + 729 a + 162 2%. 

lee oo Oa 

Oo Aa 10 ota ae ane a a6 oF. 

2 25a 10g 1 Ae oe ee ee: 

, ei 8 are - tat’ eC — 40S tate —4 

40 @--- Joe 4a + 120° + 20 a 4a a 46 a? 

. 8627 — 84 2° — 47 xt + 220 a — 62 2? — 144 a? + 81 23, 
Gaped comp ac ,.o0c ,9¢ 


. GeeeiSion | 2) 5.) 16. 


St ee ke Sith ae a 


DM WM DO S&S S&S SF BF SE eS SS eS SS 
Neat) Os O00 8 at Gore Cieih tt ND tO 


rw) 
Oo 
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OG) il age O meet 
eva 9a —saeo a 
Py ee _3@ 
2 9 37 16 4 4 
4a? 9b? 16ac 6be , 16¢c? 
OY Hehe Sy) pA le _ 6 be 
4 a? 241a' 5a. Hak 
Py fea St * 
Lr cieGecPW Ger 7 AAT, 
28. A 14: eB ge 16. 
cai tact al crear 
2 OR 
20d sate ee ere certs 
: Ce ert ee re ee 
OG od, jee monn aD 0 
30. a i) 2 
PAP Vs Bh A eat at 
31. 20 4 20 | 69 4+.36a + 362% 
x x 


Find to three terms the approximate square roots of : 


32. 1+¢. 33. 1—-«2 34. 1+2a. 35. 9+4n. 


233. The square root of arithmetical numbers can be found by 
a method very similar to the one used for algebraic expressions. 


Since the square root of 100 is 10; of 10,000 is 100; of 1,000,000 is 
1000, etc., the integral part of the square root of a number less than 100 
has one figure, of a number between 100 and 10,000, two figures, ete. 
Hence if we divide the digits of the number into groups, beginning at the 
units, and each group contains two digits (except the last which may 
contain one or two), then the number of groups is equal to the number 
of digits in the square root, and the square root of the greatest square in 
the first group is the first digit in the root. Thus the square root of 96/04! 
consists of two digits, the first of which is 9; the square root of 21/06/81 
has three digits, the first of which is 4. 


EVOLUTION 225 


Ex. 1. Find the square root of 7744. 


From the preceding explanation it follows that the root has two digits, 
the first of which is 8. Hence the root is 80 plus an unknown number, 
and we may apply the method used in algebraic process. 

A comparison of the algebraical and arithmetical method given below 
will show the identity of the methods. 


a+2ab4+ 0(a+b 7744 | 80 + 8 
a2 6400 


2a+b|2ab + b? 160 + 8 = 168 | 1344 
2ab+ 6b 1344 
Explanation. Since a= 80, a? = 6400, and the first remainder is 1344. 


The trial divisor 2@= 160. Therefore } =8, and the complete divisor 


is 168. 
As 8 X 168 = 1344, the square root of 7744 equals 88. 


Ex. 2. Find the square root of 524,176. 


b 6 6C¢ 
52/41/76 a + 20 +4 
aq? = 49 00 00 
2a+ b= 1400 + 20 = 1420| 3 41 76 
| 2 84 00 
2(a +b) +c=1440+4+ 4=1444 | 57 76 
57 76 


234. In marking off groups in a number which has decimal 
laces, we must begin at the decimal point, and if the right- 
2 oD p b) oD 
hand group contains only one digit, annex a cipher. 


Thus the groups in .0961 are '.09/61. The group of 16724.1 are 
1/67/24, 10. 


Ex. 3. Find the square root of 6.7 to three decimal places. 
6'.70 | 2.588 


4 
2 70 
}2 95 | 
508 | 4500 
pe . 
5168| 43600 
| 41344 
2256 


45 
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235. Roots of common fractions are extracted either by divid- 
ing the root of the numerator by the root of the denominator, 
or by transforming the common fraction into a decimal. 


VE=4+2; V2=V4. 
EXERCISE 91 


Extract the square root of : 


1. 1024. 9. 27,889. 18. 3,294,295, 
2. 5625. 10. 75,076. 1940 10,227, 2049 
3. 4761. 11. 57,121. 20. 17,850,625. 
4. 8836. a 21. 33,790,969. 
13. 328,329. 

5. 1369. Voda 22. 303. 

Be SB 15. 74.1321. 23. vole 

7. 9604, 16. 6037.29. 24. 1%. 

8. 15,129. 17. 857,476. eet 


Find to three decimal places the square roots of the follow- 
ing numbers: 


26. 8. 28. 11-5. 30. of: 32. 
27. 10. 29. 147.6. 31. 41. 33. 


ole berks 


236. The fourth root of an algebraic expression or arith- 
metical number is obtained by extracting the square root of the 
square root of the given quantity. Similarly the eighth root 
may be obtained by three successive extractions of the square 


root. 
EXERCISE 92 


Extract the fourth root of: 
1. a&—4 98+ 6 a'—4a7+1. 
2, m'+8 my + 24 my? + 32 my? + 16 x4. 
8. 8129+ 108 ay? + 54 atyt + 12 aty® + y%, 


EVOLUTION 227 


4. 16 a’— 96 a®b® + 216 a*b® — 216 a’? + 81 6% 
5. 279,841. 7. 614,656. 
6. 456,976. 8. 1,874,161. 

(For Cube Roots see Appendix IV.) 


REVIEW EXERCISE IV 


1. Expand (8a — 064+ c)*. 








: af + 11 — 1. 
2. Find the value of (#14 36, 
ipee creeds 
12 18 36 
2 3 3 2 2 3 
OMS ih ed ee oe Pa Pe, 
3+ Slnphliy 6 a 7 TG 
2 2 
4. Find the mean proportional between far and a‘ — b4 
Af 





2 2 2 
5. Find the third proportional to eee idee 
(a + b)* a+b 


(6. Simplify [(a — b)§+ (a + b)*][(a —b)'— (a +b)*}. 


Solve the following equations: 


dy eae lee 2, 
fae fe 9G, 


Crea ea, 
e—ytz—u=— 2, 
2e+y—382+u=-1, 
4e—2y—z-—u=—T, 
5a+2y+22+u=-19. 





epee 18 


Lee S 
Nee oe IY 
3 6 6 
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e—2y—3s2z4+u+v=—- 2, 
2e—38u+22—4v4+y =— 22, 
(10. }2y—6z—2u4+3e—v=_—lN%, 
52—-2v4+3u—4a—y=10, 
IRS cag ge 
Ae (Sa =e 
+a’y=a™. 
12. Find the numerical value of 
3? — 14.33 — 13.3? — 11-33 + 25-39 415-3% 
13. Find the value of (5000 + 7)*. 


27 
14.) Find the 9th root of ate? seals 
a 


Extract the square root of the following expressions: 
| 15. gv — ab + AP ac + 35 bY — § be + 23. 


4 at — 28 a*b? + 49 0* 
ot 1. 10 a2. 25 2 


Lav. Mia US at AU NL ws Oa Wess AY 
a? aé as 


2 2 
4 2{m tm +6m+9 


a® 


16. 


18. Solve the equations: 
(a) (—2)"= 
(b) (—2)* = 64. 
(ce) (<3) =— 
fe 19. Solve the following system: 
|: ne 
38%a—2y+4z2-—su=1. 


2a + 27-8245 


20. Reduce to lowest terms Te 12245 


{ 21. Reduce to lowest terms 


EVOLUTION 229 





Geo 4 a0 2 ac +2 be. 
ab? —¢ —2 bc 
22. Simplify (Vv (a*"))™. 


Solve the equations: 
ake. (sep anlee 
4 3 


OO fig 3 a? 
OY gee are =~: 
22—4 MED 22%—2 














CHAPTER XIV 


THE THEORY OF EXPONENTS 


237. The following four fundamental laws for positive integral 
exponents have been developed in preceding chapters : 


Ta ot ae 
II. a™+a"=a"-", provided m > n.* 
LL (a) ae, 
TV.) (ab)" =a > 67. 


The first of these laws is the direct consequence of the defi- 
nition of power, while the second and third are consequences 
of the first. 


FRACTIONAL AND NEGATIVE EXPONENTS 


238. Fractional and negative exponents, such as 23, 4-8, have 
no meaning according to the original definition of power, and 
we may choose for such symbols any definition that is conven- 
ient for other work. 

It is, however, very important that all exponents should be 
governed by the same laws; hence, instead of giving a formal 
definition of fractional and negative exponents, we let these 
quantities be what they must be if the exponent law of mul- 
tiplication is generally true. | 


239. We assume, therefore, that a”-a"=a™*", for all values 
of m and n. Then the law of involution, (a")"=a™, must be 


* The symbol > means ‘‘is greater than’’; similarly < means ‘is 
smaller than.’’ 
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true for positive integral values of n, since the raising to a 
positive integral power is only a repeated multiplication. 
Assuming these two laws, we try to discover the meaning of 


83, a°, 4-*, a”, etc. In every case we let the unknown quantity 
equal a, and apply to both members of the equation that opera- 
tion which makes the negative, fractional, or zero exponent 
disappear. 


240. To find the meaning of a fractional exponent ; ¢.g. as. 
Let a=at. 


The operation which makes the fractional exponent disappear 
is evidently the raising of both members to the third power. 


Hence Po (at), 
Or 903 SS ihe 
Therefore o= Va. 


Pp 
Similarly, to find a meaning for a’, 


Pp 
we let e= a’. 


Raising both members to the qth power, a? =a”. 
Taking the qth root of both members, «= Va’, 


p 
or a? — v/a’, 


fe 
Hence we define a‘ to be the qth root of a?. 


EXERCISE 93 
Find the values of: 


1. 88, 5. 9% 9. 16%, EE INS 
2. 42, Guia 10.9.1%. 14, (42. 
3. 92. 7. 328. 11. 08. 15. (gy). 
4. 64%, g, 1254. 12. (~8)§. 16. 4). 


17. (a2+2ab+b%)3. 18. (a? —3a?+3a—1)}. 
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Write the following expressions as radicals: 








3 3 i 
19.9503: a (“) ; 27. 3°. 

3 C ™m 

> 4 ie 
AO. 2. 24. a™. AoE ods hoy 
21. mi, SHOR A 29. ab}. 

2 mtn 
22. (ab)’. 26. 2” 30. a", 
Express with fractional exponents : 

31. Vae. 35. 1/3. 39. Va- Vo. 
32. /ak 36. Vat 40. Va-Vb> Ve. 
i iets 87. Va. 41. VB? 

= — 2a 2 
34. Va. 38. ~/ab. 42. Vat, 


Find the values of: 


43. V4. 46. V2. a9.) V2. 
44. V4. Ate Wa 50.(VB) 
45.( -V2., 48. Vol. 


241. To find the meaning of zero exponent, e.g. a°. 
Let v= a. 


The operation which makes the zero exponent disappear is 
evidently a multiplication by any power of a, eg. a’. 


a 
cae AL 

a 

or a®=1. 


Therefore the zero power of any number is equal to unity. 


: Sas, 
Note. If, however, the base is zero, - is indeterminate ; hence 0° is 
indeterminate. 
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242. To find the meaning of a negative exponent, e.g. a~”. 


Let Bye f RP 


Multiplying both numbers by a”, a" =a’. 





Or a"s =1. 
Hence oe wy 
a 
f 1 
Therefore [ye =e 


243. Factors may be transferred from the numerator to the 
denominator of a fraction, or vice versa, by changing the sign of 
the exponent. 








r 1 
1 a"=>—> 
a 
peg Lopes On 
° Ane phe . 
ait 


Note. The fact that @ =1 sometimes appears peculiar to beginners. 


It loses its singularity if we consider the following equations, in which 
each is obtained from the preceding one by dividing both numbers by a. 





a=-|-1-a 
a®=1 
asta 
a 
1 
a-? = —, ete, 
a 


EXERCISE 94 
Find the values of: 


Toda Se. Babe? Tao 
De 2Ee 4. 100°, 6a 2-*, 5 8: 4) 
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9. > 14, 2572, 
1 15s 82a" 
10. 9-2 ; 
1 16. 625 4. 
11. eh at 
: WE eee 
12. (3), 3673 
139955 18./ 0-5 


Express with positive exponents: 











" gn4 ie ee 
25 mie a0 we , 
DA) AG Rae b 

ao) —1 2 
27. 5a-a°. 31. Daatt 
28. Ta b-Ne> Ox 
6 a’b?c7} 6 m-?n 


Write without denominators: 








24,2 23272 

35. 12 a’b : 37. pes 
xyz 
17a a 1b 

36. xD . 38. a . 











211 4/32. 
22./ Wi 
23. 83.4-2 
24. 88.47%, 
a8 ead me 
33. 
Gadd * 
7 ah 
34s 
A a 2b% 
pe 
Hy GREE 
xy 
40 ene 
6 abc 


Write with radical signs and positive exponents: 





41. at - 
mers * 47; 22". 
a. a, ae 
43. Bat. ie 1 
44. ba?. Seat et 
45. (5 a). 9 
“oho 50. 
46. 2m °. ane 


51. 





52. 


53. EE a ee 


54. VWa-Va-Wa 


. 
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THE LAWS FOR NEGATIVE AND FRACTIONAL 
EXPONENTS 
244. Exponent law of division for any values of m and n. 


To prove a” + a" = a™-™ for any value of m and n. 
q™ 


—qnx +—qn.a-n (§ 243) 
a” a” 


= qmn, (§ 239) 


Hence the law is true for any values of m and n. 


245. Exponent law of involution for any values of m and n. 
To prove (a”)" = a™ for any values of m and n. 


Case 1. Let m have any value, and n be a positive integer. This was 
proved in a preceding chapter (§ 239). 


Case 2. Let m have any value, and n be a positive fraction o 





(anya = V(a")P (§ 240) 
= Van (Case 1) 
~ re (§ 240) 


Case 3. Let m be any number and n be negative. 


1 1 


Ce rs Cams % qm 


— aq7m™, 








246. In a similar manner it can be proved that the law 
(ab)” = a"b” is true for fractional and negative exponents. 
Case 1. Let the exponent be i when p and q represent positive integers, 


dk 
Then (az - bY)% = aPbe =(ab)P. 


ae 4 Li 
Hence az - 6% =(ab)4. 


Case 2. Let the exponent be — n, where n represents any number ; 


then 1 1 ae 
— om nb te 
(aD) 2a a"O" 








“19 pai 
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Hence the four laws of exponents are true for any value of the 
exponents, and we have, in general,* 


Fractional and negative exponents are treated by the same 
methods as positive integral exponents. 


247. Examples relating to roots can be reduced to examples con- 
taining fractional exponents. 


Ex. 1. (a20-4)3 = (ai0-2)3 = atd-8 + dot = abot 


_vt_ Sip 
Sa: 


Ex. 2. 2V/aVvb ee 2a-b3 * _ 64 a3? _ 64 a2 
3VaVb Zaint/ 729ab® 7290 








248. Expressions containing radicals should be simplified as 
follows: 


(a) Write all radical signs as fractional exponents. 
(6) Perform the operation indicated. 

(c) Remove the negative exponents. 

(d) If required, remove the fractional exponents. 


Notre. Negative exponents should not be removed until all operations 
of multiplication, division, etc., are performed. 


EXERCISE 95 


Teer OO 2 OS". 7 @s+a* 
Dene 2 a. 8. 12a *+6a~. 

3. a2. ad. ae, 9; a t+2a%. 

4. 5F 52.517. 5e, 10. Am? if ig ft 6m-"., 
5. ad. 2a3, 11. (V3) 

6. 2a?%-2a%.2at, Tame ori V2). V2 


* Trrational and imaginary exponents cannot be considered at this stage 
of the work. 


13 
14 
15 


16. 


Hi 
20 
21 


22. 32 - /128. 
23. (a)%. 
24. (/x)8, 
25. (Wp)? 
26. Va-WVa-Va 
40. (Va). 
41. Val. 
a2, Va. 
43. Va. 
ab* 

SN 
si Cs ae) 
52. (Cae 

(4) 3. Vy 
53. i.) 
16Va? - Va’ 
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meV To ty 1 

No eet o. 
icy) 2 
2D Sax 28. 
iN GaN eG 
V4. VB. 
wr, 4 = 22, 

. V4. 512. 

ay Sl 27s 





30. 


31 
32 
33 
34 
35 
36 
37 


38. 


a5. Val, 
46. (Vary*)> 


Amati 


Ya. Ye 


V125 - V5 


Vo. 


. Ves Ve 
. Va a8, 
. Vai + Vo. 
. Va® + Va. 
. Vat Vat, 

. Va-Va+ Va 


V32 


V3. YA 


Vas Ye 


aT (Vay *)s 


54 


5 


ol 


2 





Var 


OR) 
—3 

48. 27a 
64 b-* 


2. 





V aa? 
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Va. Ya. Xai, 
YB. YB, 


aN 
i 


3 ata? 


a*b } 





4 56. Vala 
BTsnt Var» an), 
a oe dv} Va 
: V/p- \a ot 


\. 
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59. = Cee Aa ee\S 5 
ay? ays 
ate ae BT. 

5 — 

Leesa co 

61. Vay = ay 
Bee Oh. ae 

62. SAE NA ago 

Va + ot 





ALGEBRA 
Brtl (oye 
63. LA aro 
64 heres A ques : 
Vom 
ne CR 
CEO re ANG ie - 
Vx Va Vx 


249. If we wish to arrange terms according to descending 
powers of w, we have to remember that the term which does 








not contain # may be considered as a term containing x. The 
powers of & arranged are: 
Ge Sg ase, ee 
Ex. 1. Multiply 3a1'+a—5 by 2a—1. 
Arrange in descending powers of «x. 
Chee iste. 
—54+382a71 eee 
2a%—1 =+1 
2427—10x2+ 6 
— “e+ 5-321 
Peet Ze 1p 3 as! =—1 
Ex. 2. Divide 
Vai —4V/t!—6aVb4+9VeU by 2V0?—3-Vab + Vor. 
4 2.3 
ae — 6 abs + 9asb3 — 
ae 2° 2 
as — 3.ab3 +2 a%b3 
2°2 23 
~ 3 ab3 + 7a%bs —4b3 
1 203 1 
— 8ab3 + 9a'b* —6 ab 
2 


~ 2a5d3 + 6atd — 


2 


4 
48 


2 4 
~ 2a5b3 + 6 a3 — 408 
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Ex. 3. Find the square root of 
PP 2 
PG, To yf as PRONE 

wx 


a? 


Write with fractional and negative exponents: 


1 3 1 
a? —2a%x+3a—2a72x1+ aa? | x — a? + ar! 


42 


a ~202e+3a 
—2 aa He 2 
2x —2a2 + ax-1 2a —2a2e-1 + are-2 
2a—2 oan) + a@a-? 
This answer may be written without negative and fractional exponents: 


a 
%—Va + 





EXERCISE 96 


Perform the operations indicated : 
(8a~—4a*+5a)(2a’—a-). 

(2 2? —3a1+2a4—3) (24-1). 

(a-™ + ao + 1) (a-™ + w™ — 1). 
(3a+5Va+3)(8a—5Va+8). 

(at +.2.a—a?—2)(2a—1). 

Cla EA OHEL) (fen Bea dy, 

(Va? + 2 Vab — V0) (Wa? — 3 Vab + 20%). 
(a™9—2+a-™"—a~™)(a™" +a" +1). 
(42 2 —10 aty? —12 y) + (7a? + 34>). 

(2a! +18 —3a?—7a)+(2a?+3). 

. (404 30a1—9—2a%+248a!—5a-). 
. 12a? — 28 Va +15)+(6 Va—5). 

. (a—b)+(Va— V2). 


<O Re ae cht a eee ce a 


eS = ee 
orto) et OS 
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14. 4Va+3+4 Va)+Wae+3—2Va). 

15. (7’™—6a"—19+484a™")+(1 —Ta2-”). 

16. (a+b+2Vab? + 2Va')+(Vai + Vb? + Vab). 
17. V9a-*+ 240a7+46 + 404425 a2 








ig. Vee—6a!+132—1208 +4. 

PA9) A/ EO pe 2 a. 

21. (49 a? —42 Va + 87 ab —12-Vabi + 4b)?. 
22. (2a™4+2a-™4. 34 a%™ 4 gr2myh, 


23. (2ax+16 V9 ata —8 V72 ala 7D avast), 


24, (Ltat2Va+ Vat+2Vae+ 2a". 
Wan 2d 1G oy One oan 

Saat VE ava 

26. (84+V5+4+2V6)(V5+-6). 

a7. (24+3-V8+4V6)(2V843 V6). 

28. (4V5+5V6+4)(5+6 V6). 


o. (eval) 
30. (Va+ v5-+1)(yE+ 2-1). 


. (2-Va+4a) 

32. (1—-Va+a)*. 

33. (1—4-Va+6a—4ava+ ari. 

4 415) Gea 3 8 —.\ 











3 36Va 18a Vai 














y 3-Va 


35. 
36. 
37. 
38. 
39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
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(x? + 3) (a? —d). 

(a? + y?) (at — 9). 
(a2 _ b2)?, 

(a+a7")?, 

(a —a*)*, 

(a? — 9) (a? +9). 
(x? +1)%, 

(at +12 

(a3 + BB). 

(a3b3 _ ath) (aot + a%b?), 
(a* +a)’, 

(a? — 7 b*) (a* — 30°). 
(a — b-")*, 

(a™ + 2a") 


49. 


60. 


61. 


241 


Find by inspection the values of the following: 


(a+1+a)? 


» (m?+2—m~*)’, 

A Cai Oo) a a 
Ca ARC iinet B09 

. (a—b)+(at + 04). 

- (a—b) + (a? — d). 

. (a>—b*)+(a!— bd). 
: (x + 8)-+ (at + 2). 


Vim + 2m? +1. 


58. Vai +2 ass + D3, 
. (9a-%— 12 ab? 4.4 b-4)2 


(a? + 2 + 9-22, 
(a? + 3a? +3a7+1)!. 


CHAPTER XV 
RADICALS 


250. A radical is the root of a quantity, indicated by a 
radical sign. 


251. The radical is rational, if the root can be extracted 
exactly; irrational, if the root cannot be exactly obtained. 
Irrational quantities are frequently called surds. 

V9, (a + y)3 are radicals. 
42=2, V(a + 6) are rational. 
V2, V4a-+ 0 are irrational. 


252. The order of a surd is indicated by the index of the 
root. Va is of the second order, or quadratic. 


\/2 is of the third order, or cubic. 


Vc is of the fourth order or biquadratic. 


253. A mixed surd is the product of a rational factor and a 
surd factor; as 3Va, aV3. The rational factor of a mixed 
surd is called the coefficient of the surd. 

An entire surd is one whose coefficient is unity; as Va, 
VE ry 

254. Similar surds are surds which contain the same irrational 


factor. 3V2 and 5av?2 are similar. 
- 3V2 and 3vV3 are dissimilar. 


255. Conventional restriction of the signs of roots. 
All even roots may be positive or negative, 
e.g. \/ 4 9 Orbe: 


Hence 5V44+2V4=5(+ 2) +2(+ 2), 
242 
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which results in four values, viz. 14, 6, —14, or —6. To avoid 
this ambiguity, it is customary in elementary algebra to restrict 
the sign of a root to the prefixed sign. 


Thus 5x4 on 7/4 = 14. 
5V2—V2=38v2. 


If the object of an example, however, is merely an evolution, 
the complete answer is usually given; thus 


Vier—4e+4=+4 (~—2). 


256. Since radicals can be written as powers with fractional - 
exponents, all examples relating to radicals may be solved by the 
methods employed for fractional exponents. 


Thus, to find the nth root of a product ab we have 


1 oy a! 


(ab)*"=a"b" (§ 246). 


Ie. to extract the root of a product, multiply the roots of 
the factors. 


TRANSFORMATION OF RADICALS 


257. Simplification of Surds. A radical is simplified when 
the expression under the radical sign is integral, and contains 
no factor whose power is equal to the index. 


Ex. 1. Simplify 25 a‘. 
V25 ath = V25 ai. Vb = 5 a®Vb. 
Ex. 2. Simplify \/16. 
V16 = V8. V2 = 2V2. 
Ex. 3. Simplify V48 ab". | 
V48 ab = V16 atl? V3 ab? = 2 ab? V3 abt, 
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258. When the quantity under the radical sign is a fraction, we 
multiply both numerator and denominator by such a quantity 
as will make the denominator a perfect power of the same 
degree as the surd. 


Ex. 4. Simplify V2. 





cipro 
Ex. 5. Simplify ae 
al 


3] 3 3 
4 273 4 x7y> 3 ab? 12 ah2x2y3 Y 3 
= . a = ——v/ 12 ab*x2. 
NG bin ND Gers Chie oy aihhn aid ab nn ae 
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Simplify : 
Ly /28. 12, 248 a®b*. 23. ~/250. 
DN AD, 13. 3V8. 04. ~/GA8. 
3. V18. 14. 580 2. PY eY og hr 
ao NAR BRN ACRS 9 el alana 
5. vat. 16. 6V150 « arb”. a1, BSI. 
6. V96. Tiel (ie 
7. V2. acer gee NE 
8. V320. 19. SOL a 29. Varner 
9. V405 a. 20. 4270. 30. Vardi. 
10. V363 2. 21. 80. SO cant 
11. V24a%. 22iin/ = Asie 32. V3(a+b)*. 
33. V2(a?+ 2 ab+b°). 34,02 eles 
Bhan cc! — 2. 39. V1. ebay Ee 
36. (9a4+ 18)* am J. 43. V8. 
37. (64 a°d%c!’)s, 9 44. V5. 


1 
38. V4. 41 ei 8, 45. 19. 


a 
I? 
pz; 
48. C¢ eat 
Cc 
3/72 
49. ¢ — 
C 

50. Wt 
Le. 

3 
4 a? 
52. pea 
5 

53. V2 


54. 


55. 


56. 


57. 


58. 


59. 
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Nee 








erage y 
Bae bt 
b 2d 


245 
60. s 


Gls 

















62. 4 Czas 








r) il SR ge 
CR US sie 
ee a ee 
DiINOes 

m 
h™ 

65. @ 
qm 


259. An imaginary surd can be simplified in precisely the 
same manner as a real surd; thus 


feet ee 4m2_ 2 
USBI NY ee Gerace ak 


Simplify : 
66. V—a. 
67. V—16m. 


260. Reduction of a surd to an entire surd. 


Ex. 1. Express 4aV0 as an entire surd. 


Ex. 2. Express 





qth 


i 


4avb=V16 a2Vb = V16 ab. 
a a Qn—lpntl 


qnrtl 


a "lQn—lpntl — lan. Qn-1, pntl _ siee 
nN anbrant1 VO 


as an entire surd. 
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EXERCISE 98 


Express as entire surds: 














ie 2 V3: 9. 4V 150%. 14. 2eU Go, 
Fyfe ged atb 
2. 3r/2. ete AYE. 
3. 3V3. NS a ise 
n VYm*t} 
Ae 
AEN ER a 2a 327d. Penny ces 
5. ive. 3b Va mee a4] eS 
3/4, ete 2n 
ue iv4. 12: Pe slaa. 1% 20 yf : 
Nryn + 
1 a/b. Y 2" 


3 ae MAT she 
naa 4 Los Pan er 18. ieee aremecs nm — n*. 


261. Transformation of surds to surds of different order. 


Ex. 1. Transform ~V/a*t? into a surd of the 20th order. 


4 3.2 pity) aay 9 
V ab2 = atbt = @29h20 — 4 @5p10, 





Oo 


Ex. 2. Transform V2, -/3, and -/5 into surds of the same 
lowest order. 


Exponent and index bear the same relation as numerator and 
denominator of a fraction; and hence both may be multiplied by 
the same number, or both divided by the same number, without 
changing the value of the radical. 


1 


2. ab. 
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EXERCISE 99 


Reduce to surds of the 6th order: 


3. {22 
Zz 


Alb, 


No. 


5. 10. 7. Va", 
6. 4. 8. Va, 


Reduce to surds of the 12th order: 


9. Varb?. 
‘10. \/a8b?, 


17. 
18. 
iLO. 


20 


VW 27, 
. 49. 


TL: \/ a‘b*c?. 


12. abc’. 


21 
22 


23. 


24 


TEES 

Bey crbs, 
Vp. 

. W382 wy. 


Tare: 15. v/a-2 
tae sh 16. W/m? 


Express as surds of lowest order with integral exponents 
and indices : 


25. 


26 
27 


28. 





V27 a. og Ne 
Cat ae ¥ 6 
. V81 abt 


Ce 
40720 30 | 25 a 
Yalth ae 





' Express as surds of the same lowest order: 


Siar oa 3. 
32. ~/a, V0. 
33. 1/4, V5. 
34. 7, V9. 
35. V2, V/3. 
A, RON GH 

Arrange in 
43 ey 
44, ~/4, V6. 
45. 7/7, V2. 
46. V5, 


Vlei 124. 


37. 
38. 
39. 
40. 
41. 
42. 


order of magnitude: 

AT. 
48. 
49. 
50. 


93, 38, 

V3, 1/3, V4. 
V8, V8, V7. 
V2, VB, V4. 


/10, 3/901. 

% VE, Var 
5V2, 4AV4. 
AN/8, 20/9, 3-15. 
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ADDITION AND SUBTRACTION OF RADICALS 


262. To add or subtract surds, reduce them to their simplest 
form. If the resulting surds are similar, add them like similar 
terms (i.e. add their coefficients) ; if dissimilar, connect them by 
their proper signs. 


Ex. 1. Simplify VE +3-V18 — 2-50. 
Vi F'38V18 —2V60 — tv2 + 9V2 — 10 V2 = — 1 V2, 


Ex. 2. Simplify Vax — 3 ie a 7 





——— 2 9 
Vax — sea 2h = aV/z LAR = Oe = (0-42) Va, 


Ex. 3. Simplify Re cae DAN) ey 16: 
Vi — Viet V2 —4VE EP V16 ovo — 49 4 CV 48 eo 
= 18 V2 + 8v2— 4Vv3. 
EXERCISE 100 


Simplify the following expressions : 


1 ERS oN) Oem 9, 2/150 — 4/54 4+ 6V/24. 
Bee 187 002-4 50. 101 20/32 2 lo b0 a (2, 
3. V128—V32—v'18. 11. 3V/44 44/994 5V176. 
4. V45 —/245 + -V180. 13.0297 125 — $45 44/20. 
5. V80—V20—V5. 13. V16—/ b4 en 2. 

Gay 63 +700. —/175, 1425/16 + 3 2n0 47 leo! 
7. 3V20+5V45—4,/80. 15. 454+ 5/2504 20/16. 
8. 8V842V3244V772. 16. 3\/250—2°/686+2~/1458. 


17. 4Va'e + 8-V 0% — 2av2. 
18. 3Va3t?— 3aVab?—3abvVab. 


19,83 eV 
20.) Vo —V 20 +4. 
23. 
24. 
25. 
26. 


21. 
28. 
29. 


30. 


31. 
- 32. 
33. 
34. 
35. 
36. 


37. 
38. 
39. 
40. 


41. 
42. 


RADICALS 249 


oe Wy eo 
v2i. 21. V6a+\ Vii dl. 


22. V120+Vs+iv3. 
V32 + BVE + 4VT72. 
ee Ve e+ Ree ab 
128 
1V5 4+ 4-V40 + 8V3 —V125, 
9 meee 
34/ 3 = Nee + 20/84 vu. 


ZL 
V1i + 5V5i — 3-V81. 
8-V/31 — 5-94 — 7-125. 
BY1E —1V142 4+ 26. 


aan a 3/500 B Ne: Cie 
GANG TdeEN ee 512 


V2x+V162+V502 +2 x. 
128 ab +-V72 ab —V/50 ab +-V54 ab. 
W/81 a? + 2/16 a® — V/ 256 a’. 

Vai —Va +-V(a + bya. 

V4 4 40? 4+-V79 490? —5V1 + a? 
Ve + Vee +V ex. 

es oe, ae 

















ee aca? ca? 

ba? bye 
we 44/27 aa —N/125 ae. 
10 /_& 8 iF 
Wah 4 ie 


V—9+V—16—V— 25. 
V—120?+V— 75 a? —V— 48 a. 
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MULTIPLICATION OF RADICALS 


263. Surds of the same order are multiplied by multiplying 
the product of the coefficients by the product of the irrational 
factors, for aWVa+ bVy = abv ay. 

Dissimilar surds are reduced to surds of the same order, and 
then multiplied. 

Ex.1. Multiply 3-25 y? by 5-50 9. 

3V25 y2- 550 y2 = 15 V52-2-52- yt = 75 y-V10 y. 

Ex. 2. Multiply V2 by 3V4. 

V2. 8/4 = V/28. 8V 2 = V28 . 3/24 = 8-27 = BV. 


Ex. 3. Multiply 5V7—2V5 by 3V7+10V5. 





5 TeV 
Sy i elo y > 
105 — 6V35 


+ 50V35 — 100 
105 + 44V35 — 100 = 5 4+ 44-V35 


EXERCISE 101 


Sunplify : 
Weta T- yD: ll. TV5a- V2. 
2. /10* V5. 12. BV -\/Te. 
Bree 3 12. 13. 4V/2@. W/4d. 
4, 2\/28. v7. 14. 3aVa?. Va. 

3/7 3/5 ee babes 
5. Va ee 15. 6aValy - Vary. 
Be 25 - 4/5: Ps ne 
7. 3°/49 . °/7. Bie aN 
8, 3x/2.: ¥/4. ae 

a S le St cone 

9. ava-avz. va V3 


a 
<a 


5Vaa-3V5 a. 18. (V38+V44+V5)V5. 


19. 
20. 


29. 
30. 
31. 
32. 
33: 
34. 
35. 
36. 


37. 


38. 


39. 


54. 


55. 


56. 
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(2V3 4+3VE+ 4\/5)V38. 21. (a+Vb)(a—Vo). 


(3V5 + 2V3 + V6)V6. 


22. 


(Va+vVb)(Va—vb). 


23. (WB a+tV2b)(V8a—V2 5). 
24. (8V5 + 2V11) (8V5 —2V11). 
25. (Vatytvy)(Ve+y—Vvy). 





26. (Va+Va—y)(Va—Va—y). 
27. (V9.e2+543V2)(V90+5—8V2). 


nw 





(Va + vb). 

(V3 + V2)" 
(14+V2)*. 

(V6 — V5). 
(Ve+ytvVa-—y) 
(a+Vi—a?, 
(—1+-V3)*. 

(3 2-2.) 


ini} 


(Va+vob)°. 


51. 





+ (EEE VS) 
40. 
. (Vat vb)(a+b—Vab). 
. (Vatvb+Ve)? 

. (V24+V5 —V10)*. 

Ed aN) Ge ore V0: 

~ Vat ./al* . Va. 

. VERVE. VS. 

AU CR BN frames 

. VEL. Va— B... 

. (V7 —V3) (V3 — V2). 

» (8V2—2V3)(7V245V3) 


(W3 —V2)%. 








(5V3 + V6) (5V2 — 2). 


52. (2V6+5V3—7V2) 8V3—V2). 
53. (8+V6+4V15) (2+ V6—V10). 


(V3 +-V2) (2V9—3V4). 


Va + Wa. 
Wee Ve 


57. 


58. 


am v2 
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59. V/2- V6. 64. We-Ve-V10e. 

60. V3-V4. 65. (V64V4)(V6—V9). 
61. Va- Vo. 66. (V5 +25)? 

62. Va. Vy. 67. (V2+4+~4)% 

63. V2a- (Be | 


DIVISION OF RADICALS 


264. Monomial surds of the same order may be divided by 
multiplying the quotient of the coefficients by the quotient of the 


surd factors. E.g. aVb-+aVy= ta 


Since surds of different orders can be reduced to surds of the 
same order, all monomial surds may be divided by this method. 


Ex. 1. 4V48 + 3V6=4V8=8Vv2. 
Ex. 2. (V50+3V12) +V2=V243V6=543-V6. 


265. If, however, the quotient of the surds is a fraction, it is 
more convenient to multiply dividend and divisor by a factor 
which makes the divisor rational. 

This method, called rationalizing the divisor, is illustrated by 
the following examples: 


Ex. 1. Divide V11 by V7. 
In order to make the divisor (V7) rational, we have to multiply 
by v7. Vils Willy tee 
Vi) ov ieee 
Ex. 2. Divide 4V3a by 3V2 0. 
The rationalizing factor is evidently V4b ; hence, 
4V3a _4V3a , VEb_4Vi2ab_2V12 ab. 


BV2b? 8V202 V4 3.26 3b 
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1 
eS eel DLL Y) sae 
PO 18/8 Ve 
1 eo Vn Va oe 
sale Aaya Valve  4ab 
Ex. 4. Divide 12V3+4V5 by V8. 
Since V8 = 2V2, the rationalizing factor is V2, 
Q ¢ Q /D eB WM = — 
12V3 AMOR 12V3 4+4V5 | V2 _ 12V6+4V10_ 364 79, 
V8 V8 V2 4 








266. To show that expressions with rational denominators 
are simpler than those with irrational denominators, arith- 
metical problems afford the best illustrations. 
a by the usual arithmetical method, we have 

3 


1 a 


To find, eg. 








But if we simplify = _ V8 _ 1.73205, 


Either quotient equals .57735. Evidently, however, the 


division by 3 is much easier to perform than the division by 
1.73205. Hence in arithmetical work it 1s always best to 
rationalize the denominators before dividing. 


EXERCISE 102 


Simplify: 

1. V12+-6. 4. V6a~+V22. 
2. 18-2. iy Ave baemy 
Sey Opa oe 6 


. 4V6 +472) +72. 
Pn doe b 3/16 — 2 hos ee 


VeVi 1. Vab+/*. 
; osl 1 ie NE 


of i eole 12. °/2aty +<|—. 
10. Ve —ysVa—y. i Nay 


ee 
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2 
13s Tyee 23. oie 
Va 2V/8 Bahn 
A es 193 a 
Va 5V32 Va? 
i eee 2 eee Aah ee 
V3 Va Vv ae 
2 2 
lege ph ae aes ag i 
V2 Ve Va—b 
yg, tela. Dea a 
V7 Ve+y 


Given V2=1.41421, V3=1.73205, VW5=2.23607, and 
V6 = 2.44949, find to four decimal places the numerical values 
of : 














27. ae 29. Sane 31. BPE 
Wid 3 V8 
ap, eae di, Pep a 
V3 V5 /50 
9» € € 
33 eee 34. 12 35. “ . 36. 12 | 
125 V6 V/20 V/45 


267. Two binomial quadratic surds are said to be conjugate, 
if they differ only in the sign which connects their terms. 


Va+vVb and Va — Vb are conjugate surds. 


268. The product of two conjugate binomial surds is rational. 
(Va + Vb) (Va — Vb) =a—b. 
269. To rationalize the denominator of a fraction whose 


denominator is a binomial quadratic surd, multiply numerator and 
denominator by the conjugate surd of the denominator. 
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2V3—V2. 
V3—V2 
2V3—V2_2V3—V2 VB 4+V2_44+ V6 


Ex. 1. Simplify ——————= 





=44 V6. 
Se Ney ese Va+Ve" 3-2 
Ex. 2. Simplify 7 SAL ene ae 
G+ 4/9? — 1 
a—Ver—1_ 2—-Ve2—1 2£—-Vae?—1 _ wt —2aVa?—-14+22-1 
Bt 1 Xt+VeF—1 &—Vae?—1 a? — (x — 1) 


—242—-1—24Vx?—1. 
_ Ex. 3. Find the numerical value of: 





Wie te 2 

ary ws 
V2+2 _ V2+2 2V2+1_6+5V2_ 13.07105 _ | g67g 
DV se NT Gy 5 RA | OR EE | 7 7 


270. If the denominator is a trinomial quadratic surd, two 
multiplications are necessary to rationalize the denominator. 


a Ex. 4. Rationalize the denominator of: 
14+V24Vv3. 
14+-V2—V3 | 
14+v24+ V3 _ 14+-v24+V38  14+V2+Vv3 _642V24+2V3+4+2V6 
1+V2—-vV8 (1+V2)-v3 (1+v2)4+V3 (ie 2v/2--2)— 9 
PSR a/v Slay Gp eV oe BV 22 -LN/ Geo. 


v2 v2 2 


EXERCISE 103 


Rationalize the denominator of: 





1 Lyi, 3 ae. 5. ov bee 
PN OA - dee ONS (ia 
em nee a0 Pose lnals: ” 





2/3 " AASOA/B. 10 305 


10. 


Lt 


22. 


23. 


24. 


25. 


26. 
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2—Vv2 FUN A bin 1 
24/2 8V7 +5V3 Vatvy 
34V3 - 5V3—38V5 “ps Ve—vVy 
Seay Vb No Va+wvy 

24 ua, DVE+5VT a9, SH Ve 
A Say A/T 5 —WV/x 
vb—v3 15. v6 —-V3. 20 atbVa 
V384V72 V3 —V2 c+dVva 
ENING i gn athe 3] Raheem 
4/3 — 38/2 a+ /a Vatwvb 
C—O L4vV2—3 

2 ax if 
ERE 0 |} 28. ————___—____.. 
V2ax+aVa V24+V734V75 
AD soN) Chea si; 1-4/5 0 
Va+b—Va—b Bi Ree ny Ontny 7 ey 
a? 1 

oe aers ISLS Coxe cers cmap 
a+vVa?—b : YAN & tig baa 25 
Ee yp ees 
pares VV3—1 


Given V2 = 1.41421, V3 =1,73205, and V5 = 2.23607, find 


to four places of decimals: 


32. 


33. 








4 = 34. : _ 36. vic 
1++2 Sera DNS 
. 35. V6 tag 7 
a a/3 V6+V3 712. 25/8 
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INVOLUTION AND EVOLUTION OF RADICALS 


271. Powers and roots of radicals can be found by the use 
of fractional exponents. 


Ex.1. Find V~%/,. 
Ex. 2. Find the square of \/2 a. 
(V2 22)2 ea 42) 3 — V4aet = a2V4a. 
272. A case which frequently occurs is expressed by the 
formula Va" =(V/a)". This equation is correct since each 


member equals a". It should be remembered, however, that 
the signs of the two members are equal only if they are 
restricted in the manner of Article 255. If the radicals are 
taken with all possible signs, a" does not necessarily equal 
(Va)”, as illustrated by the following example: 


(Va)?= a, by definition of square root, 
Ve= +a. 
Ex. 3. Find (2Va's)'. 
(2 Vata) 4 = 24 Vo8a® = 16 a2ao Vora. 
Ex. 4. Find /144. 
V/1448 = (144) = (4 12)8 = 4.1728. 


EXERCISE 104 


Simplify : 

1. (2V2)2. 5. (4ax/2)°. 9. Vive, 
2. (2V a)? 6. V8. 10. V-Vz. 
3. (2V a4. yee 1258 11. Va. 
4 


. (ava), s. Vi6=. 12. V Vay 
8 
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SQUARE ROOTS OF QUADRATIC SURDS 


273. A quadratic surd cannot be equal to the sum of a rational 
expression and a quadratic surd. 


For, if possible, let Va=b+ve. 

Squaring both members, a=vl?+2bVc+e. 
bs hg Ie 

Solving for Ve, Ve= a 


That is, a quadratic surd is equal to a rational expression, 
which is impossible. 


274. Ifa+Vb=x4+-y, then a= x and 6=y. 
Suppose a were not equal to a. 
Transposing a, Vb=a—a+vy, 


which is impossible. (§ 273.) 
Therefore a= a, and hence b= y. 


275. To find the square root of a binomial surd. 
To find the square root of 17 + -V240. 


Assume V17 +240 =Va+ Vy. 

Squaring both members, 17 +-V240 =a + 2Vay + y. 

Then, by § 274, _ 2 + y = 17. (1) 
2V xy = V 240. (2) 


The solution of (1) and (2) gives the values of aand y. The 
most convenient method for solving consists in subtracting the 
square of (2) from the square of (1), thus obtaining (# — y)’. 


Squaring (1), a? + 2 vy + y? = 289. (3) 
Squaring (2), A xy = 240. (4) 
(3)-(4), a — 2aey+y?=49. (5) 


Extracting square roots, e— y=". (6) 
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But e+ y=17. (1) 
Therefore = 12 and yd. 
Hence V47 +240 = V12 + V5. 


V17 +-V240 = +(2-V3 + V5). 
If in (6) we select —7 as the square root of 49, the values 


of w and y are interchanged, and the final answer is the same 
as before. 


Nore. The preceding example gives a rational x and y, because 
17 — 240 is a perfect square. In general the method can be used for 


the finding of Va + Vb only if a2 — b is a perfect square. 


Ex. Find V2a—V4a?—4 0°. 





Let Wnt (ed aes ayy. 

Squaring both members, 2 a — V4 a?— 4b? =a — 2Vay + y. 

Then, by § 274, rt+y=2a. (1) 
2Vaey = V4 a? — 4B. (2) 

Squaring (1), e+ 2xy + y? = 4 a2. | (3) 

Squaring (2), 4ay =4a?— 402, (4) 

(3)-(4), 2? —2ay + y? = 4 

Extracting the square root, “e—-y=2b. 

But x+y=2a- 

Therefore x=a+b, y=a-b, 

and V2q—Via— 40 =4(Vat+b—Va—D). 


EXERCISE 105 


Extract the square roots of the following binomials : 


tal Fee 10: 5. 7+ 40. 
293 ser Ny 6. 19 —4V 12: 
oy LEAVES Ge See titi 
4, T+ 24, 8. 46 —3/20. 
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9. 9445. 142833 10-47 9: 

10. 83 +1235. 15. m+n+2Vmn. 

TLL LA 164 20+) — JV a. 

12. 69+16V5. Vege 2 ON oe 

13 ge ny ics 18. 24+2¢0—V4(1+@+a°) 


276. -To find the square root of a binomial square by inspection. 
According to § 65, 
(V54V3)?=5+2V5-343. 
=8+2V15. 
If on the other hand we had to find V8 42/15, the 


problem would be quite simple, if presented in the form 


V5 + 2/3 -5+3. To reduce it to this form, we must find 
two numbers whose sum is 8 and whose product is 15, viz. 
5 and 3. 


Ex.1. Find V12 +220. 


Find two numbers whose sum is 12 and whose product is 20. These 
numbers are 10 and 2. 





V12 +220 =V10 + 2V10 X 242. 
=vV10+4+ v2. 
Ex. 2. Find Vit —6v2. 
Write the binomial] so that the coefficient of the irrational term is 2. 
Vill —6V2=V11 —2Vvi8. 


Find two numbers whose sum is 11, and whose product is 18. The 
numbers are 9 and 2. 


Hence Vii —6V2=V9—2V2-9+-9. 
—/9— v2. 
—3-—v2, 
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EXERCISE 106 


Find by inspection the square roots of the following expres- 
sions : = 


ibs Pies ORV EE By eh ew LU: ER ah Se See 
Dh th eS (5 yf eee 9, kG Vee. 
CRT 2 Dae is Wet loan ye 10. 30+12V6. 
40 6-2/5: 

Find the fourth roots of: 

Wile yp =a RV OES 12. 28+ 16V3. 


RADICAL EQUATIONS 


277. A radical equation is an equation involving an irrational 
root of an unknown number. 


Vi=5, Vet+3=7, (2 x — 2) = 1, are radical equations. 


278. Radical equations are rationalized, i.e. they are trans- 
formed into rational equations, by raising both members to 
equal powers. 

Before performing the involution, it 1s necessary in most 
examples to simplify the equation as much as possible, and to 
transpose the terms so that.one radical stands alone in one 
member. 

If all radicals do not disappear through the first involution, 
the process must be repeated. 


Exel? Solve. wo 12 — xv = 2; 


Transposing «, Va2+12=242. 
Squaring both members, e?4+12=—9¢74+4474+4, 
Transposing and uniting, —4x%=-8. 
Dividing by — 4, ena 


Check. The value x = 2 reduces each member to 2. 
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Ex. 2. Solve 6V2+5—3=4V24+5+4+17. 


Transposing and uniting, 2Vx + 5 = 20. 
Dividing by 2, ° Vx +5 = 10. 
Squaring both members, x+65= 100. 
Transposing, Lied: 


Check. 6V95+5—8=57; 4V954+5417=57. 


Ex. 3. Solve V#+5+ Va—V/42+9=0. 


Transpose V4x4+9, V2+54 Vx=V4a04 9. 
Squaring both members, e+642Va7+5xex4+4"=42749. 





Transposing and uniting, QVer2+ 54-2444. 
Dividing by 2, Ve+b6ue4=u4+ 2. 
Squaring both members, y274+-5¢4=977442744, 
Transposing and uniting, = 4. 


Check. V44+54+ V¥4— V164+9=384+2-—5=0. 





Ex. 4. Solve V¥14—24+-v11 apa a 
V11—<2 

Clearing of fractions, V154 — 25 # + #24 11—2=8. 

Transposing, V154 — 25% 4+ a2 =a —8. 

Squaring, , 154 — 25%+ 22 =4?-— 16% +4 64, 

Transposing and uniting, —9xr=— 90. 

Dividing by — 9, ea 10; 

Check. Vi4—104+Vil—10=8; 2 =3, 
V11 — 10 


EXERCISE 107 


Solve the following equations : | 


1 Vx=a. 5880 —84/2 e212: 
2. Ve+5=7. 6 Vt —a—b=c. 
63. 5 40/2=8. 7. 18—V40°+72—8=2 2. 
8. V(x—5)(4e+4+4)+6=2, 


4. 54+3Va2=7. 
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9. da—V@at5d)(8e—1)+7=6. 
10. Ve?+122=2+4+2. 

11. Vo+2=38. 

12. Ve+7—Vx—5=2. 

132 oe Oy el 1s 
4, V7e#+1=V72+18—1. 
15. V4e4+1+V4a425=12. 
1656 0 Le 10, 

17. V5b2+64+2=V52+34. 

18. V9e2—114+3=V9-e2 +4 28. 
19. Vz+60 =2Vae+54 Va. 
20. V*et+9—Va2+2= V4a— 27. 


B27: 


28. 


29. 


30. 


BUN AD ee 3 Bil = VO 6: 
22. /9a—2=V252—11—V42—3. 
23. VW92—5 —2./42—15 —Ve—5=—0. 





\ 24. V64-Viq-Veq2=3. 
25. (2V2-+3)(2V2— 3) =T. 
26. (3-V2+4 2) (38 Vx—2) =5. 





38Va—-2 38Vx—5 Va—1 

4Ve—T _Va—T, ae 0 @ 10a en 
5Ve—-6 Va—6 4a+9 
W1—V25¢_ Vae+2. 330 eve { — 2@—3) : 
27-5Va Va-—4 V/2a—10 
Wc, — aa 34. ket tesa or 





Via+z 














4a—TVe+12 — 
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35. 04 Layo Artoe a gh BL fd sce 
VIL 2 
BCE ieee aN 0 eee c 
b—x2 


avi i So gE \/ Go 2b. 
S80 aie e/a 10 Vee 











39 DN 0 ee ax—2b 40 ie 
: sae {Sane ae a aor kes 
VAN Satire ens 7 Bvaet a S300 
41. V3547V5a+4=14. 
42. (1—V2):(14+3V2) = 
43. (44-V2):(4—Ve2)=4:1. 
44, (at+V2):(a—V2)=4a+0:a—D. 
RES (3>/x y = 45. 
4B. 64 \Satve—b_g ie ie eee dae 
a 7Ve—4Vy=11. 


47. V3e—V2e+Va=—2v2. 
a 6Ve—5 —5Vy44= 4. 
 118-Ve 5 +2Vy4+4=60. 


EXTRANEOUS ROOTS :AND EQUIVALENT EQUATIONS 


279. Solve the equation: 


54+ V/2=2 (1) 
Transposing, Va = —. . (2) 
Squaring both members, w=9. (3) 


But the root «=9 does not satisfy the equation (1) since, 
5+V9=8. 


* Consider the equation a proportion and apply composition and 


division. 
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If the value of V9 had not been restricted (§ 255) to its posi- 
tive value, 9 would be the root. On the other hand, no positive 
value of Va can satisfy the equation, since 5 plus a positive 
number cannot equal 2. 

Consequently equation (1) has no root, although the student 
should bear in mind that this is the consequence of the arbi- 
trary exclusion of negative values of roots. 


280. If «=9 is not a root of the equation 5+ Vx=2, it 
becomes necessary to ascertain why the solution produced this 
value. 

In solving an equation, we usually proceed as if the given 
equation were true and we had to prove the correctness of 
each following one; or we prove that (3) is true if (1) is true. 
The real problem, however, is the opposite one, viz. to prove 
equation (1) is true if equation (3) is true. That is, we should 
start from equation (3) and prove successively (2) and (1). 

But the members of (2) are the square roots of the members 
of (3), and if two quantities are equal, their square roots are 
not necessarily equal, as shown by the following illustration: 
(— 3)’?=(+ 3)’, while —3 does not equal +3. Hence (2) does 
not need to be true, if (3) is true. 

In general, squaring the two members of an equation intro- 
duces a new root, as can be seen from the following example: 


Let Caan. 
Squaring both members, x? =a’. 


The roots of the second equation are +a and — a, while the 
first one has only one root, + a. 


281. Equivalent equations are equations which have the same 
roots; as 7+4=-~V/a@ and «=Va—4. 


282. A new root which is introduced by performing the 
same operations on both members of an equation is called an 
extraneous root. 


266 © ELEMENTARY ALGEBRA 


283. Squaring both members of an equation frequently 
introduces an extraneous root. 


284. Multiplying both members of an equation by an ex- 
pression involving # usually introduces an extraneous root. 


Eig. «—4=0 has one root, «=4, 
Multiplying both members by x, we obtain 
e—4e=—0, 
an equation which has two roots, 4 and 0. 
285. The results of a radical equation must be substituted in 


the given equation to determine whether the roots are true roots or 
extraneous roots. 


EXERCISE 108 


Solve the following equations, and if the resulting roots are 
extraneous, change the equations so as to make the answer 


true roots: 
1° Ne eG) 


2. Ve+5—Va=vV404+9. - 
8. Ve+9—Va2+2=V4a—27. 
4. Ve+T7+Var—5=2. 

5. Va+3—Vae—2=5. 

6. Vi+e+Va—2=7, 


CHAPTER XVI 
THE FACTOR THEOREM 


286. If 2 —3a?+4x-+8 is divided by «—2 and there is a 
remainder (which does not contain ), then _ 


e—3e+4a+8=(x— 2) X Quotient + Remainder. 


Or, substituting Q and F respectively for “Quotient” and 
“ Remainder,” and transposing, 


- R= —32+4a+48—(a— 2)Q. 


As R does not contain #, we could, if Q@ was known, assign 
to w any value whatsoever and would always obtain the same 
answer for f. 

If, however, we make a = 2, then (a — 2)Q = 0, no matter what 
the value of Q@. Hence, even if Q is unknown, we can find the 
value of R by making x= 2. 


R= P—3-244-248-J0=12. 


Ex. 1. Without actual division, find the remainder obtained 
by dividing 3a*+ 2a—5 by #—3. 
R=8at+2e%—5—(4—8)Q. 
Let Hsien ar B 
then R=38-81+2.3—6—0 = 244. 


Ex. 2. Without actual division, find the remainder when 
ax* + bx’ + cx?+da+e is divided by «—m. 
R= ax* + ba? + cx? ++ dx +e — (x — m)Q. 
Let i i: 


then R=ami + bm? +cm?+dm+e. 
267 
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287. The Remainder Theorem. Jf an integral rational expres- 
sion involving x is divided by x —m, the remainder is obtained 
by substituting in the given expression m in place of a. 

E.g. The remainder of the division 

(40542411) + (2+8) is 4(—8)§ —4(— 8) + 11 = — 949, 

The remainder obtained by dividing 


(a +4)4— (@ +2)(#-1) +7 by x—1 is 54— 3.047 = 632, 
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Without actual division, find the remainder obtained by 
dividing: 


1. #+32°—382+2 by «—4. 

2. eo —Ta+4a°—2e—4 by x—1. 

3. a®&+2a?—4a+1 by a—3. 

4. @+50+2a+1 by a+2. 

5. («@+1)?— 3(@— 2)(@+ 2) + (@4+1) by x —2. 
6. e&—4arm+4am?+m' by x—m. 

7 w2&—2a'n+4an?—n? by e+2n. 

8. (w7+4)?+ (w+3)'+4+ (+ 2) by +1. 

9. (a—1)(a—3) —4[(a —3)(a—4) — 3] by a—8. 
10. w+ by «—b. 

11. &+0 by a+b. 


12. a®+ b* by a+b. 


288. If the remainder is zero, the divisor is a factor of 
the dividend. 


The Factor Theorem. Jf a rational integral expression involv- 
ing « becomes zero when m is written in place of x, x —m is a 
factor of the expression. 


E.g. if «3 — 3”2— 2a” —8 is divided by x —4, the remainder equals 
43 _3.42_2.4—8—0, hence (% — 4) is a factor of #3 — 3x72 x —8, 
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| 289. A rational integral expression, aw” + ba"-!... ex +f, is 
divisible by «—m only, if m is a factor of f (§ 131.) 
Hence, to factor the expression, we substitute for m exact 
divisors of f, and determine by means of the factor theorem 
whether «— m is a factor or not. 


Ex. 1. Factor 2°—7 2?+72+415. | 


The exact divisors of 15 are + 1, —1, +38, —38, +5, —5, +15, — 15, 
Let x = 1, then x? — 7 x? + 7x2 -+ 15 does not vanish. 

Let x =—1, then x? —72?+724+15=0. 

Therefore x —(— 1), or x + 1, is a factor. 


By dividing by x + 1, we obtain 


e—Te+7¢%+15= (&+1)(a%?-—82+4 15). 
= («+ 1)(4 — 3) (a — 5). 


Hix, 2. Hactor w.-+ bx —07a — ab. 


The exact divisors of a2b are — a, + a, —b, + 6, — ad, ete. 


The substitution « = a makes the expression vanish. 


Dividing by x — a, we have 


x3 + bx? — ae — ab = (4 — a) (ae? 4+ Dex + ax + abd). 
= (*#—a)(«+a)(*#+d). 


EXERCISE 110 


Without actual division, show that: 


1. 104°—4o*— 13 2?+ 7 is divisible by #—1. 

2. at—4 a? —Ta— 24 is divisible by a—3. 

3. at+ a — ab? — 8? is divisible by a—b. 

4. ¢@4+32a?—424—12 is divisible by 2 — 2 and @ 4 2. 

5. (w+ 1)?(@— 2) —4(a@—1)(a—3) 4+ 4 is divisible by #—1. 

6. 6a[4(@+1)(@42)—47]—#—2°?4+32—6 is divisible 
by «— 2. 

17. 62 —3a'—50°+52?—22—3 is divisible by «+1. 
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Resolve into factors: 


oe 


3 Za 4 12. ¢—T2-+6; 

9. ¢-+2e—s; 13. n?}—Tn—B6. 

10. 3a°—8a-+5. 14. p4+7p°?+14p+8. 
112" a? 4-6 0 es: 15. m®’—19 m+30. 


16. 42°—1382+6. 

17. 7 — 9 en ne 1S nt 

18.520 —boe —1o toe: 

1900 oo eee 

20,00 1 oe — 2: 

21. w—(Ba—bd)e’?+2 a—38 adjx+ 2 ad. 

22. v2 —(a+b+c)a’*+(ab + be + ca)x — abe. 

23. #&—(8a+2 b)a’+(6ab4+2 a@)x—4 a’. 

24. Find the H.C. F. of 3 a?+5 a?—a+2 and a’+a’?—a-+2. 


25. Find the H.C. F. of 92°+ 18 2? —_a—10 and 3 2°4 13 2 
+22—8. 

26. Find the H.C.F. of a—a’?—5a—3 and a—42? ; 
ee feeb, 2 


290. If n is a positive integer, it follows from the Factor 
Theorem that 


1. w"—y" is always divisible by x — y. 
For substituting y for a, a — y= y" — y”=0. 
2. 2+ y" is divisible by x+y, if n is odd. 
For (— y)*"+ y"=0, if n is odd. 
By actual division we obtain the other factors, and have for 
any positive integral value of n, 


x” — y" = (a — y)(a"— 1 + er 2y 4 a" — By? + y"—1).* 


* The symbol --- means ‘‘and so forth to.”? 


THE FACTOR THEOREM ZL 


If n is odd, 
an Js y” a + Me — ome je rok tae oes =f ten): 
e.g. 2° — yP =(% — y) (at + ay + aty? + ay? + yt). 
a? + y? = (a + y) (at — wy + ay? — xy? + yt). 
291. It can readily be seen that x+y” is not divisible by 


either «+y or a—y, if nis even, and that #”—y” cannot be 
divided by «+ y, if n is odd. 


EXERCISE 111 


State whether the following expressions are prime or not, 
and factor whenever possible. 


ede ele 4. m+’. Te 1a". 10. at— bd”. 
ae ana a eet ried rs Nel ROPE hel Ai e Wy tee hs 
S907 4eb7. Gril. oe aes BU. L3ie at — pb 


[For additional examples of this type, see Appendix II. ] 


AP THR: VS 


GRAPHIC REPRESENTATION OF FUNCTIONS 
AND EQUATIONS 


REPRESENTATION OF FUNCTIONS OF ONE VARIABLE 


292. An expression involving one or several letters is called 
a function of these letters. 


x? — 2+ 7 is a function of z. 
2 ay —y?+ 3 y° is a function of # and y. 


293. If the value of a quantity changes, the value of a 
function of this quantity will change, e.g. if # assumes succes- 
sively the values 1, 2, 3, 4, #7 —a#-+7 will respectively assume 
the values 7, 9,13, 19. If x increases gradually from 1 to 2, 
a’ —x +7 will change gradually from 7 to 9. 


294. A variable is a quantity whose value changes in the 
same discussion. 


295. A constant is a quantity whose value does not change in 
the same discussion. 


In the example of the preceding article, x is supposed to change, hence 
it is a variable, while 7 is a constant. 


296. A .convenient method for the representation of the 
various values of a function of a letter, when this letter 
changes, is the method of representing these values graphi- 
cally ; that is, by adiagram. This method is frequently used to 
represent in a concise manner a great many data referring to 
facts taken from physics, chemistry, technology, economics, ete. 


* This chapter may be omitted on a first reading, 
272 
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297. To give first a diagram of one of these applications, let 
us suppose that we have measured the temperatures at all 
hours from 12 m. to 11 p.m. on a certain day, and that we wish 
to represent the results graphically. Draw a line OX, and 
lay off on it equal parts, representing the hours. Then O rep- 
resents 12 o’clock; 4, four o’clock, etc. At each point draw a 
perpendicular line, and make it 
equal to the temperature of the 
corresponding hour (any conven- 
ient length being taken as a unit). 

By imspection of the diagram 
it can be seen that the tempera- 
ture at 12 o’clock was 3°, at1 p.m. O 
5°, at 2 p.m. 62°, etc. 

But it is possible to represent .C 
in the diagram the temperatures of any particular time between 
12 m. and 11 p.m.; thus the perpendicular AB indicates that 
the temperature at 3.30 was 7°. We may also omit the per- 
pendicular and simply draw its end point; as point C. By 
measuring the distance of C from OX, we find that the tem- 
perature at 11.20 was — 3°. 


is) 








ee apa ee See | 


12 3A456769 


298. If we would represent the temperatures of every mo- 
ment between 12 and 11.20, we would obtain an uninterrupted 
sequence of points, or a 





curved line, as shown in the HEA EEREE 
next diagram. This curve is dice Nik ie 
said to be a graphical represen- a 








tation or a graph of the tem- / coos \ 
peratures from 12 to 11.20. Laie 
To find from the graph the 
temperatures at any hour, 
e.g. 2.30, take a point A, 24 
units from O, and measure 
the length of the perpendicular at A ru drawn in the diagram). 
T 
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EXERCISE 112 


From the diagram find approximate answers to the following 
questions : 


1. Determine the tem- 
perature at: 

(a) 5pm. (6) 1.30 P.M. 
(c) 5.45 p.m. (d) 11.45 a.m. 


2. At whathourorhours 
was the temperature (a) 6°, 
(b) B®, (c) 1°, (d) —1°, (0) 0°? 

3. At what hour was 
the temperature highest ? 















































4. What was the highest temperature ? 
5. During what hours was the temperature above 5°? 


6. During what hours was the temperature between 5° and 
4°? 
7. During what hours was the temperature above 0°? 
8. During what hours was the temperature below 0° ? 
9. How much higher was the temperature at 4 than at 
8 P.M.? 
10. At what hour was the temperature the same as at 1 p.m. ? 
Ae During what hours did the temperature increase ? 
12. During what hours did the temperature decrease ? 
13. Between which two successive hours did the temperature 


change least ? 


14. Between which two successive hours did the temperature 
increase most rapidly ? 


299. Graph of a function. To represent the various values 
which an algebraic function, e.g. 3+ 3%—12’, assumes, when 
x changes from — 3 to +9, let us substitute in 84+ 3a—12’, 
successively the values — 3, —2, —1, 0, 1, ete. 
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If x respectively =— 3, —2,—1, 0,1, 2,3, 4,5, 6, 7, S79, 
then 3+ 3% —122=— 38, —1, 114, 3, 44, 5, 54, 5, 44, 3, 14, —1, — 34. 


Selecting any convenient length as a unit, we lay off on 
a line OX from O the values of a, and at each point 
erect a perpendicular equal 
to the corresponding value of 
34+3a—12", 

To find e.g. the point repre- 
senting that, 

















for «=2,3+8a—i127=5, 








we lay off OA=2, and at A 
draw a perpendicular AB=5. 
Similarly for all other points, 
as CO, D, ete. Since the posi- 
tive values of a are laid off from O toward _X, negative values of x 
must be laid off from O in the opposite direction; as OF = — 2. 
Similarly negative values of 34+3a%—12? must be laid off in 
a direction opposite to the positive values, as FG =—1, or 
HI =— 33. 




















300. The lines OA and AB are called the coérdinates of 
point B, OA is the abscissa, AB the ordinate of point b. The 
abscissa of [is OH, its ordinate HT. 


301. The line OX is called the axis of abscissas or x-axis. The 
perpendicular O Y, erected at O, is the axis of ordinates or y-axis. 
The point O is called the origin. Abscissas measured to the 
right of the origin, and ordinates above the x-axis, are considered 
positive. 


302. The point whose abscissa is # and whose ordinate is y 
is often represented by (a, y). Thus (2, 5) represents the point 
B, (— 2, —1) is the point G. - 

The point (a, y) can also be obtained by first laying off y on the y-axis, 
and then drawing x perpendicular to oy at the extremity of y. 
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303. If we should rep- 
‘resent the values of the 
function 3 4+ $a —1¢? for 
all values of « from 
e=-—3 to =+9, and 
should omit the perpendic- 
ulars, we should obtain a 
continuous succession of 
points, or a curved line 
as shown in the diagram. 
This curve is called the 
graph of the function. 










































































Notre. It is convenient to use for such drawings codrdinate paper, 
i.e. paper divided into squares, as shown in the diagram. An ordinary 
ruled sheet can also be used to advantage. 


EXERCISE 113 


Find from the diagram of the preceding article approximate 
answers to Exs. 1-19. 


1, Determine the value of the function, 3+ 3a — 12%, if 
(a) e=— 21, (b) ex=5, (c) x=61, (d) x= 8h. 

2. What value or values of # will make 3+ 3a—12? equal 
to (a) 3, (0) 4, (¢) ey 2, (d) 1, (¢) 0? 

3. What is the greatest value which 3+3a¢—12 can 
assume between x=—3 and x=+4+9? 

4, What value of a produces the greatest value of 3+ 3a 
—1,2? 

4a? 

5. What values of x produce positive values of 3432 
—1i2? 

6. What values of w produce negative values of the same 
function ? 


7. Between what values must # he to produce a function 
3+3a—1* greater than +3? 


GRAPHIC REPRESENTATIONS ZL 


8. What values of # produce values of the same function 
smaller than — 1? : 
9. What values of a make the same function equal to zero ? 

10. What then are the roots of the equations 8+ 3«—12? 
=i ik 

11. Find two roots of the equation 3+ 3a%—i2?= 2. 

12. Find two roots of the equation 3+3a—12’°=3., 

13. Find two roots of the equation 3+ 3a%—12’?=4. 

14. Has the equation 3+ 3a—12?=6 any real roots? 

15. Find the value of m for which the equation 3+3.a 
—1i2°=m has only one root. 

16. How much smaller is the value of the function for 
oO thanetor ao « 

17. Which other value of 2 produces the same value of the 
function as «=6? 

18. If « increases from —3 to +2, does the function also 
increase ? 

19. Up to what value of x will the function increase when 
w increases ? 

20. Locate the points (2, 5), (3, 6), (8, — 2), (0, 5), (— 2, ee 
(—5, —4), (— 3}, 0), (0, — 4), (—1, 9). 

21. Locate the points (— 2, 0), (0, —2), (—4, —}). 

22. Locate the points (— 3, 3), (— 2, 3), (—1, 3), (0, 3), (1, 3). . 

23. Where do all points lie whose ordinate is 3? 


24. Locate the points representing the values of 2a +1, if 
e=—3, —2, —1, 0,1, 2, 3. 


25. Construct the graph of the function ?%+1, froma = — 3, 
to c= +3. . 

26. From the graph constructed in Ex. 25 find approxi 
mately : 


(a) the value of 24+4+1 if *=—2}, —1, 11. 
(b) the value of a, if 3a+1=— 4, 2, 24. 
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(c) the values of « which make 3+ 1 positive. 
(d) the values of « which make $a + 1 negative. 
(e) the value of « that makes 74+1= 0. 

(f) the root of the equation 3a+1=0. 

(g) the root of the equation 3#+1= 2. 

27. Construct the graph of w, from «=— 5, to x=+4 5, and 
from the diagram determine the following values: (— 14)’, 
(31)2, (2.2), V7, V12, V4.5. (Make the scale unit of the a 
equal to 10 times the scale unit of the «’.) 


GRAPHIC SOLUTION OF EQUATIONS INVOLVING ONE 
UNKNOWN QUANTITY 


304. A rational integral equation which contains the nth 
power of the unknown quantity, but no higher power, is called 
an equation of the nth degree. 


x3— 2% —4 is an equation of the third degree. 


305. The roots of equations of the first and higher degrees can 
be found approximately by the graphical method. 

Ex. Find graphically the roots of the equation 1a°+ 2?—2=0. 

To obtain the values of the function for the various values 
of w, the following arrangement may be found convenient : 


(Compute each column before commencing the next, and see table on 
p. 288.) 























x x Gee 4x8 $23 + x2 da3+ a2 —2 
—5 25 — 125 — 25 0 — 2 
—4 16 — 64 — 12.8 3.2 1.2 
—3 9 — 27 — 5.4 3.6 6 
—2 + — 8 — 1.6 2.4 4 
—1 1 — 1 — .2 8 — 1.2 

0 0 0 0 0 — 2 

1 1 1 2 1.2 — .8 

2 4 8 1.6 5.6 3.6 

3 9 27 5.4 14.4 12.4 
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Locating the points (— 5, — 2), (—4, 1.2), etc., and joining, 
produces the graph ABC. Since ABC intersects the a-axis at 
three points, P, P’, and P", three values of 2 make the function 
zero. Hence there are three roots which are found, by meas- 


urement of OP", OP', and OP, to be approximately — 4.5, 
— 1.7, and 1.25. 
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To find a more exact answer for one of these roots, e.g. OP, we draw 
the portion of the diagram which contains P on a larger scale. 

If « = 1.25, the function equals — .0469, i.e. it is negative. Hence it 
appears from the diagram that. the root must be larger, and we substitute 
% = 1.26, which produces 123 + x? —2 = — .0123. This again being a 
negative value, we substitute «= 1.27, which produces the positive value, 
0226. The root, therefore, must lie between 1.26 and 1.27. 

Making the side of each small square (diagram IT) equal to .001, we 
locate the points (1.26, — .0123) and (1.27, .0226), i.e. B’ and C’. Since 
in nearly all cases small portions of the curve are almost straight lines, 
we join the two points by a straight line B’C’, which intersects the x-axis 
ine. 

The measurement of OP gives the root 


x = 1.26387, 
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an answer whose last place is not quite reliable. Restricting the answer 
to three places, we obtain the root 


% <> 1,264. 


If a greater degree of accuracy is required, a third drawing on a still 
greater scale must be constructed. 


EXERCISE 114 
1. From the diagram of the preceding example find approxi- 
mate answers to the following questions: 


(a) What is the value of 4a°+42?—2 ifa=—1.2? ifa= 
—3.4? ifw=1.5? 
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(6) What values of w will make 12°+2?—2 equal to 1? 
equal to1.4? equal to —2? 


(c) What is the greatest value which 42° + a — 2 can assume 
for negative values of a? 

(d) What negative value of # produces the greatest value of 
the function ? 
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(e) What value of « between — 3 and 2 produces the smallest 
value of the function ? 


(f) What is the smallest value of the function between 
G=—35 and w=+ 35? 
(g) Between what values must # lie to produce (1) a positive 
value of the function; (2) a negative value of the functiou ? 
(h) Find the roots of the equation: 
Le+a—2=—1. 
(7) Find the roots of the equation : 
4+ e—2=1.2. 
(k) How many roots has the equation : 
te+e—2=3? 
Find the value of this root, or these roots. 
(1) How many roots has the equation : 
toe+e—2=—2? 
(m) Between what values must m le in order to give the 
equation ta? +2? —2=™m, three roots ? 
(n) Inthe same equation, what values of m produce two roots ? 
(0) In the same equation, between what limits must m lie to 
produce only one root ? 
(p) If x increases, between what values of x does the func- 
tion (a) increase, (b) decrease ? 
2. Construct the graph of 2+%—42* from a=— 2 to x=9, 
and from the diagram determine approximately : 
(a) the value of the function if # = 24, if a=—11. 
(b) the value or values of a if the function equals —1, + 2. 
(c) the values of # that make the function positive. 
(d) the values of a that make the function negative. 


(e) the root or roots of the equation obtained by making the 
function equal to zero. 
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(f) the root or roots of the equation obtained by making 
the function equal to 1. 


(g) the greatest value of the function between the given 
points. 

(h) the value of a that produces the greatest value of the 
function. 


In each of the Exs. 3-9 construct the graph of the function, 
and from the diagram determine, whenever possible, the 


answers to questions (a), (0), (c), (d), (e), (f), and (g), given 
in Ex. 2. 


3. 3—3a, from «=—2, tov=4. 

4. «+1, from «v=—4, tox=+4. 

5. t2?—a—2, from «= — 3, toz=+5. 
6 


. +2, from «=— 6, tor=8. 
if oS from v= 15-10 te 12: 
eee 


8. , 2*—a+1, from x=—4, tox=4. 
9. V25 — x, from «=—5, tox=5. 
306. It can be proved that the graphs of the functions of the 
first degree involving one unknown quantity, are straight lines, 
hence two points are sufficient for the construction of these 


graphs. (This is true whether the scales of the abscissas and 
ordinates are equal or unequal.) 


10. Draw the graph of 4a—5. 
11. Draw the graph of 3 — 2a. 


12. Degrees of the Fahrenheit scale are expressed in degrees 
of the Centigrade scale by the formula C = 3 (F — 382). 

(a) Draw the graph of $ (F — 32), from F =— 5, to F = 40. 

(b) From the diagram find the number of degrees of Centi- 
grade equal to — 1° F., 9° F., 14° F., 32° F. 

(c) Change to Fahrenheit readings — 10° C., 0°C., 1° C. 
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13. The formula for the distance traveled by a falling body 
is S=4 gt’. 


(a) Represent 4 gt? graphically from t=0 tot=5. (Assume 
g=10 meters, and make the scale unit of the ¢ equal to 10 
times the scale unit of the 4 gé’.) 


(b) How far does a body fall in 23 seconds ? 


(c) In how many seconds does a body fall 30 meters ? 


Solve graphically : 
14. 44+3=0. 15. 64—5=0. 


Solve the following equations by the graphical method, and 
find the greatest or the smallest value of the function: 

(For the squares and the cubes of numbers, see table on 
p. 288.) 


16. 2—32—3=—0.* 24, e@+a—3=—0. 
17. a —x— 13=—0. 25. 2 —4e2+1=—0. 
18. +1494 22=0. 26. —22?—527+5=—0.T 
19. #7—2%—9=0. 27. 2¢—1027+8=0.t 
20. a+ ita—11=0. 28. xt—17e°+a+4+54=0. 
AE ere as 29. 2#+2—4=0. 
92. 627—1382+4=—0. 6 
302s = (); 
23. ta?+a—4=0. x 


* A more convenient method for solving, graphically, equations of the 
second degree is given in Chapter X VIII. 

+ To avoid large ordinates, make the scale unit of ordinates } of the 
scale unit of the abscissas. The same graph may be obtained by dividing 
each term of the equation by 5.and using equal scale units for ordinates 
and abscissas. 

t Make the scale unit of the ordinates 4, of the scale unit of the 
abscissas. 
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GRAPHIC SOLUTION OF EQUATIONS INVOLVING TWO 
| UNKNOWN QUANTITIES 


307. In § 303 the graph of the function 3+ %3a—12? was 
constructed and discussed. If 3+4+3a—142? be denoted by y, 
then the ordinate represents the various values of y, and the 
diagram (p. 276) represents the equation, 


y=3+hu—4e. (1) 


The codrdinates of every point of the curve satisfy equation (1), 
and every set of real values of # and y satisfying equation (1) 
is represented by a point in the curve. 


308. The curve representing an equation is called the graph 
or locus of the equation. 


309. If an equation containing ‘two unknown quantities can 
be reduced to the form y=/(a), when J (x) represents a func- 
tion of x, then the equation can be repre- 
sented graphically. 





Ex. 1. Represent graphically 37— 
id ee 








Solving for y, i 





Hence, if x equals — 2, —1, OEE eve 
then y equals —4, —24, —1, 4, 2, 34. 








Locating the points (—2, —4), (—1, —24), 
etc., and drawing a line through them, we 
obtain the graph of the equation, which is a 
straight line. 











310. The graph of an equation of the first degree involving two 
unknown quantities is always a. straight line, and hence it can be 
constructed if two points are located. (§ 306.) 
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Ex. 2. Draw the locus of 42+ 3y= 12. Y 
If rs RE) pemed Ne ify= Cor = 3. 


Hence, locate points (0, 4) and (8, 0), and join 
them by a straight line AB. AB is the required 


graph. 
Nore. Equations of the first degree are called linear - X 
equations, because their graphs are straight lines. B 


_ EXERCISE 115 


Draw the loci of the following equations: 


i 4 — 4. 5. e+y=—10. 9. 1244 15y=48. 
2. x—2y=A4. 6. y=—4. 10. y—V2+2=0. 
pee yea fo ey = (): 11. (1.1)?—y=0. 
4. «—y=0. So tiene 2 12. vayty—a’=0. 


311. Graphical solution of a linear system. 
To find the roots CoH 
of the system. Corer 


2e+3y=8, (1) fe 
e—2y=2. (2) 3 


By the method of 
the preceding article 2 
construct the graphs 0 
AB and CD-of 1) 4 | p 
and (2) respectively. [7 
The codrdinates of iseue aaa - — a 
every point in AB [ WE 
satisfy the equation H BH — 
(1), but only one point C. la 
in AB also satisfies +1 
equation (2), viz. P, the point of intersection of AB and CD. 

By measuring the codrdinate of P, we obtain the roots, 
i= 3.15, aoe 
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312. The roots of two simultaneous equations are represented 
by the codrdinates of the point (or points) at which their 
graphs intersect. 


313. Since two straight lines which are not coincident nor 
parallel have only one point of intersection, simultaneous 
linear equations have only one pair of roots. 


314. Equations of higher degree, however, can have several 
points of intersection, and hence several pairs of roots. 


Ex. 1. Solve graphically the following system : 
| ety 25, (2) 


Solving (1) for y, y= V25 — «2. 

Therefore, if « equals —5, — 4, — 3, —2, —1, 0,1, 2, 3,4, 5, y equals 
respectively 0, +3, +4, + 4.5, +4.9, +5, +49, + 4.5, +4, +3, 0. 

Locating the points (—5, 0), (—4, 
+3), (—4, —3), etc., and joining, we 
obtain the graph (a circle) ABC of the 
equation a? + y? = 25. 

Locating two points of equation (2), 
e.g. (— 2,0) and (0, 3), and joining by 
a straight line, we obtain DE, the graph 
of 834—2y=—6. 

Since the two graphs meet in two 
points Pand Q, there are two pairs of 
roots, which we find by measurement, 
Cty —=— 44, ore = —4,. y= —s. 



























































Ex. 2. Solve graphically the following system: 
ay =12, (1) 
x—y= 2. (2 
From (1) y ==. Hence by substituting for « the values — 12, —11 


--- to +12, we obtain the following points: (— 12, —1), (—11, —1,), 
(5 10, NOE C79, Asse (Gace) — 13), gage ae) (Gye, 
— 23), G4, 3);° Goes 4), (-2, arte ce 1, — 12), (0, + 0), qd, 
12), (2p etc., to (12, 1). 
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Locating these points and joining them produces the graph of (1), 
which consists of two separate branches, CD and FF. 


Locating two points 
of equation (2) and 
joining by a straight 
line, we have the graph 
AB of the equation (2). 

The codrdinates of 
the two points of inter- 
section P and P' are 
the required roots. By 
actual measurement we 
Bnd 2 = 4.0707 = 2.5, 
or 2=— 2.5, y= — 4.6. 

To obtain a greater 
degree of accuracy, the 
portion of the diagram 
near P is represented 
on a larger scale in the 
small diagram. Since 
the small part of CD 
which is represented is 
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almost a straight line, it is sufficient to locate 2 or 3 points of this line. 
By actual measurement we find : 


Evidently the second pair is 


a = — 2.606, y = — 4.606. 


By increasing the scale further and further, any degree of accuracy 


may be obtained. 


EXERCISE 116 


Solve graphically the following simultaneous equations: 


dsa+4y=8, 4%+3y=12, 
(rraetian: e+d5y= 6. 
ee as - {ae ae 

4+ y= 9. 5Sa- y=. 
eo 2 fe 

Ba+2y=—8, 
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6. Show graphically that the following system cannot have 


finite roots: | 9 op a eee 
aes ae: 


2a—y=A4. 
7. What are the relative positions of the graphs of two linear 
inconsistent equations ? 


8. Show graphically that the following system is satisfied 
by an infinite number of roots: 


Asari 
6a—4y=6. 
Solve graphically : 
ay bere i. 4) = 12; 
oe iy a 2, E—y= I. 
ayo 4 2? — Lie 0 he =e 
11. ity opie: oN eae ; i 
a0), e+ty+1=0. a” + y? = 25. 


TABLE OF SQUARES, CUBES, AND SQUARE Roots 





























as Vz a2 x Ve 
1 1 1 1,000 21 4 41 9 261 4,583 
2 4 8 1,414 22 4 84 10 648 4,690 
3 ot 2G. 1,732 273 5 29 12 167 4,796 
4 16 64 2,000 24 5 76 13 824 4,899 
5 25 125 2,236 25 6 25 15 625 5,000 
6 36 216 2,449 26 6 76 17 576 5,099 
if 49 343 2,646 74 Tf 7 29 19 683 5,196 
8 64 512 2,828 28 7 84 21 952 5,292 
9 81 729 3,000 29 8 41 24 389 5,385 
10 1 00 1 000 3,162 30 9 00 27 00 5,477 
tbat 1 21 1 331 BolT 3) Ib 961 29 791 5,568 
iby 1 44 Vizs 3/464 Bye 10 24 32 768 5,657 
13 1 69 2 197 3,606 3) 10 89 35 937 5,745 
14 196 2 744 3,142 o4 11 56 39 304 Doo 
ies 2 25 3 315 3,813 O10 12 25 42 875 5,916 
16 2 56 4 096 4,000 36 12 96 46 656 6,000 
Hee 2.89 4 913 Ay tei ait 13 69 50 653 6,083 
18 3 24 5 832 4,243 38 14 44 54 872 6,164 
19 3 61 6 859 4,359 39 15 21 59 319 6,245 
20 4 00 8 000 4,472 40 16 00 64 000 6,325 
pay 











CHAPTER XVIII 


QUADRATIC EQUATIONS INVOLVING ONE UNKNOWN 
QUANTITY 


315. A quadratic equation, or equation of the second degree, 
is an integral rational equation that contains the square of the 
unknown number, but no higher power; eg. v°—4a2=7, 
On = lit ou Ur C — U, 


316. A complete, or affected, quadratic equation is one which 
contains both the square and the first power of the unknown 
quantity. 


317. A pure, or incomplete, quadratic equation contains only 
the square of the unknown quantity. 


az? + be + ¢=0 is a complete quadratic equation. 
ax? =m is a pure quadratic equation. 


PURE QUADRATIC EQUATIONS 


318. A pure quadratic is solved by reducing it to the form 
v = a, and extracting the square root of both members. 
Ex.1. Solve 138 2?—19=7 27+ 5. 
Transposing, etc., 6 x? = 24, 
Dividing, et =H, 
Extracting the square root of each member, 
eo -+ 2 or %¥=—2, 
This answer is frequently written x = + 2. 


Check. 18(-+4+ 2)? — 19 = 383; 7(42)2+6=383. 
U 289 . 


290 


a—x_ 


a+ x 


Ex. 2. Solve 





et+4a_ 
c—4a 
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Clearing of fractions, ax —«#?—4a2+4ax=ax+4a2+ 22+ 4a. 


Transposing and combining, 

Dividing by — 2, 

Extracting the square root, 
or 


—227= 8 a?. 
v=— 4a? 
g=+vV—4a, 
g=+t+2av—1. 


EXERCISE 117 


Solve the following equations: 
































2 se 
1. 17 a7—7=418. 9. an Zh. 
2. 1307-19 =7 2° +5. ata Rae 
to -t—~o 
10. = 31, 
3. 15% _ 810. ae ah clas : 
2 ee . 
Aree era 2 
2 1 & —— ° 
4. aw—b=c. iia eee 
5. (@+4)(@—}4) = 5%. 12. V232°—70e+81=5¢—7 
6. ¢+7=—4. 13. 83—V7 e’—244+45=42.- 
7, A w(@ 1) =A Ne a ne Ve 
Va + 4 3 


B+ 2, wo 2 _ 24 
Be Dee ie Thee pe A, 15. 











VV5e+9—19 =2. 
16. 2/17 eee eT 
17. (a+2x)(b—x)+(a—2)(b4+ 2) =0. 





18. (a+ bx)? +.(ax — b)? = 2(a*a” — 6”). 
19 ax+b_ca+d_ 
“ atbe c+dzx 


20. If a?+b? = c’, find a in terms of } and «. 
21.0 d= Ft solve for ¢. 


22. If2a?+2b0?=4m’?+ 2, solve for m. 
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- 23. Solve the equation of the preceding example for ec. 
24. If a? =b?+e—2 cp, solve for B. 
Osea tuo =77-, SOlVestoren 
26. If S=4 zr’, solve for r. 
27. Ifl:g=#:7’,solvefort. 29. If H= a solve for v. 


a 


es. If R= solve for a. 


EXERCISE 118 


1. Find a positive number which is equal to its reciprocal. 


2. The ratio of two numbers is 5:4, and their product is 
980. Find the numbers. 


3. Three numbers are to each other as 2: 3:4, and the sum 
of their squares is 261. Find the numbers. 


4. Two numbers are as 5:4, and the difference of their 
squares 1s 36. Find the numbers. 


5. The sides of two square fields are as 7: 24, and they con- 
tain together 10,000 square yards. Find the side of each field. 


319. A right triangle is a triangle, one of 


whose angles is a right one. The side .4 = 
opposite the right angle is called the hypote- 

nuse (c in the diagram). If the hypotenuse b 
contains ¢ units of length, and the two other sides respectively 


a and 6 units, then c= att B2 
Since such a triangle may be considered one half of a rec- 


‘ es CL : 
tangle, its area contains “ Square units. 


aad 


6. The hypotenuse of a right triangle is 15 inches, and the 
two other sides are as 3:4. Find the sides. 

7. The hypotenuse of a right triangle is to one side as 41: 9, 
and the third side is 40 centimeters. Find the unknown sides 
and the area. 
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8. The hypotenuse of a right triangle is 2, and the other 
‘wo sides are equal. Find these sides. 


9. The area of a rectangle is 1260 square feet, and the two 
sides are as 5:7. What is the length of the sides ? 


10. The area of a right triangle is 147 square feet, and the 
two smaller sides are as 2:3. Find the sides. 


11. The area of a circle exceeds the area of another circle 
by 616 square inches, and their radii are as 25:24. If the 
value of 7 is assumed equal to 2?, find the radii of the circles. 
(The area S of a circle whose nian is R is determined by the 
formula S = 7fR?.) 

12. Two circles together contain 44,506 square inches, and 
their radii are as 15:8. Find the radii. 


COMPLETE QUADRATIC EQUATIONS 


320. Method of completing the square. The following ex- 
ample illustrates the method of solving a complete quadratic 
equation by completing the square. 

Solve 2? —7a21+10=0. 
Transposing, 2 —7«*= —10. 

The left member can be made a complete square by adding ~ 
another term. To find this term, let us compare a* —7 x with 
the perfect square 2° — 2 ma-+m’. Evidently 7 takes the place 
of 2m, or m=%. Hence to make 2’—7wa complete square 
we have to add (3)? which corresponds with m 

Adding (2) to each member, 


2 —T a+(h)?= 42 —10, 


cal Rees 

or (w y tec 
Extracting square roots, e — 7= + 3. 
Hence . e=f+#% 
Therefore ex 3D OFntesus, 


Check. 5?—7-5410=0, 22?-—7-2+10=—0. 
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Ex. 1. Solve 92?—2=152-+4-4. : 
Transposing, 92? — 15% =—6. 

Dividing by 9, x*—8y= 2. 

Completing the square (i.e. adding (2)? to each member), 


eat (P= e+ 


Simplifying, (x — 8)? = 48, 
Extracting square roots, «2—%=47, 
Transposing, e=8 7 
Therefore 2=2, or —} 


321. Hence to solve a complete quadratic: 


Reduce the equation to the form a+px=q. Compleie the 
square by adding the square of one half the coefficient of x Ex- 
tract the square root and solve the equation of the first degree thus 
formed. 


Ex. 2. Solve 





e—-1,2a+1 
i ee 

Clearing of fractions, y2—g-+2a2?+a=2 ar. 

Transposing, x—x-2axr=—2a?—a. 

Uniting, g2?—4(14+2a)=—2a—-<a4. 


Completing the square, 


2 2 
a1 +20) +(> 428) =-2q?—q41ttatie 


Simplifying, (#- lode 4 canals LeSec 2 a 





Extracting square root, x — : tee = = s L =V1— 42 —4a?. 





Transposing, “= 1 = wee svi —4q? 
or 
Therefore e = 14+2atvi-4a@ 


2 
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Ex. 3. Solve a’e’—2?+2a’e+a’?=0. 


























Transposing, aa? — 42+ 20% =— a. 
Uniting, x?(a2-—1) +2024 =— a’. 
oe 2 a? as 
Dividing, x? + aie be RT] 
Completing the square, 
2, 2a Ne Yer) es eee ee 
ct oe a) (a2 1)? 4 (a2 221) 
Simplifying, (ee i — : 
a*— 1 (a? — 1)? 
Extracting the square roots, 
ia a 
sare 1 eal 
: Pathe a 
Transposing, i Polit gol 
Therefore 
Free AER atin wht He PER SN Oy eben eh la . 
Qi, | a-—1 a2—1 a+l1 
EXERCISE 119 
1. w4+8e=38. 13. 102? =27 — 39 a. 
2. ¢—b6a2=7. 14. 282? —65=17 a. 
3. 2—6x—16=0. 15. 27 2 —30a2=77. 
4, v+120= 64. 16. 352°—65 =66 2. 
5. w+ 11=122. 17. 8a?+412+36=0. 
6. w—21—42, 18. 122°+77"%+30=0, 
7. #—I1o=60. 19. «(a+5)—84=0. 
2 mile 
got 8 eta 20. 32°—3a—330=0. 
ee Oe 21. 2a°—5a—3=0. 
10. v’4+17*«=—70. 22. 6e?+1=5-. 
2 pats 
ll. 12e¢+a=35. 4 Aeitipte ( Sanit 
12. 150°=7 a + 88. * es 68a 
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a=) 


Yet 
Seeger af). Fi Las 
25. w+ =5 “ 
30. la—. y= 16 
x 
26. risky 
a 31. 3a°9—S4+1=0. 
27. 3 ewes 32. (3a—5)(7e—8) =140. 
ie 99 - 33. (2%—15)(8 #+8)= —154. 
C v— = _ 
Z22e2+3 34. (w7+3)?+ (@+5)?= 514. 
35. (2a+1)?+ 8e+1)?=(22+4+3)% 
36. 3(a@—1)—24=4(@+5)(a— 3). 
x s—3 8 5 
37. 46. — 3. 
2(@—3) aw—1 w7—4 a—3 
ify DL ad a i het Fee alae WE Pe 
10%—3 62+1 FT ay af 
x —8 meat 5 8 
SF ea ae 48. — = 9. 
e+2 2%+410 e—2 «—6 
baelrop lee 8S gg tardy MLS 5g 
40. 9 ae 5 TE eae 1p SOU et 
41, 24+ 22(4+5)=0. 50, 2#@+3_ e+2 
te Fe x—-3 «e—2 
(a 2 UV —-t=— sy 
: ze 51. Duties Dera e yy. 
Z2xex—1 2xe—1 
52. oe? +2ar=—3 a2. 
x—5 
44, ete 2 pl 
EEG v 53. 2?+11m?=12 me. 
yt ee 
~ ee il 54. 32°—2n?=5-an. 
> e138 sae 55. 2a?—dSaxr=3 0% 


56. 2+ (a+ d)x=2a°—5ab+2 0". 
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57. v+ab=ar-t ba. a pete atte 
4 ; Hee fee 
58. Becks here ae a+ a b+ _ 5 





bee Osea 2 
59. a —(a—a#)?=(a—22), 62. aav’+ba+c=0. 


322. Solution by formula. Every quadratic equation can be 
reduced to the general form, 


ase’ +-ba&+c=0. 


Solving this equation by the method of the preceding article, 
we obtain 
—b+V?—4a0 
2a 


C= 


The roots of any quadratic equation may be obtained by sub- 
stituting the values of a, b, and c, in the general answer. 


Ex. 1. Solve 52?=262—D5. 


Transposing, 52?— 26%2+5=0. 
Hence a= 5, 6b =— 26, c=5. 


He 20 CE (eG ae aie. 
10 . 


Therefore CG 


aay Ee 2 Ir ae Le 
10 5 \ 





Ex. 2. Solve pa’? —p’e—x=—p. 
Reducing to general form, px? —(p?-+1)x+p=0. 
Hence a=p, b=—(p? +1), c=p. 


Therefore Po pe+1 + V(p? + 1)? — 4p’ 
2p 
= Pils ee, or! 
2p 


Solve vy the above formula: 


ike 


CP WHT PB w w 


se 
o wo Ff SO 
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EXERCISE 120 


32?—1072+3=0. 
T72?+92—10=0. 
C7 Oty = 0, 

20°—Tx+3=0. 


32° —2=54%. 

15 2? — 538 2 = 42. 
8 2? —17 «=115. 
9 wv —32%—16=0. 
Ce — 39=8 2. 


62’ = 37 7—6. 


. 104+167=—627 


. 1227+2=6. 
Ph ab 14a — 3. 
. d52—2’°>=— 50. 


ot — oO t= 2. 

- 927+17 += 310. 

. #4+24=40. 

. @—Fea=—t. 

. 4e°—12 9% +9¢?=0. 
. 62°—49 ma+ 8 m7 =—0. 
. 627° +5 nzx=—6 nn’. 

> 42°—6dr=4 a". 

. £42 axn=— 6. 

. &—2ar+0=—0. 


27. abx’ —(a?+b*)xa+ab=0. 


OSeon — 407 4 a — 00, 


29. 2? —2Zar=—4b*— a2 
30. ara’? — ba? —4 aba = a? — 
31. m*x?— m(a—b)x—ab=0. 


32. (n—p)x’+(p—m)x+(m—n)=0. 


Find the roots of the following equations to two decimal 


places : 


33. 
34. 
35. 


36. 


vito—1=0. 

2¢°+2e—1=0. 
a’ —4oe+2—0. 
soo eet (): 


. 62?—5274+1=0. 
. 2e—.ba=.d: 
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323. Solution by factoring, Let it be required to solve the 
equation : 5 gt Bien 
or, transposing all terms to one member, 

5a? —2604+5=0. 

Resolving into factors, 

(5%—1) («—5)=0. 


Now, if either of the factors 5 «—1, a — 5 is zero, the product 
is zero. Therefore the equation will be satisfied if 2 has such 
a value that either Sapa (1) 


or x—5=0. (2) 
Solving (1) and (2) we obtain the roots 
e=+ or v=d. 
324. Evidently this method can be apphed to equations of 


any degree, if one member of the equation is zero and the other 
member can be factored. 


Ex.1. Solve #= Tat + 1b w, 

2 
Clearing of fractions, 208 = 7024+ 15%. 
Transposing, 203 —Tx?-154%=—0. 
Factoring, “(2% +8) (*# —5) =0. 
Therefore 2-0, 22-3 =—0,-0or2— 65 = 0, 


Hence the equation has three roots, 0, — 3, and 5. 


Hix: 2. Solve a? —3a? —4¢412=—0. 


Factoring, x? (*% —38)—4(x—3)=0. 
(x? — 4) (@ — 3) = 0. 
Or (x — 2) (a+ 2) (4 — 3) =0. 


Hence the roots are 2, — 2, 3. 
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Ex. 3. Solve #°+227—82+5=0. 


By the factor theorem we find that 7 = 1 satisfies the equation, and is, 
therefore, a root of the equation. 
_ Dividing by x — 1 we obtain the other factor, and have 


(a —1) (#2? 4+32%-—5)=0. 
Hence x—1=—0, or *#2+3x2%-—-5=0. 


Solving the second equation by the formula, 


im steel) eit ed B 
Ex. 4. Solve 2+ a’=0. 
Factoring, (@ + a) (a? — ax + a?) = 0. 
Hence ~ x+a=0, or —ar+a=0. 
Therefore x=—a, or cee 


Ex. 5. Form an equation whose roots are 4 and — 6. 
The equation is evidently (2 — 4) (a —(—6))=0. 
I. G. (x7 — 4) («4+ 6) =0. 
Or g7422—24=—0. 


325. If both members of an equation are divided by 
an expression involving the unknown quantity, the resulting 
equation contains fewer roots than the original one. In 
order to obtain all roots of the original equation, such a com- 
mon divisor must be made equal to zero, and the equation 
thus formed be solved. .g. let it be required to solve 


xe” —9=5(a%— 3). 


If we divide both members by x«—3, we obtain x+3=5 
or «=2. But evidently the value «=3 obtained from the 
equation «—3=0 is also a root, for 2 —9—5(«—3) =0, or 
(a —3)(@+38—5)=0. Therefore x=3 or w=2. 
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EXERCISE 121 
Solve by factoring: 


1. 2? —6e2=7 12. e&=52'+42. 
2. ¢ +£38a= 20. 13. (7 —1)(@—12 “+4 27)=0. 
3. 7 —16=62. 14. a(«—6)=7 x—42. 

4. x(«+5)=14. 15. w+a=52(2x"—A4). 

5. wf —T2=8. 16. 2'—16=0. 

6. we — 92+ 20 =0. 72 eae — 4a 4 = 0) 

7. 2 +29x%=210. 18. 5a —2a°—102%+4+4=0. 
8. e@—112’+18¢=0. 19, 3241527 =30 a, 

9. 40° +170? +4e=0. 20. 302°+7x=6. 

10. 2—8=—9. 91. 6e+72=3. 

11. #7 (10%+1)=32. 22. 6 x(a —3) = d(@—8). 


23. (a—«)(w— b) = (a—2)(e— 2). 

24. a? —w= (a—a)(b+ce—2). 
25. w= (a+ b)a. 27. x(a —1)=5(a—1). 
26. 2a +a?—52+4+2=0. 28. 2 —62°?+11¢7%—6=0. 

29. x —42°?— 207+ 48 =—0. 

30. Find all roots of the equation #=1. 

31. Find all values of 1/8. 

(Hint. Leta = V8, hence a? = 8, etc.) 




















Solve: 
i 8 3 S 4 6 
32. -—~ = ° 34. sc 
e+56 x—6 2#-1 Ree byte L—27 
hy ae 35. = 9 eee 
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36. 3a—8=4V4a24+17 39. 6+-5V132+9=820,. 


37. 4a—3V72—-6=6, 40. Ve+54+Ve—38=4. 
38. 54+-38V32—5= 22. 41. Ve—38+Vae—8=5. 


42. Ve+7—Va—5=2. 

43. Vet+24+Va—-38=V3a+4. 
44, Vet+74+V2e+7=V8a04+9. 
45. V8e+4—V5a—1=Ve—3 





























46. Get east gees 47. 36 2a _2a+d 
L—-a eta x—a x—b x+a 
ee —1027+4+1 
48,0 —————_____ = 9— 3. 
—6e+9 s 
AG tea hse xt ON b x—b : 
a—b Za 2Za—x 2a—2b 
50. «—bVx%=a(a—b). a Vata+Va—a@ a 
51 ax+b_ ma—n. Vata—-Va—x « 


be+a nx—m 


Lp a at Be 54. Ve =e \cteae+t. 
b tea C 


Form the equations whose roots are: 
ae oop Siwu-n4— O, BI. a: 
56.2 3: TR LWEeS) G0. eae 0: 





52. 





PROBLEMS INVOLVING QUADRATICS 


326. Problems involving quadratics have in general two 
answers, but frequently the conditions of the problem exclude 
negative or fractional answers, and consequently many prob- 
lems of this type have only one solution. 


* The answers of radical equations must be substituted in the original 
equation in order to determine which roots are true roots. (See § 285.) 
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EXERCISE 122 


1. The square of a number increased by 14 times the num. 
ber equals 275. Find the number. 


2. What number increased by its reciprocal equals 32? 


3. The difference of two numbers is 49, and their reciprocal 
values differ by 1. Find the numbers. 


4, What number exceeds its reciprocal by n? Find the 
number if (a) n= 2, (0) n=3. 

5. Find two numbers whose difference is 7, and whose 
product is 30. 


6. Find two factors of 1728 whose sum is 96. 


7. Find two consecutive numbers, the sum of whose squares 
equals 113. 


8. A man sold a horse for $96, and gained as many per 
cent as the horse cost dollars. Find the cost of the horse. 


9. A man sold a watch for $16, and lost as many per cent 
as the watch cost dollars. Find the cost of the watch. 


10. A needs 3 days more than B to do a certain piece of 
work, and, working together, the two men can do it in 2 days. 
In how many days can B do the work ? 


11. A cistern is filled by two pipes in 40 minutes, and the 
larger pipe can fill it in one hour less time than the smaller 
one. In how many minutes can the smaller pipe fill the 
cistern ? 

12. A number of boys bought a boat, each paying as many 
dollars as there were boys. Had there been 8 boys more, each 
would have paid $4 less. How many dollars did each boy 
pay ¢ 

13. Ifatrain had traveled 5 miles an hour faster, it would 
have needed one hour less to travel 150 miles. Find the rate 
of the train. 
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14. A wheelman, traveling a distance of 72 kilometers, 
would arrive 30 minutes earlier if he traveled 2 kilometers 
per hour faster. Find his rate of traveling. 


15. To pave a room with square tiles of a certain size, 360 
tiles are needed. If each tile were one inch longer and one 
inch wider, 250 tiles would be needed. Find the dimensions 
of the tiles. 


16. A rectangular field: has an area of 180,000 square feet, 
and a perimeter of 1720 feet. Find the dimensions of the 
field. 


17. Find the price of an egg, if 1 more for 6¢ would dimin- 
ish the price of 100 eggs by $ 1. 


18. One side of a rectangular field exceeds the other side by 
70 feet, and the area equals 49,400 square feet. Find the 
dimensions. 


19. On the prolongation of a line AC, 10 inches long, a 
point B is taken, so that the rectangle, con- 
structed with AB and CB as sides, contains A ~~ CB 
39 square inches. Find AB and CB. 


20. A line AB, 20 inches long, is divided into two parts, AC 
and COB, so that AC is the mean proportional between CB and 
AB. Find the length of AC. (AB is said to be divided in 
“extreme and mean ratio.”) 


21. Solve the preceding problem if AB equals a inches. 


22. A line AB is divided into two parts, AC and CB, so that 
AC is the mean proportional between CB and AB. If AC 
equals 1 inch, find AB. 


23. The length AB of a rectangle, ABCD, exceeds its width 


AD by 119 feet, and the line BD joining 4 B 
two opposite vertices (called “diagonal’’) ee 
equals 221 feet. Tind AB and AD. D C 
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24. A rectangular grass plot, 40 feet long and 30 feet wide, 
‘is surrounded by a walk of uniform width. If the area of the 
walk is 3 of the area of the plot, how wide is the walk ? 


25. A circular basin is surrounded by a path 6 feet wide, and 
the area of the path is 7 of the area of the basin. Find the 
radius of the basin. 


26. A number is formed by two digits, and the tens digit 
exceeds the units digit by 2. If the number is divided by the 
product of its digits, the quotient is 22. Find the number. 


27. A man bought a certain number of pounds of tea and 10 
pounds more of coffee, paying $14.00 for the tea and $9.00 for 
the coffee. If a pound of tea cost 40¢ more than a pound of 
coffee, what was the price of the coffee per pound ? 


28. A stone is dropped into a well, and the sound of its 
impact upon the water is heard at the top of the well 42 seconds 
later. If the velocity of sound is assumed as 360 meters per 
second, and g =10 meters, how deep is the well? (A body falls 


in ¢ seconds : (? meters.) 


EQUATIONS IN THE QUADRATIC FORM 


327. An equation is said to be in the quadratic form if it 
contains only two unknown terms, and the unknown factor of 
one of these terms is the square of the unknown factor of the 
other, as 


ax” + ba" +o=0, a —3a'=T, (a? —1)?—4(2®—1)=9. 


328. Equations in the quadratic form can be solved by the 
methods used for quadraties. 


Ex. 1. Solve a —9 a? +8—0. 
By formula, pre he oe — 32 
ae =f Seotel. 


CO MNRA TR OW DY 


~ Se 
wr S 
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Therefore 2=V8=2, orz=V1=1, 
If the factoring method is used, we have 

(x8 —8) (x8 —1)=0. 
Writing each factor equal to zero, and solving, 


C= 2 Go eo A hea peered Sate 


2 


Notr. The solution by means of factoring frequently produces all 
roots, while other methods produce only some roots of the equation, 


Ex. 2. Solve 2? — 33 24+ 32=0. 


Factoring, (x4 — 32) (a4 —i1)=0. 


Therefore 


= 
ro Pine, OF If, 


Raising both members to the —4 power, 


1 ~—4 
g4=32°orl o=% or 1, 


EXERCISE 123 


Solve the following equations: 


ct — 5 2? = 36. 

12 2? — 32 = o¢*. 

x — 26 a? —27 =0. 
x° — 60 2° = 256. 

50 a*-- 23.27 —1=0. 
(x? —10)(a* — 3) = 78. 


eft d6=17 «*. 
8\/e=15 2? — 14, 
3064306 =10. 
2 2Ve—3=0." 
e+3V2=10. 


(a? — 5)? + (a? 1)? = 40. 


~ 13. 


14. 


23. 


x—5Vae+6=0. 
toll Wrage | 

ei +3a03=10. 
3/_9 0 A 

V0? — 2V a = 24. 
5/9 iW ame 

Ee at etn = |), 


gt — 2 ar’? + a? — 67 =0. 


: e460 2=5, 


2a _2n 
32°>+4+2=16a% 3. 
Va—1=2—1. 
a—(a+b)V2=2 a(a—b). 
Va+Va= 20. 


24. xtab=(a+b)Vx + 2(a—b)r 
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329. In more complex examples it is advantageous to sub 
stitute a letter for an expression involving @. 


Ex. 1. Solve Gat 1b= 8@+4), 








wv av 
Let cise Ay 
Ze 
Then y2+15=8y, 
or y2—8y+ 15=0, 
or (y —5)(y—3) =0. 
Hence HV OaOL ee tem 
Tee. hits or v4 3 
x x 
Solving, a+4=52, g+4=82 
4x4=—4, 2s 
Arent © ee 


Ex. 2. polve’ 2? — 8a —2V2°—82140 =— 5. 


Adding 40, #2 —82+40 —2V2?— 82 +440 =35. 
Let Vx2—82+40=y, then 227—82+40= 72, 
Hence y? —2 y = 35. 





y2—2y—35=0. 
(y—T)(y+5)=0. 


Therefore y= 101) Y =D. 

Vx2— 82+ 40=7, or Ve? —82+40=-5., 
x?—8x2+40=—49, x? —82+40 = 25. 
x2—8x%—9=0, x?—84+15=0. 

(«—9)(#+1) =0, (x —5)(#—38)=0. 
*=9, or —1. 2=5 or 3. 


Since both members of the equation were squared, some of the roots 
may be extraneous. Substituting, it will be found that 9 and — 1 satisfy 
the equation, while 5 and 3 are extraneous roots. 

This can be seen without substituting, for 5 and 3 are the roots of the 
equation Vz? —8x%+40—=—5. But as the square root is restricted to its 
positive values, it cannot be equal to a negative quantity. 


Lb. 


20. 


21. 


22. 


‘oe tem? . 2—m? _ AL e162, oe 
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EXERCISE 124 
3 (a? — 2)? + 6(@?— 2)=24. . a? +1, a?—1 efok 
De 9 9 = 
1\2 1 o—1'o+1 15 
= 3 —~|\=10. 
(#+3) sh (+3) pred doe 
7 —2 ae 2 


2 howl 6 9 
Giggs Se raetne ie Teneo 628 88 











(242) +8248 
xv AY 


29.2 45 —3= 


4, 8. o—62e+12=— 
wv 


e—4e+1 

10. (@’—5x+4 2)?4 6(@?—5a2+2)4+8=0. 
ll. (@?+3e4—2)?—4(a’? +3 4 —2)= 82. 
12. 2(0?+ 224 3)—@+4+2244)=98. 
13. (@+2e—1)(@?+2%—2)= 

14. (@”— 3)’ + 4(@’—3)=5. 


esha 














v—m 2+? TOG x xe? -+-6 
17. 8a?—2)—5B8e?—2)4+4= 
Va - 4 tla Ve _ oy 
Phe Ase V2 
19. (e+ Va) —(#+ V2)? = 20,592. 


144% 14—-2 23. w2&—6=2Vx 

\| + 28 
14—27 14+ 2 24, a? — y2— 7 
243 46 = 5 (a8 25. 2—T— DV a ad 
26. (w +8) +(e +3)? =2. 


27. «—3—(x—3)* =6, 
Va? +3 + EA. a 
eee 3 OShrd pat On/Ao — 7 ee 





18. 











oo|— 
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99. 2e°+5a—17438V22452—17=28. 





30. 40°472+5—3V4e4+72e2+5=4. 
31. 3a°—2=—1043V3 2-2. 

$2. 2079—4249=342V2 27-4249. 
33. @tanm4vVer+a+3—6, 

34. P+ea—6=4Ve'+24 6. 

35. 80°’ —4¢+2V3 oo —4e—6=21., 
36. 16a—8V34— 16¢-+ 21 —3 27 — 7, 


Dee ja2—7 
ee ay 20—) 
C 4-o 5 we +e—-5_46 
V+e—-2 v+a-—4 ; 





37. 








tao 


38. 


GRAPHIC SOLUTION OF QUADRATIC EQUATIONS *#* 


330. Quadratic equations may be solved graphically by the 
method used in a preceding chapter. ($ 305.) It is, however, 
simpler to solve such equations by the method employed for 
the solution of simultaneous equations. 


Consider the equation ax’ + ba+ec=0. (1) 
Let ies (2) 
Substituting in (1), $ay+be+c=0. (3) 


The solution of the system (2), (3) for # produces the required 
root of (1). 

The advantage of this method lies in the fact that the graph 
of the linear equation (3) is easily constructed, while the graph 


* This section may be omitted. 
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of (2) is identical for all quadratic equations. Hence the 
graph of the equation y=2*, which is represented in the 
annexed diagram, may be used for the solution of any numeri- 
cal quadratic equation, provided its roots he between the limits 
of the represented abscissas (— 6 and + 6). 


Ex.1. Solve 11a?+302—165=0. (1) 
Let Y= x, (2) 
Then lly +302 —165=0. (3) 


In (8), if 7 =0, then y= 15; ify=0, thena = 5}. The straight line 
joining the points (0, 15) and (54, 0) is the graph of (8), which intersects 
the graph of (2) in Pand P’. By measuring the abscissas of P and P’, 




































































































































































we have ¢ = 2.7, or * =— 5.5, 

Ex. 2. Solve 52°—14a%—65=0. (1) 

Let Yi. (2) 

Then By — 14% —65=0. (3) 
| +4-- YT ts! 
| == 35 

EEE CEEEEEEEH : 
id 30 
= b 
if [ is 
£3 : 25 aus 
i Se SL +6 # 
<0; 20 + 
a i oe és 
tt sin i 15 os 
L_ =e ee 
10 
P 
Cras oH 
CoC im CI 
ne Ti x 
34 ms = =i if 2 
naaen ls 
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Locating two points of the equation (3), e.g. (0, 15) and (5, 27), and 
joining by a straight line produces the graph of (8), which intersects the 
graph of (2) in @ and Q’/. Measuring the abscissas of @ and Q’, we 


obtain 2 = 5.3, or s=—2.5. 
331. In the equation ay + be +c=0, if #=0, then y= — “ 


and if y¥=0, then a——°. Hence, by taking on the a-axis 
. b 

b 3 

straight edge, the roots of the equation aa’+be+c=0 can 

frequently be determined by inspection. In some cases, how- 


the point —— and on the y-axis the point —<, and applying a 





V a im 
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bees “ON77 
LAH 25 is i 
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ever, it is more advantageous to locate one or both points out- 
side the axes. 

Equations of the third and ‘higher degree, which are linear 
with the exception of one term, can be solved by the same 
method. 

Nore. The student should construct the graph of y = x? on a large 


scale. It is advisable to make the scale of the ordinates considerably 
smaller than the scale of the abscissas, 
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EXERCISE 125 


Solve the following equations by the graphical method: 


1. ¢—ax2—6=0. 14. 2 —22—9=0. 

2a ee foe ce 42 (), 
3. 2 —3e—15=0. 16.322 be — 20 — 0, 
4. #+32—10=0. 17%. o +2Ze¢—10=0. 
5. 2? —2a—8=—0. 18. 5a?—4a2—5=0. 
6. 2 +2a2—4=0. 19. 52?+4a—25=0. 
eet ort by |): 20. 9a?— 48.¢+ 59 =0. 
8. v+3ae2—-10—0. 21. 9a? —124¢—26=—0. 
9. #+ae—3=—0. 22. 9u?—12¢2—100 =0 
10. a? —5a—15=0. 23. 3a°—22—65=—0. 
Vie 437 92) e200; 945. 23.9% 1 ¢ = 36.= 0: 
1320 — 2Ue +12 = 0: 2b. 20 4 be— 12 — 0, 
13. a +e—5=0. 26. x —6x4+9=0. 

27. Has 2? +a+1=0 any real roots ? 


28. 30°+ 5e2—15=—0. 29. 2 —5a2—2=—0. 


CHAPTER XIX 
SIMULTANEOUS QUADRATIC EQUATIONS 


332. The degree of an equation involving several unknown 
quantities is equal to the greatest sum of the exponents of 
the unknown quantities contained in any term. 


xy + y = 4 is of the second degree. 
x®y + 5 x2y3 — yt is of the fifth degree. 


333. A symmetrical equation is one which is not altered by 
interchanging the unknown quantities. 
x+y = xy, x? + xy! + y? = 4 are symmetrical equations. 


“2—y=2 and x3?— y3=1 are not symmetrical, but a change of sign 
would make them symmetrical. 


334. A homogeneous equation is an equation all of whose 
terms are of the same degree with respect to the unknown 
quantities. 


443 —3a2y = 3y8 and «? — 2xy — 5y? = 0 are homogeneous equations. 


335. The absolute term of an equation is the term which 
does not contain any unknown quantity. 


In x? — 4xy + 2 = 0 the absolute term is 2. 


336. Simultaneous quadratic equations involving two un- 
known quantities lead, in general, to equations of the fourth 
degree. A few cases, however, can be solved by the methods 
of quadratics. * 


* The graphic solution of simultaneous quadratic and higher equations 
has been treated in Chapter XVII. 
312 
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I. EQUATIONS SOLVED BY FINDING x+y AND z-y 


337. If two of the quantities «+ y, «—y, xy are given, the 
third one can be found by means of the relation (# + y)? — 4 ay = 


(oy), 


7 — if 
Ex.1. Solve | "TY >» (1) 
CYA. (2) 
Squaring (1), 2% + 2ay + y? = 25. (3) 
(2) x 4, Any = 16. (4) 
(3) — (4), x —2ry+ y2=9. 
Hence x—-y=+3. (5) 
Combining (5) with (1), we have 
e+y=d, e+y=65, 
or 
x—-y=d, x—-y=-—3. 
ties 45 ree A 
Hence or 
Yel toa 45 


338. In many cases two of the quantities x+y, «—y, and 
xy are not given, but can be found. 


Ex. 3. os oe a (1) 

cen) met be (2) 
Square (2), 9% —Qay + y2= 1. (3) 
ERP ers 20?—4ay + 2y?=2. (4) 
(1-4), xy = 6. 
Hence 4 xy = 24. (5) 
(3) + (5), a2 + 2ay + y? = 2B. 
Therefore e+ty=+5, or «+y=—5. 
But ty 1, e—y=l, 
Hence fs Ee Ee Co ees 
be (a -3—3-3-242.227=8, 1 22 3.2-3842.3%?=8, 
Check. 

38—2=1. —24+3=1, 
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339. The roots of simultaneous quadratic equations must be 
arranged in pairs, e.g. the answers of the last example are: 





io, (e=— 2, 
Oo 
veo esate 
EXERCISE 126 
Solve 
‘eae ep 
xy = 6 x—y=1 
' lay = 36 hh Se 
7 = 62, 
ees 87 dee ae 
Ptartsat 
gens bs ae 
_ 176 
4 p= 
d ae [esata 
5 fe eee e+ y? = 34 
ey = 4212 ae [et+9te 11, 
6 eee ’ a+y=6 
" lay = — 2592 
B +7=3 
: kee eee 
Pz = 876 parent 
ee; w+ 3ay+y’?= 211, 
8 ee 18. lee ale 
' lay = 7. a3 ak 
ey oT 
9. | Wel en 19. {" —y= 
lad —)'* ile SH fa 
ie — a ee 2 a, 
e+y=d e+ y=2a?+2 0? 
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iI. ONE EQUATION LINEAR, THE OTHER QUADRATIC 


340. A system of simultaneous equations, one linear and 
one quadratic, can be solved by eliminating one of the unknown 
quantities by means of substitution. 





Ex. Solve 24+3y=7, perc) 
e+ 2y—y=5. (2) 
From (1) we have, sag = ee (3) 


Pee eae 7—3y\? 2 z 
Substituting in (2), ithe + 2y%-—y=68. 


Simplifying, 49—42y+9y?+ 8y?—4y = 20. 


Transposing, etc., 17 y? — 46 y + 29 = 0. 
Factoring, (y—1)(17 y — 29) =0. 
Hence y=1, or 2%. 
Substituting in (8), x = 2, or Tf. 


EXERCISE 127 





Solve: 
- (ay—S5a=1, 7. (a? + y? — 40=0, 
\7e#—y=1. d3a—y=0. 
9 Li, 8. (ex—sy+5=0, 
(2¢a+3y=18. y — «xy =0. 
3 { +4 xy = 57, 9. See os 
la+y=7. ee nel vie OL. 
a2 sae 
| ay =16. Ca ae 
11 baa 
5. ee ore? 2+y=9 
6 {ae 12. 4 Avt3y 
2x—y=0. 8x2—2y=1. 
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ms, 16. {Ponda 
13, lets w+ y= 5(a+y)42. 
343. 
ey 2 yt8 _Saty 
b 16. ja@+2 su-y 
| +E =3, 2 ay 
14. 14 5 Rd nee 
(x + y)? = 200 — a. 


III. HOMOGENEOUS EQUATIONS 


341. If one equation of two simultaneous quadratics is 
homogeneous, the example can always be reduced to an 
example of the preceding type, for one unknown quantity can 
be expressed in terms of the other. 

Consider the homogeneous equation, 


4av’—1lay+6y’=0. (1) 
Expressing # in terms of y by means of the formula for 


quadratics, TEE TE ay Ca a 
poe) 4-4-6y 


ella teas) 
7 8 
= 2), Oley. 


In most cases this result can be obtained more simply by 
factoring, e.g. factor (1), 


(7—2y)(4a—3y)=0. 
Hence e—-2y=0, 4%—8y=0. 
Combining these results with another quadratic equation 
produces two systems of the preceding kind. 
e—3y+t2y=3, (1) 
22°—Tayt+6y'=0. (2) 
Factor (2), (7—2y)(2x4--3y)=0. 


Ex. 1. Solve 
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Hence we have to solve the two systems 


‘eae is nit aa (3) 
e—3yr+2y=3. e—38y2+2y=—3. (1) 
From (3), S=2y. x= sy. 
Substituting in (1), oY 3 yt42 ene 


4y—3y+2y=38, 


3y2—8y +12 =0, 
y2+2y—3=0, 


2 _8iv—80 
(y—1)(y¥+3)=0. oe Ry, a 
Hence ana ee _449V—5 pe 2 

e=2,) —6, ae er eer, ee 


342. If both equations are homogeneous withs exception of 
the absolute term, the problem can be reduced to the preceding 
case by eliminating the absolute term. 


Ex. 2. Solve een ek ee () 
2e°—2aytby=65. (2) 
Eliminate 2 and 5 by subtraction. 
Ch) ase0; 15 x? — 20 ay + 15 y? = 2 x 5. (3) 
CR 27 4x%—42y + 10y2=5 x 2. (4) 
Subtracting, lla? —16ay4+5y2=0. 
Factoring, («—y)(Alzx—5y)=0, 
Hence solve: 
(x—y=0, xa leh stay (5) 
Logica ay 65 a 6. 22% —2ay+ 5y2?= 5, (2) 
From (3), v= Yy. y=) 2, 
Substituting y in (2), 2 2 — 22 72 4 121 42 — 6, 
2y27-—2y4+5y= 5, 100 SB 
y=1, : 
es 1, ) = iyo 


e=+1. 2 =+ 785V109, y =+ 24 V109. 
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343. In general two quadratic equations which are homo- 
geneous with the exception of one term can be solved if these 
terms are similar. For the similar terms can be eliminated. 

4av’—9ay+y’?—4y=0, 
2a7—2ay—4y’?—3y=0. 

Eliminate the terms containing the first powers of y, and 
proceed as before. 


To solve 


EXERCISE 128 


P+ 2y—3ae+2y=2. 
e+ 2ayty=9y, 


sey+y=T, as: 
20°—3ayt+2y=A4 y. 


x’ + vy = 6. 
o* — x’ = 16, 
2x2—4ay+3 y?=17. 


3e2—3ay+2y=2 2, 


19; 
2a? +3y—4a=ay. 


10 


Solve: 
ee a a (ey He 5, 
ayt4y’?=8. ge? — y= 2 
{essen sai a. ees 
Te’ +2ay—5y’?=0. Bet yan nS 
5 [ong me pute ce 
ebony By =5, 
4 (eas Pipe Toten AP 
4o?—9Yayt+2y=— 38. ve atone 
: Catena aa 4a’? +tay=8 
: e+4ey+2y=17. han eee ay + y? = 39, 
: Cam aaa 2xe2°—Say+2y=48. 
3a2—10ay+3y=0. em i ea eet 
: (eG ey +5 y?—28=0. 
Tv’—S8ay—38a—2y=1. 
20°—3ay+y=3, 
v4+6y=52 17: 
. { Vine Byes a 4+2y?—-6=0. 
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IV. SPECIAL DEVICES 


344. Many examples belonging to the preceding types, and 
others not belonging to them, can be solved by special devices. 


345. A. Symmetrical equations, and equations which would 
be symmetrical if a sign were changed, can often be solved by 
the substitution e¢=u+v, y=u—v. 


| 44 62 1 
Ex. 1. Solve ie gre ; (f) 
x— y= 2. (2) 
Lettzr=u+v, y=u-—v. 


Substituting in (1), (w+ v)*+ (u—v)* =2, 


or ut + 4 wy + 6 u2v? + 4 wv? + v4, 
+ ut — 4 uv + 6 wv? — 4 uv? + vt = 2, 
or 2 ut + 12 yy? +2t= 2, 
Dividing by 2, ut + 6 wv? + vt= 1. (3) 
Similarly from (2), 20 => 2, 
iit; (4) 
Substituting v in (8), ut+6u2+1=—1, . 
or u’+6u2=—0. 
Factoring, u?(u? + 6) = 0. 
Therefore u=0, w=+ V=6. 


oa g=+V—64+1,) +1, 
7= VO) 
346. B. Equations of higher degree can sometimes be re- 
duced to equations of the second degree by dividing member by 
member. 


Ex. Solve pt ee () 

ety=é4. (2) 
Dividing (1) by (2), = ey yt iT. (3) 
Squaring (2), e+ 2xy+y? = 16. (4) 
(4) — @), 3 ay = 9, 


xy = 3. (5) 
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(3) — ©). —Qay+y=4, 
“E-y=+2 

Combining with (2), Rea Pee iting 
RSG RRS oh 


347. C. Some simultaneous quadratics can be solved by con- 


sidering not x or y but some other quantity, as LY, Ls (U+Y), 
9 . & 
ay, etc., at first as the unknown quantity. 


rt y=2 1 
Ex. 1. Solve {Bee ety y @) 
la—y—Ve—y=6. (2) 


Considering Vz 4+ y and Vz —y as unknown quantities and solving, 
we have 


from (1), Vi+y=4 or —5, 
from (2), Vx —y=8 or —2. 
But the negative roots being extraneous, we obtain by squaring, 
x+y = 16, 
x—-y=9%. 
Therefore x = 124, y= 3h. 
( oy? +. ay — 12 —0 il 
Ex. 2. Solve | 4 f ee 
e+ y= 4. (2) 


Solving (1) for zy, xy =3 or — 4. } 
{wy =8, : if ay —— 4, 


Combining with (2), poke ile: hee 
Solving according to § 3387, xwx—y=2. e—y=t4 v2. 
=e Sl een e=2+2V2,) r=2-2V2,) 
ya ee y=2—2V2. J y=242V2. 5 
Ex. 3. Solve v’?+4y—2a+4y=927, (1) 
riya 6. (2) 


Multiplying (2) by 4 and subtracting from (1), 
v—4ey+4y2?-2x4+4y=8, 
or (7—-2y)®?@—-2(a—-2y)-38=0. (3) 


SIMULTANEOUS QUADRATIC EQUATIONS 


Considering (2 — 2 y) as unknown quantity and solving (3), 
~—2y=3, or —1. 
Hence we have to solve the two systems 
ae an Hy = 3, 
ry = 6: L ty 3G; 
The solution produces the roots : 


Pa 7a acts Cs eee | 
3 
| 
J 


& 
II 


| Wer Sr eek, tant ieacne aps 
ae | aver pa 
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348. D. If the quadratic terms can be eliminated, the example 
can be reduced to one of type II (one equation linear, one 


quadratic). 
(2ay—a+2y=16 
Ex. 1. Solve { dag ages ‘ 
. Sayt+t2e—4y=10. 
Chan; 6 ay —8x2%+6y = 48. 
(2) x 2, Gary +4x—8y= 20. 
(4) — (3), 7% —14y = — 28. 
Dividing by 7, %e—2y=——4. 
Hence, x= 2y-4. 
Substituting in (1), 2y(2y —4) -@y —4)+2y=16. 


Solving, ie a) — 1, } 
or 
Substituting in (1), # = 2. J — 6. 


EXERCISE 129 


Solve by the method of symmetrical equations: 


( at + 44 = 17, . Be ap == 19; 
e+y=3. " la—y=1. 

, (ieee - {cael 
' la—y=1. ' laty=4. 


Y¥ 


(1) 
(2) 
(3) 
(4) 
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Solve by dividing member by member: 


fe a 
“e+ y= 6. 

oe — 9 = 217, 
aa 

; aa 
e—y’=8. 


Solve by the method of § 347: 


as Helo 
3a°—5y=T. 


1 eet aie 
e+4y’=5. 


es + ey? + y'= 21, 


e+oeyty=T. 


a {arene 


e—y=1. 


WA ae 


v—aey+y=1. 





Solve by eliminating the quadratic terms: 


oe Sane 
xy +y=16. 


4 of? — nial 
on | ev —x+y=67, 


30—3y= 27. 


; (ae eerenta van eam 
8v2’—10y7—Ta#+9y=0. 


Solve by any method: 
24 y?= 1274 
18. if cee 


eo) 7. 
; a + y° == 16,021, 
19. 

laty=37. 

x m= 150 
20. Rar’ 

y + xy = 75. 


a ae 
~  (g2@— ay + y? = 49. 


a+2y=8, 
bees 

dx2+8y=20, 
LV+2y+ay=5aty41 

32 —10ay+3y’=0, 
thee 

e+ d5y=3, 
ee 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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Ae” 


ae? — 2 vy = 0. 


4+ 3ay + 2y? = 20, 
4o?+ 5y?—41=0. 
i. 


a? +2 4? = 22, 
e— by =T: 





Aa?+t 3ay +2 y?=18, 


(3a? + 2ay—y’?=3. 


a 


40. 


41. 
42. 
43. 


44. 


45. 


46. 


47. 
48. 


49. 


Vn ne ero een poet erate are) i ane | ete oem teen eee te ees 


S| Sle 8 8&8 


+ 
S. 
| 

| 


PIT eS 


(Sa—2Zy\(2e—3 y\=26, 
e+1=2y. 

a? —2ey—y’=1, 
30° —4 wy = 35. 
de+4ay—y’?= 14, 
207+ 5ay+6y=9. 
e+y+Ve+y=12, 


ow —3aey+y’=5, 


oe 
ll ll 
co 
6 


+ 
| 
| 

2] Or 


(raoae 
St 


+ 
= | = 


[FA es 


+ 
Jn ‘= 
| 
© 
Ot 


ie) 


PF Sle 8le & le 


8 | 

Si hee aS 
| 
Ot 
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Bee 65, (avetyvy _ 35 
40) 
sole ae 53 Rarer 19 
ey 
a+ y = 520, 
v penne Ye4 =10 
3 SV 8 
y (a? + y’) bn th 
oN sais +y")=175, 55. | yous: 
(@ — y) (a + y?) = 25. | a2 + y? = 160. 


a Oe eae 
(ie yo = hee 
ee [ae a eee 
2 x + ay — y° —9("% — y) = 
; aia ie ene 
a? —3y? = 6(a—2y) 
ne lat meee 
(2Qa+y(Se+y) =28@+ 9). 
re brian Bade 2(@+y), 
tif 
W/o! + W/y? = 20, 
Ve + v/y = 6. 


66. 


for) 


(2? +y")(@+y") = 456, 


ae e+y=6d. 


eo — sy ty’ = 13, 
+ 4? = 91. 


c+y=M, 
ety n. 


e 
le 

aie i yah 19. Slee 
E lee 
(é = 


62. 67. 


eet die 18, 


1Y 


64. 





+ _ a ae 
b? 
i 


2t+ytoa—_y=6, 69. 
w+ y?)(@— y) = 9. 


65. 
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‘ La ail es rate 
lay —y? = ve. (2a—2)(2b—y) =ab. 
o—3aey+42?=31, a(e+y+z)=a, 
72. 1} 3ua+ty=5, 73. j;y¥(@+y+z)=), 
22—382=—f7. Z(a@+ty+2)=¢. 


EXERCISE 130 
PROBLEMS 


1. The sum of two numbers is 44, and the sum of their 
squares is 1000. Find the numbers. 


2. The difference of two numbers is 2, and the sum of their 
squares exceeds their product by 105. Find the nuinbers. 


3. The sum ot the squares of two numbers is 40, and the 
product of the numbers is equal to three times their difference. 


4. The hypotenuse of a right triangle is 18, and the sum of 
the other two sides is 17. Find these sides. (§ 319.) 


5. The area of a right triangle is 350 square feet, and the 
hypotenuse is 61 feet. Find the other two sides. 


6. The hypotenuse exceeds one side of a right triangle by 
2 inches, and the third side is 6 inches. Find the unknown 
sides of the triangle. 


7. The perimeter of a right triangle is 70 feet, and its area 
is 210 square feet. Find the three sides. 


‘8. The mean proportional of two numbers is 10, and the 
sum of their squares is 2504. Find the numbers. 


9. To inclose a rectangular field 68,200 square feet in area, 
1460 feet of fence are required. Find the dimensions of the 
field. 


10. The area of a rectangle is 1008 square feet, and the diag- 
onal (Ex. 23, p. 303) is 65 feet. Find the length of the sides, 
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11. The sum of the radii of two circles is 113 centimeters 
and their areas are together equal to the area of a circle whose 
radius is 85 centimeters. Find the radii. (Area of circle 

2 
tt.) 


12. The radii of two spheres differ by 18 inches, and the 
difference of the spherical surfaces is equal to a sphere whose 
radius is 48 inches. Find the radii. (Surface of sphere =47h*.) 


13. A dealer sells a number of horses for $1520, receiving 
the same price for each animal. If he had sold one horse less, 
but charged $10 apiece more, he would have received the same 
sum. Find the price of a horse. 


14. Two cubes together contain 233 cubic inches, and the 
edge of one, increased by the edge of the other, equals 43 inches. 
Find the edge of each cube. 


15. The volumes of two cubes differ by 61 cubic centimeters, 
and the edge of the larger exceeds the edge of the smaller by 
1 centimeter. Find their edges. 


16. A number less than 100 is equal to four times the sum 
of its digits, and the sum of the squares of the digits is 20. 
Find the number. 


17. The sum of the squares of two numbers added to the 
difference of the numbers equals 292. The same sum multi- 
plied by the difference of the numbers equals 3091. What are 
the numbers ? 


CHAPTER XX 
PROPERTIES OF QUADRATIC EQUATIONS 
CHARACTER OF THE ROOTS 


349. The quadratic equation az’?+be«+c=0 has two roots, 


pn ae 7 Sw ee 
mp Ni prea de Beam) pian / 406 


2a 2a 
Hence it follows: 


($ 322.) 


1. If b?—4 ac is positive or equal to zero, the roots are real. 
If b?’ —4Aae is negative, the roots are imaginary. 
2. If b? —4 ace is a perfect square, the roots are rational. 
Tf b?' —4 ac is not a perfect square, the roots are irrational. 
3. If b?—A4ac is zero, the roots are equal. 
If b?—Aace is not zero, the roots are unequal. 


350. The expression 6’—4ace is called the discriminant of 
the equation ax’+ be+c=0. 


Ex. 1. Determine the character of the roots of the equation 
3 e—2a—5=—0. 

The discriminant =(— 2)?—4-3-(—5)=64. 

Hence the roots are real, rational, and unequal. 


Ex. 2. Determine the character of the roots of the equation 
Ao? —124¢+-9=0. 


Since (— 12)2—4-4-9=0, the roots are real, rational, and equal. 


Ex. 3. Prove that the roots of the equation «+2 pxe+p? 
—¢@—2qr—r?=0 are rational. 
The discriminant =(2 p)?—4(p?— q?-—2qr—7"), 
=4(¢?+2qr+7”"), 
=4(q¢+71r)?. 
Hence the roots are rational. 
327 
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351. The preceding propositions make it possible to deter- 
mine the coefficients so that the roots shall satisfy a given 
condition. 


Ex. 1. Determine the value of m for which the roots wh the 
equation —1la’+3e+3=m are equal. 
Transposing, —ig+3a4+(8—m) =0. 


The discriminant must equal zero. (§ 349.) 


Hence (3)2?-—4(—1) @—-m) =0. 
Or $+3—m=0. 
Hence m = 51. 


Nore. This result can be obtained by inspection of the graph of this 
function, which was discussed in § 802. 


Ex. 2. Determine the value of m for which the equation 
(m + 5) a? +3 mx —4(m—5d) =0 has equal roots. 


The discriminant must equal zero. 


Hence (8 m)?+4-4(m+5) (m—5) =0. 
Or 25 m2 — 400 = 0. 
Therefore m=+4, or —4. 


Check. The equations 9224+12%+4=0, and 2?—12%+36=0, have 


equal roots, - 


EXERCISE 131 


Determine, without solution, the character of the roots of 
each equation : 





1. w@—Tx+12=0. 10. #=1e—1. 

2, 00 —10e¢+35=—0, 11. o?+152=17. 

38. 92°—6a+1=0. 12. 9a? = 24a—16. 

4. a +2e+9723 = 0. 13. 9a®=17%—47,125. 
5. oe —Te—7T=0. 

6. 2a +2+1=0. oie 15 == a 

Tao —dx—1=90. Ae a 8 

8. #=27+12. oo 

9. ¢@—a#V2=3. 16. (7+ 4)(~+13) =90. 
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Determine the value of m for which the roots of the follow- 
ing equations are equal : 


17.52" —8e- m= 0. 22. 4a7—2a=38m. 

18. 3e¢°?+62+m=0.. 23. 2?7—6xe2+m=0. 

19. 52°+20x%=m. 24. #&—(m+3)x+3m=0. 
20. ma?—14a2—7=0. 25. #+(m+d)e+5m=0. 
Stowe 2a +38 =m. 26. (m+1)e?+3mx=1—™m. 


27. x —(2m—3)*x+2m=0. 
28. (1843 m)2+5ma+13—3m=0. 
RELATION BETWEEN ROOTS AND COEFFICIENTS 


352. If the roots of the equation az + ba +c¢=0 are denoted 
by 7, and 7, then 


~ =O VO 4 a6 —4 ae 
ate 2a 
eee 04 OC 
‘be rare rr ee 
6 
Hence Diab Taso? 


2 2 
and. No = coals at) — 4 ac), 
a 


Or nr,=—: 
1’ 2 a 


If the given equation is written in the form 2 sa 2a $< ===); 
these results may be expressed as follows: 


353. If the coefficient of a in a quadratic equation is unity, 


(a) The sum of the roots is equal to the coefficient of x with the 
sign changed. 


(6) The product of the roots is equal to the absolute term. 


E.g. the sum of the roots of 4224+ 5x%—8=0 is — 3, their product 
is — 3. 
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354. Formation of equations. If 7, and 7, denote the roots of 


Spade : 
the quadratic equation w+-at—=0, the equation may be 
written: - 
 — (7, +72) &+ 7%, = 0. (1) 
Or factoring, (@— 1) (®@ — 7%) = 0. (2) 
To form an equation whose roots are given we may use 
either (1) or (2). 


oe 


Ex. 1. Form the equation whose roots are 2 and — 3. 


According to (2), (# —2)(~#+8)=0. 
Or x? -- 7 — 6.= 0. 


Ex. 2. Form the equation whose roots are — 3 and — 3. 


The sum of the roots =— 4, 
The product of the roots =+ 4. 
Hence, according to (1), a%+4%+15=0. 


Multiplying by 4, 447+16%+15=0. 


Ex. 3. Form the equation whose roots are 2+-/2 and 
DEN OE 


The sum of the roots = 4, 
The product of the roots — 
Hence the equation is w—44%+4+2=0. 


EXERCISE 132 


In each of the following equations determine by inspection 
the sum and the product of the roots: 


1. oo —T2+6—0, 4, §6¢4+524+1=0. 
9. ¢74+82-—2=—0. 5. a —(a+b)x+ab=0. 
Soe + ba +30, 6. 72?—av+1=0. 
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Form the equations whose roots are: 








Tole, 14. —i, —2. 

Shy Seti Gal td Rees oN. 
Best O- 16nd 4--\ 0; a—Vob. 

a Se ae 7, LeV3, 1-3. 
11s, 0. ; 92 9 

Perea Nos A \/, As ria YET i aa 
13. ab, a. Aree PE. 


Solve the following equations, and check the answers by 
forming the sum and the product of the roots: 


19. #—42+1=0. 21. 2? —62+4=—0. 
20. 2 —62+6=—0, 29. ot ati 0, 


23. Without solving find the sum of the squares of the roots 
of the equation aw’? + be+c=0. 


24. Without solving find the difference of the roots of the 
equation ax’ + be +c=0. 


FACTORING OF QUADRATIC EXPRESSIONS 
355. Let 7, and 7, denote the roots of the equations 
ax’? + br+c=—0. 
Seagate) 
av’t+ betc=al at+—x+—-— 
a Oh 


=i (1, (x — [7 +. To | wv a 1112). (§ 304.) 
Or factoring, ax?+6x+e=a(x—1n)(x —/r). 
356. Hence any quadratic expression can be factored. The 


factors, however, are rational only if the roots of the equation 
obtained by making the expression equal to zero are rational. 
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Ex. 1. Determine whether 6 2?+9a-+ 2 has rational factors. 


The discriminant = 92? — 4.6.2 = 33. 
Hence the roots are irrational, and the expression has no rational 
factors. 


Ex. 2. Factor 3a7—19a—14. 
Solving the equation 3 #2 ~ 19% — 14 = 0 by the formula, 


oe eS Mie, ae 
6 





Or Seeley a or cies 
6 3 
Hence 3a%2— 19% —14=3(4+4 2)(@—7) 


=(8%+2)(«#—7). 
Ex. 3. Factor 207—2¢4-+-1. 


Solving the equation by means of the formula, we find the roots 


1+V-1 
2 
tne tts nee HVE (A= 
wig oe ee Ve eer eo 
2 2 


=12%—-1—V—1)22%-14+V-—1). 


Ex. 4. Factor 24+ vy —2ay’?—27°+8 yy? —8 yy. 
The expression is quadratic in respect to x, hence we solve the equation 
a+ a(y—2y?)—2y?4+ 8y? — 8yt=0. 
By formula, e=—2y+4y%, or y—2y? 
. Hence a2 + vy —2xy2 —2y2+ 8y3—8y! 
=(@+2y—4y?)(*#—y+2y?). 
Note. A quadratic equation cannot have three roots. For if we 
write the equation ax? + be + ¢ = 0 in the form a(x — 71)(% — re) = 0, no 


other value rs, not equal to either 7, or 72, can satisfy the equation, as 
a(7r3 — 71)(73 — re) cannot equal zero. 
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EXERCISE 133 


300 


Determine whether the following expressions have rational 
factors: 


4 


2 
3 
4. 
5 


OG) O12; 6 
. 627+ 20a —65. 7 
. 1297 —145 « + 72, oS: 
a? — 82 ¢ -- 1572. 9 
. m—mn— 2 n?, 10. 


Resolve into factors : 


iG 
12. 
13. 
14. 
15. 
16. 


. 40°— 20 ba+25 b?— 


. Im?—6Bmn—8 n2. 


fe lar + 10Le 125. 


15 a? —19 wy — 56 7’. 
9 a’, 


(k+1)a?+ 3ke+k—1. 


x? — 60 a+ 899. 17. 300 a? + 811 x — 630. 
25 x? — 100 a + 96. 18. a?+ 21424 11,448. 
oe? — 90 x + 2009. 19. v+ae+l. 
50 a? + 315 2 — 729. 20. a tio. 
g—64e2+1015. . OTe t of 2. 
40 a”? — 53 ay + 6 y?. 22. 2 -+1. 

23. axv+(a?+1)x+a. 

24, 3a°—4ayt+8az—47y'4+ 8 yz—32. 

25. p+Tpq+2¢q. 

26. 82?—16ay—8az+ 67? — 8 yz — 302. 


. 12p°?—18 pq + 28 pr —12¢° +19 gr—5r 


. #&—3u—3S. 


CHAPTHR XA 
PROGRESSIONS 


357. A series is a succession of numbers formed according 
to some fixed law. 
The terms of a series are its successive numbers. 


ARITHMETIC PROGRESSION 


358. An arithmetic progression (A. P.) is a series, each term 
of which, except the first, is derived from the prceeg ng by 
the addition of a constant number. 

The common difference is the number which added to each 
term produces the next term. 


Thus each of the following series is an A. P.: 
Oe Lge te OL Le, 
17, 10, 8, —4, —11, 
a,a+d, a+2d, a+3d, «+. 
The common differences are respectively 4, —7, and d. 
The first is an ascending, the second a descending, progression. 


359. To find the nth term / of an A.P., the first term a and 
the common difference d being given. 

The progression is a,a+d,a+2d,a+8d. 

Since d is added to each term to obtain the next one, 

2d must be added to a, to produce the 3d term, 

3d must be added to a, to produce the 4th term, 

(n —1) d must be added to a, to produce the nth term. 


Hence l=a+(n—1)d. (1) 


Thus the 12th term of the series 9, 12, 15 is 94+-11 - 3 or 42. 
3934 
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360. To find the sum s of the first m terms of an A.P., the first 
term a, the last term /, and the common difference d being given. 
s=a+(a+d)+(a4+2d) +. (¢—d) +. 
Reversing the order, 
s=l+(1—d)4+(i—2d) --- (a+d) +a. 
Adding, 2s=(a+l)+(a+l)+(a+J))-- (@+)+(at+)). 


O1 2s=n(a+l) 

Hence i 5 (et +1). (IT) 

Thus to find the sum of the first 50 odd numbers, 1, 3, 5 --» we have 
from (I), Z=1+4 49.2 = 99. 

Hence s = 59(1 + 99) = 2500. 


361. In most problems relating to A. P., five quantities are 
involved ; hence if any three of them are given, the other two may 
be found by the solution of the simultaneous equations : 


[/=a+(n—l)d. (I) 
is =5(a +/). (IT) 


Note. It is possible to find general formule expressing any two 
quantities in terms of any three others. The formule, however, have 
little value, since all examples can be solved without them. 


Ex. 1. The first term of an A. P. is 12, the last term 144, and 
the sum of all terms 1014. Find the series. 

| s = 1014, a=12,7= 144, 

Substituting in (1) and (II), 


144=12+(n—1)d. (1) 
1014 = 5 (12 + 144). (2) 
From (2), fovea 10145 or = 9 = Io. 
Substituting in (1), 144=12412-d. 
Hence alk. 


The series is, 12, 23, 34, 45, 56, 67, 78, 89, 100, 111, 122, 133, 144. 
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HxG2. Find, if s—=204, d =65l=349. 


Substituting, 49 =a+(n—1)-6. (1) 
204 = ; (a + 49). (2) 
From (1), a=49— (n—1)6. 


Substituting in (2), 204= (98 —n—1-6). 


408 = n (104 —67n). 
6 n?2 — 104 n + 408 = 0. 
3 n?2 — 62 n+ 204 =—0. 
Solving, nm = 0, or, 114. 


But evidently n cannot be fractional, hence n= 6. 


EXERCISE 134 


Find the 11th term of the series 11, 22, 35, «+. 

Find the 18th term of the series 94, 87, 80, «+: 

Find the 7th term of the series 12, 153, 19. 

Find the 15th term of the series 8, 101, 122. 

Find the 11th term of the series —1, — 314, —6. 

Find the 12th term of the series —7, —1, +5. 

Find the 13th term of the series — 8.5, — 10.9, — 18.38. 


Yonan fF wo nD 


Find the last term and the sum of the following series : 
8. 4, 7, 10, ---, to 11 terms. 
9. —2, —1, 0, ---, to 14 terms. 

10. 4, —1, — 6, ---, to 13 terms. 


11. 4, 4, Z, ---, to 10 terms. 
Find the sums of the following series : 
12. «—5,x—4, «—3, «+, to 11 terms. 


13. —1-4, —1-3, —1-2,---, to11 terms. 


cua 
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14. 14, 31, 5, ---, to 5 terms. 
15. 24+5y,34%+2y,4u+y, +, to 7 terms. 
16. Find the sum of the first 25 integral numbers. 


17. Prove that the sum of the first n integral numbers is 
n(n +1) 
Sees 


18. Find the sum of the first 49 odd numbers. 
19. Find the sum of the first n odd numbers. 
20. Find the sum of the first 40 even numbers. 


21. The first term of an A.P. is 13, the last term 88, and 
the common difference is 5. Find the number of terms. 


22. The first term of an A.P. is 62, the last term is 7, and 
the common difference is — 5. Find the number of terms. 


23. The last term of an A.P. of 22 terms is 5, and the 
common difference is 4. Find the first term and the sum. 


24. Givena=4, 1=25, n=8. Find d. 

25. Givena=7, d=4, n=45, Find / and s. 
26. Givena=—3,d=2,n=8. Findlands. 
27. Given a ay Po On HIN anu S 
28. Givena=5,n=—4,l=—2. Findd ands. 
29. Given a=1, n= 35, s=1225. Find d and J. 
30.) Givenin—12,d—=4, s— 99; | Hind a andl. 
Sipe Given @.— 141 300,11. Find @ ands. 
32. Given a=21, /=— 59, s=— 823. Finddandn 
SS a GIvenel— 2a ese—oowt a 29: ie le 
34. Given a=—7, d=3, s=430. Find n andl. 
35. Given 1=97,d=3,s=1612. Find a and xn. 
36. Find d in terms of a, n, and J. 


37. Find n in terms of a, /, and s. 
Z 
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362. When three numbers are in A.P. the second one is 
called the arithmetic mean between the other two. 
Thus 2 is the arithmetic mean between a and J, if a, x, and 


CRUD Aer Oli or) eae 


OTUs 
ion te 


Ie. the arithmetical mean between two numbers is equal to 
half their sum. 


Solving, 


Ex. 1. Insert 5 arithmetic means between 14 and 62. 


The number of terms is evidently 7. 


Hence Tht — late G2. 
Substituting in (1), 62=1446.-d. 
Solving, C= 5; 


Therefore the series is 14, 22, 30, 38, 46, 54, 62. 
Or the means are 22, 30, 38, 46, 54. 


Ex. 2. The eleventh term of an A.P. is 39, the nineteenth 
term is 67. Find the series. 


Using formula (1) twice, 39 =a+10-d. (1) 
67 =a+ 18d. (2) 

Subtracting (1) from (2), 28 = 8d. 

Whence d=. 

Substituting in (1), 39 = a+ 36. 

Therefore a=4. 


Or the series is 4, 74, 11, 141, .-- 


EXERCISE 135 


Insert 6 arithmetic means between 25 and 4. 
Insert 4 arithmetic means between 17 and — 13. 
Insert 5 arithmetic means between —1 and — 7. 


Insert 2 arithmetic means between — 9 and 12. 


i 


Insert 9 arithmetic means between 2} and 274. 
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Find the arithmetic means between: 





6. aand 5a. ees ng ere 
a 
i) i 
(s alt ee *y 1 Sa oa. 


Find the series in which: 

10. The 5th term is 19, and the 8th term is 31. 
11. The 9th term is 12, and the 17th term is 60. 
12. The 4th term is —1, and the 9th term is — 2. 


13. The 12th term of an A.P. is 14, and the 20th term is 
—6. Find the 28th term. 


14. The sum of three numbers in A.P. is 18, and their 
product is 192. Find the numbers. 


Hint. Let x —y, x, x + y, represent the numbers. 


15. The sum of three numbers in A. P. is 9, and the sum of 
their squares is 29. What are the numbers ? 


16. The sum of five numbers in A. P. is 25, and the sum of 
their squares is 185. Find the numbers. 


17. The sum of four numbers in A. P. is 20, and their product 
is 3884. Find the numbers. 


Hint. Letx—3y,x%—y, x+y, 4+ 5y represent the A. P. 
18. How many times does a common clock strike in 12 hours? 


19. A bookkeeper receives every year an increase of $ 100. 
How many dollars did he receive in 15 years if he received 
$ 1200 during the first year.? 


20. For boring a well 200 yards deep a contractor receives 
$1.00 for the first yard, and for each yard thereafter 1¢ more 
than for the preceding one. How much does he receive all 
together ? 


- 
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21. A man saved each month $1.00 more than in the preced- 
ing one, and all his savings in 10 years amounted to $8460. 
How much did he save the first month ? How much the last ? 


22. $2000 is divided among eight persons so that each per- 
son receives $10 more than the preceding one. How much 
does each receive ? 


23. A man accepts a position at a salary of $1200 for the 
first year, and is to receive every year $50 increase of salary. 
In how many years will he have received $45,000 ? 

24. Ifa body falls 5 meters during the first second, 3 times 
as far during the next second, 5 times as far during the next 
second, etc., how far will it fall during the 7th second? during 
the nth second ? 

25. How far will a body fall in 7 seconds? in ¢ seconds ? 


26. A man pays off a debt of $24,000 by monthly payments 
of $100, and the first payment is made at the end of the first 
month. If the yearly rate of interest is 6%, what is the total 
amount of interest paid until the debt is cleared off ? 

27. A man purchases a $500 piano by paying monthly 
installments of $10 and interest on the debt. If the yearly 
rate of interest is 6%, what is the total amount of interest ? 


GEOMETRIC PROGRESSION 


363. A geometric progression (G. P.) is a series each term of 
which, except the first, is derived from the preceding one by 
multiplying it by a constant number, called the ratio. 

Eg. 4, 12, 86, 108, --. 
meng, et aad he 
Gs ar, AN*,0T°, «+ 
The ratios are respectively 8, — 4, and 7. 


364. To find the nth term / of aG.P.; the first term a and 
the ratios r being given. 
The progression is a, a7, ar, ++ 


PROGRESSIONS Ot Lb 


To obtain the nth term a must evidently be multiplied by 
gr 


Hence No Vie! ee (1) 
Thus the 5th term of the series 16, 24, 36, ---, is 16(3)* or 81. 


365. To find the sum s of the first m terms of a G.P., the first 
term a and the ratio r being given. 
s=atar+ar +. a}, (1) 
Multiplying by 7, rs = ar + ar ++ +ar" (2 
Subtracting (1) from (2), 
s(r—1)=ar"—a. 
Therefore ore! (II) 
r—1 
Thus the sum of the first 6 terms of the series 16, 24, 36, «++. 
peesens es Wie t = 32 (gp — 1) = 882}. 
i 
Nore. If n is less than unity, it is convenient to write formula (II) in 
the following form : a—ar 
er ieens 


s (IID) 


366. Jn most problems relating to G. P. five quantities are in- 
volved ; hence, if any three of them are given, the other two may 
be found by the solution of the simultaneous equations : 


f=apa: (1) 
ar"—a 

refed Sn II 

Sheer (II) 


Ex. 1. To insert 5 geometric means between 9 and 576. 


Evidently the total number of terms is 5 + 2 or 7. 
HenCG.70 ale Gc e010, 


Substituting in I, DIG =='9'95, 
7® = 64, 
r=+2. 
Hence the series is 9, 18, 36, 72, 144, 288, 576. 
or 9, — 18, 36, — 72, 144, — 288, 576. 


And the required means are +18, 3, +762, 144, +288. 
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EXERCISE 136 


Find the 8th term of the series 5, 10, 20, ---. 
Find the 8th term of the series 2, 6, 18,---. 
Find the 7th term of the series 3, — 6, +12, «++ 
Find the 6th term of the series 4, —6, +9, +++. 
Find the 10th term of the series 81, 27, 9, -+-. 


Find the 7th term of the series —4, + 8, — 148, +++ 


Find the sum of the following series: 


th 
. 2, —4, 8,--- to 7 terms. 


- 


2, 6, 18, --- to 6 terms. 


12, --- to 6 terms. 
48, 36, 27, ++. to 5 terms, 
729, — 245, 81, --- to 5 terms, 
, a’, a’, --- to 8 terms. 


a + a®b + ab’, --- to 7 terms. 


. w& —asd + ab’, ---to 7 terms. 
16. 
ah 


Find the geometric mean between 2 and 50. 


Prove that the geometric mean of two numbers is equal 


to the mean proportional between the numbers. 


18. 
19. 
20. 
21. 
22. 
23. 
24. 


Find the geometric mean between a?— b? and Leen 
Insert 3 geometric means between 4 and 324. um 
Insert 3 geometric means between 3 and 48. 

Given r=4, n =3, 1= 80, find a and s. 

Given tr = 3, n=.) = oe ands, 

Given r= 4, n= 3, s=105, find a and . 


Given r= 5, n= 4, s = 780, find a and U. 
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25. Givena=2, r=4,1=82, find n and s. 

26) Givell ¢— 0, 7 = 4. =O. illGen AUCs, 

272 ial Ven GA, = oe beOo Uni? and, 3. 

280 .GiVen.d =), hoe and Ss 

29. Given a= 15, r=3, s = 600, find n and J. 

30. Given a=15, r= 4, s= 5115, find » and 2. 

31. Find s in terms of a, 7, and 1. 

32. Find a in terms of 7, n, and l. 

33. Find a in terms of 7, n, and s. 

34. Find r in terms of a, n, and J. 

35. Find the sum of the series V3, 3, 3-V3, --- to 5 terms. 
36. Find the sum of the series 1, 2, 4, 8, to n terms. 


37. The fourth term of a G. P. is 135, the seventh term 
3645. Find the series. 


38. The sum of the third and fifth terms of a G. P. is 90, 
and the sum of the sixth and eighth terms is 2430. Find the 
series. 


39. The population of a city is 100,000, and it increases 
50% every 4 years. What will the population be in 20 years ? 
40. A sum of money invested at 6% compound interest 


doubles itself in 12 years. What will $1.00 invested at 6% 
compound interest amount to in 240 years? 


INFINITE GEOMETRIC PROGRESSION 


367. If the value of r of a G.P. is less than unity, the value 
of r” decreases, if nm increases. The formula for the sum may 


be written _a—ar_ a feet 


co = ——— — -: 
1—-r 1-r 1-r 
0 . ar” 
By taking n sufficiently large, 7”, and hence Ty may be 
. —y7Tr 
made less than any assignable number, 
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Consequently, by taking a sufficiently large number of terms, 


a ; 
by less than any given num- 





s can be made to differ from 7 


” 


ber, however small. This is usually expressed by the formula 


me 
ae 9 
l—p 


where s, denotes the “sum to infinity.” 





Sw 


Therefore s = =e 





Hxe 25. Find. thewalue oteol2icieie-- 
OL al a exe = oO =n O72 000TS -b ssc 
The terms after the first form an infinite G. P. 
Ga 012 ar 

BUD PE 
le Ol nO ae 00 Benoa 
mer ie keh 

10" 66 - 110 


Hence s 





Therefore .37272..- 


EXERCISE 137 


Find s, for each of the following series: 
i Bs 


ihe Serre rier Cares. irene ee AE 
eed 


iy 
TAS ed SA Sees 


Ne 


“Ne 
Cole tl 
— 


Find the value of: 
Ce it Gees 8. .126126 .-.. 102.4211 15-58 
Geeeotb454 .... 9.040707 ae 1Mje co, 2V 0,laeee 


12. The sum of an infinite G. P. is 6, and the first term is 
4. Find the series. 
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13. A ball is thrown vertically upwards to a height of 16 
feet. After striking the ground it rebounds to three fourths 
the height it dropped from, aud so on for each successive re- 
bound. What is the entire distance traveled by the ball until 
it comes to rest ? 


14. Under the conditions given in Ex. 13, the time the ball 
needs for the first ascension and fall is 2 seconds, and the time 
between any two successive rebounds is equal to the preceding 
similar period multiplied by V3. In what time does the ball 
come to rest ? 


CHAPTER XXII 


BINOMIAL THEOREM 


PROOF BY MATHEMATICAL INDUCTION 


368. The following example explains the demonstration by 
mathematical induction, a method frequently used in algebra. 


To prove that 134 08 4.38 oon Fe limtiae Bin 


4 
Assuming that the proposition was correct for some number 
k, we have 12 Tp 2 
Ey Wars ih ee eens, (1) 


4 
Adding (k + 1)* to each member, 


19428438... e+ 1p=EGt | @+1y 
_(&+17(7?4+4[k+1)]). 
cr 4 


Or 142438 (ep 1= AEDES ey, (2) 


But (2) expresses that the proposition is true for (k+1). 
Hence, if the proposition is true for any particular number, it 
must be true for the next higher number. 

Evidently the proposition 1s true for k=1, hence it is true 
for k= 2, and therefore again it is true for k =38, and so on for 
higher and higher numbers. 

As this mode of increasing & can never reach an end, the 
proposition is generally true. 

046 


BINOMIAL THEOREM dAT 
369. The method of proving a proposition by mathematical 
induction consists therefore ‘of two parts. 


(1) Assume the proposition to be true for some number, and 
demonstrate that it then must be true for the next higher one. 


(2) Prove that the proposition is true for some particular 
number. 


EXERCISE 138 
Prove the following identities by mathematical induction : 
1. 14243+4+--+n=tn(n+1). 
2. 24+4464+-+--+4+2n=n(n+1). 
8. 174274374 --4+nr?=1n(n+1)(2n+1). 
1 1 1 1 n 





ZV ge Aha eo TI, OARS A ok AA hd Se ner es Eoin 
1am Le a hteM ea enet aL) n+1 
i 1 1 il n 
——————— was eee Oe 
Tae Slane ee WOged) Qa) 2n+1 
1 2 3 
PD REOCee ar P EE ae 


Sa ie ered ees (Fer) 
(n+1)(n+2)(n+8) 4(n4+2)(n+4+3) 


7 1-242-343-44--4+n(n+1)=tn(rn+1)(r4 2). 
8. 1-2-842-3-4438-4-54-+-+4+n(n4+1) (n+ 2) 
=1n(n+1)(n+2)(n+3). 
nm 2 33 


CP gIM GAR e baN bi Gee 


Fi can ES eC 
(n+ 2)(n+3)(n+4) 6(n+3)(n+4+ 4) 
10. 142-243-2744. 2?+..4+7-2™!=(n—1)2"+1. 


11. 142-843-844. 5 po pn grt Eu Oth 
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BINOMIAL THEOREM FOR INTEGRAL EXPONENTS 


370. It has been shown in § 220 that 





Oe lo See 5-4 879 5-4-8 27.3 Pye beds ee 4 
Arti Seem Ohana g © ohare Micelar eerarrr 
5-4-35-2-1 
hae 
Warm as 


The method of induction furnishes a convenient means for 
proving this proposition for any positive integral exponents, 
2.e. to prove 


(a+ b)” 


=a"-+n-a"b oe ab? 4 nr (us 


9) 
See es 


Assuming that the proposition is true for a number k, we 
have 


(a+ b)t = at kak + me =} gt292 4 KE = ee 2) atthe 


Multiplying both members by (a+ 0d), and collecting similar 
terms in the right member, 


(a Je Dea aa qit} 28 (k 3k 1)a‘h -- et) + k ah? 


k(k —1)(k— 2) k(k —1) 273... 
ae 1.913 + 1.9 Fetal # ge 
Or (a + db)? 
eal uy (A+) (K4+1)k(k—1) ue 
=a'ttt (k+1)a*b+ oD ioe ae paises ak*f8 ..», (2) 


But (2) expresses that the proposition is true for the exponent 
(k +1), since every k of (1) has been replaced in (2) by a (4+ 1). 

Therefore, if the proposition is true for any exponent, it must 
be true for the next higher one, and since it is true for k=2, 
it is generally true. (§ 369.) 
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371. The product 1-2-3---n is called factorial n, and it is 
frequently represented by the symbols |” or n! 
Thus |8=1-2-3=6; d5!=1-2-3-4-5=120. 


372. Using this symbol, the binomial theorem may be 
written, 


(a+ b)"= a" + nat + ae a2? 4 one 


n(n — 1) --- (n—r+1) arb" + 


oo 
. 


The student should note that every coefficient of the ex- 


pansion has the same number of factors in numerator and 
denominator. 


373. The general term of expansion, 7.e. the 





(r+ 1)th term = ile) ae SLFY) gn—rpyr, 
Pr 
Ex.1. Expand (2a?—~5)*. 
(2a2—Vb)5 = (2a? Ds 
= (20%)5— 5. (2.0%) 4b? P4228 2-5 (2 a?)3(b2)?2 
_ 5-4-3 2\2 34 Sue 2 AR a 5 } zi Ae 
— 2-423 (a aayacotye 4 S432 2 at) ob — oh 
— 32. a! — 80 a®b? + 80 ad — 40 ath? + 10 a2? — 2. 
Ex. 2. Find the 7th term in the expansion of (8 a + 6’)*, 


Since 1-4 1 — 7. r=6, and n= 8. 
8.7-6-5.4.3 
V-2-78 4.65.6 


Ex. 3. Find the middle term of (#—2y)”. 


Since the expansion has 11 terms, the 6th term is the middle term, or 


Hence the 7th term = (3 @)2(b67)§ = 252 a?b?2, 





r+1=—6. 
Therefore eee 10, 0 = 6, 0 7, 
Hence the middle vaste aa 6 5° 2 y)s, 
1233. 4.5 


= — 8064 x5y°. 
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EXERCISE 139 


Expand the following: 


(e+ y). 
(7+ 3)*. 


PrP wo wD FE 


(1 + a)®. 
Simplify : 


(m — n)°. 


EES 
g 
[>] 
SZ 
" oOo 
-~3 
oe 
2 
| 
oe) 
«© 
ee 
cs 


for) 
mi 
S 
+ 
|— 
Nees 
ae 
co 
gee 
g 
S 
| 
Se 
be 
eae 


9. (Vat+Vb)'+(Va—vo)t 11. A +v2)'— (1 —Vvz2)°. 
10. GtvVnje+ad—vn)* 12. (V2+2)§+ (V2 —2)° 


Los 
14. 
152 
16. 
Lie 


18. 


Lo. 


20. 


21. 
22. 
23. 


24. 


25. 


26. 


27. 


28. 


Find the 4th term of (a +b)’. 
Vind the 9th term of (a —b)”. 
Find the 3d term of (142). 
Find the 4th term of (a+ 3b)’. 
lind the 5th term of (a? — 3 0°)%. 


lind the 7th term of (v (oo at 
Find the 10th term of (1 + 2)”. 
Find the 5th term of (« — a 
Find the 20th term of (1 — a1)”, 


Find the middle term of (a+ b)*% 
Find the middle term of (m—n)°. 


0 
Find the middle term of (2 — = . 
x 
Find the middle term of (a? — 5 ab’)°. 


Find the middle term of (Vn — = 


m 


10 
Find the term independent of x in (2 — ") . 


ity tae 


6 
Find the term independent of a in (= — *) 
a 
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374. The coefficients of the expansion of (a+5)”, called the 
binomial coefficients, are represented by several symbols, e.g. 
i ” Aes Cer and (OE 

Using the first symbol, 


| 
Yoke shes. 
fiw 
ag, =— nT) 
1.2 


onesie) So eer 
I" 
375. The binomial theorem may then be written 
(a + b)" — q" ae ORs hast ae ed OMe toad i pe -|- A OP ious: ee - b”, 
Making a=1 and b=a, 
(A+ a)" =14+ "Ca + "Cy? + oe + Chareee + 0”, 
376. The (r+1) term may be written 
EG aa BF 
377. If we multiply the numerator and the denominator of 


"C. by |n— 7, : 
_n(in—1)-- (n—r+1)nm—r)-- 2-1 








n() 3 |n 
n—r |n eee: 7 
That is, AGE =i Ohne 


378. Hence the binomial coefficients of any terms equidistant 


from the end and the beginning are equal. 
10-9 
Thus, 4 OF = LTO! = aot = 45. 


ER = cog = 100. 
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379. By substituting a=1 and b=1 in the formula for the 
binomial theorem, we have 


Qn — 1 +70, +*0, ee oye 


That is, the sum of the coefficients of the expansion of 
Ute Gale ee 

Similarly, the sum of the coefficients of the expansions. of 
(a+ 2 b)"=2", ete. 


380. In higher algebra it is proved that the binomial theorem 
is true for negative and fractional values of n, provided a is 
greater than b. The expression, however, gives an infinite 
number of terms. 


1 D hear ke 
Thus, (+2)?=1+1¢+42 5 ay gt Aiea Bama 9 daca. 





— ‘a -) 3 
=1l+ta—te+ a. 
381. The sum of two successive binomial coefficients is a binomial 
coefficient of the next higher order. 
"CO; + "C;,.1 = ae C,.. 
ers BOE Ce ee ott SEED BD -(n—7r +2) 


1-2. -26(r—1) 
_ n(n — 1) + (n— 1 +2) maorttiit 
1-2-3+- (”*—1) r 
Baa NG ieee IN are dean eed eC 
1-2-3+.-(r—1) r 
_(m+1)n- = GaTt2) _oi¢, 
1-2-8. 
Eg. 503 +50, =®C3, "Cg + 7C5 = ™11C4. 


382. The proof for the binomial theorem, as given in § 370, referred 
only to the first three terms. To prove that it is correct for any term we 
may use the proposition of the preceding paragraph. Assuming that 


+ %)™=14 *Cyx + "Cox? --. Cpa"! 4+ Char oo MORK. 
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Multiplying by (1+), 

n Cix -|- ” Ogu ae ne ag) + nO." +... yn 
e+ "Cy Se Cert == Pe}, 

(1 -+- 19 ee — 1 + ntl Oe 4. n+1 Onyx? + n+1¢0) r a ey gntl, 


1 
Qtapna{ 7 


Hence it follows by the method used in § 369 that the theorem is 
correct for all terms. 


EXERCISE 140 
eee Ha Nees Con, oe Cros 
2. Find the 98th term of (a+0)™. 
3. Find the 47th term of (1 — x)”. 
4 


. Find the sum of the coefficients in the expansion of 
(1+ 2)". 

5. Find the sum of the coefficients in the expansion of 
(1 — a)”. 


6. Find the sum of the coefficients in the expansion of 
(2a+))’. 


Wome iliet her sits Ole Orect et ee Cn. alld, (Cpe Without 
finding the value of each coefficient. 


g. Find n, if “C,= 28. 

9. Kind n, if *C,=-"C,= 10. 
10. Expand (1+ 2)~’ to four terms. 
11. Expand (1 — a)~' to four terms. 
12. Expand (1 — a) to four terms. 


10 
13. Write the term of (1 + =) , which contains a~*, 
: ve 


9 
14. Write the term of (2 — 4 , which contains 2’. 
a 


15. In the expansion (a+ 0)", the coefficient of the rth 


term is equal to the coefficient of the 2rth term. Find +. 
2A 


304 


~ 


a 
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REVIEW EXERCISE V 




















| Simplify : 

1. 4-627 4 272) + 4422714327"). 

a. (am 4 Vay, 

ae (we —n(n—1)a* 1+ Gy ay 

4. 2Vs +760 —V15 4+ V3. 

B. TV5443-V16 + V2 —5V128. 

6. (9+2V10)(9 — 2-10). 

TER AN OOM DN 2) ye = ON 20a aN): 

8. (V34+-V2) + (V3—V3). 

ia ON Oe a 11. (5—V24)}. 
10. (7+ 4V3). 12. (7 +2Va—1). 
13. te to Lene cane 

et gh eee et oa at Le aaa 
sat a’ (x — b)(a — c) He va —a)(a%—¢) at c(a—a)(a—b) _ 
(a — b)(a —c) (b—a)(b— ce) (c—a)(e— b) 
4s Oe 0 Ce, Oe 2 ac+ 2 be 
a? — b?’ —c — 2 be 
ee Sa—oe+Say—ory EP ees ) 
24e+16ar+12ay4+ 8ary | 2axv+32 Sa412 | 

17. Find the coefficient of ab? in (a + bd)”. 

18. Find the coefficient of a” in (a—1)™. 

19. Find the middle term of the expansion of (a — 0)". 
20. Find s, for the series, 


1 1 al 
n+l @+if' @tiy 
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* 21. Solve e=1+—+W. 
1+ 
x 


22. Solve 3 +9-4/2-9=3. 
x ire 


23. x®=1—z. Find 2 to four decimal places. 
24. Solve a2? —% 1? te +10. 

me 62d. Solve 32a" * + 4a" (ae — 2Z)e= alee? 
26. Find the equation whose roots are a and =. 


27. If the equation 2—8a#+15=k has equal roots, what 
is the value of k? 


P+3y¥=%, % 30. Solve ones 
28. Solve { 24 2m 2. at y=b. 
22 yy peek? 
anys xy + xy” = 80, 
¥ 29. Solve SIP SOLVGet bh 
vy = 91. = y == 6 
24+ y) = 1400 
- 32. Solve egteee ea) 
alot = 128. 
G 33. A body projected vertically upward with a velocity of v 


feet per second reaches after ¢ seconds an elevation s = vt — 
(g= 32 feet.) If v=64, and s= 48, find ¢. 


34. Find three numbers such that the product of any two of 
them divided by the third one gives respectively the quotients 
a, b, and c¢. 


Y 2 
2 


35. The edges of two hollow cubes differ by 10 centimeters. 
If a certain quantity of water is poured into the larger cube, 
there remain 1578 cubic centimeters of space not filled with 
water. If the second cube contained 142 cubic centimeters 
more, it would hold the quantity of water. Find the number 
of cubic centimeters of water. 
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36. The geometric mean of two numbers is to their arith- 
metic mean as 3:5. Find the ratio of the two numbers. 


37. The sum of five numbers in A. P. is 25, and their prod- 
uct is 945. Find the numbers. 


38. A man spends $6 on the first day of January, and his 
expenses increase 50¢ every day. How much does he spend 
during the month of January ? 


39. The population of a town increased during 4 years from 
10,000.to 14,641. If the rate of increase was the same every 
year, find that rate. 


40. What is the remainder when 22°+ 32°— 2 is divided 
by «+2? 
41. For what value of J is 2a*— 32°+ la? —92-+1 exactly 
divisible by «—3? 
42. Prove that «—2a"+1 is exactly divisible by «—1. 
43. Factor 6 2? + 59 wy + 105 y”. 
44. Factor (a? —5x4+2)?—4. 
45. Add to 10 terms w+y, 2+2y, #+4+3y, a+4y oo. 
46. Solve ae ale 
ey tdsy=14. 
47. Solve Vaie = a. 
agtsolve (3) (2) 4 
AGQe Hactor 0° -— a) --o @ 2 02 oO Oa 


™ 


50. Solve the equation a” —3 a+1=—0. 
51. Simplify 2°+10°—4!-@yF 4040/5. 
es + l= 1 
al 
52. Solve { 
Ee 
0 


‘= 


= 


55. Simplify ts 


Tye * 
ha 


: * 
Po lemah J —.« 
an | ee 

ae Sas 


BINOMIAL THEOREM 
53. Find the L. GC. M. of ot — af e—o, w+. 
54. Find the fifth termof 
Ga 
Ye 3 
and reduce it to its simplest form. 
Na 





CHAPTER XXIII 
INEQUALITIES * 


383. An inequality is a statement that one quantity is greater 
or less than another. 


384. The signs of inequality, > and <, are respectively read 
“is greater than” and “is less than.” 

The members or sides of an inequality are the two expressions 
which are connected by a sign of inequality. 


Thus, a>b is read ‘‘a@ is greater than b.’’ a is the left, b the right, 
member. 


385. One number a is greater than another number 8, if 
a—b is positive; similarly, a < b, if a—}b is negative. 
—5>-—7, since —5—(—7) =+4+2., 


386. The symbols, 4, <, #, express respectively “is not 
greater than,” “is not smaller than,” and “is not equal to.” 


387. Two inequalities are of the same species, or subsist in 
the same sense, if their signs of inequality are alike. 

a>b, c>d, are of the same species. 

4>3, —4<-—83, are of opposite species. 

388. The sense of an inequality is not changed if both members 
are increased or diminished by the same number. 

Suppose a > J, then a—b is positive. 

Hence (a+ m,—(b+ m) is positive. 

Therefore atm>b+m. 

Similarly a—m >b—m. 


* This chapter is not required for the examinations of the College En- 
trance Examination Board. 
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389. It follows from the preceding paragraph that a term 
may be transposed from one member of an inequality to another, 
by changing its sign. 


390. The sense of an inequality is not changed if both members 
are multiplied or divided by the same positive number. 

Let a >b, and m be a positive number. 

Then a— 6 is positive. 


Hence m(a— 6b) or ma— mb must be positive; t.e. ma > mb. 


re a_ 0b 
In a similar manner it can be proved that — >—- 
mm” m 


391. If the signs of all terms of an inequality are changed, 
the sign of inequality must be reversed. 

Consider the inequality a—b+c>au—y. 

Transposing all terms, —x+y>—a+b—e. 

That is, —atb—c<—at+y. 


392. The sense of an inequality is reversed if both members 
are multiplied or divided by the same negative number. 


This follows from § 390 and § 391. 


393. The following principles can easily be demonstrated : 

1. If any number of inequalities of the same species be added, 
the resulting inequality will be of the same species as the original 
ones. 

olf. =0, GNOsU.=> C, Ther. th > 

3. The sense of inequalities of the same species is not changed 
by multiplying their corresponding members, provided all members 
are positive. 

Hint. If a>b, and x>y, then ax>bx, and b’%>by. Therefore 
ax > by. 

4. The sense of an inequality is not changed by raising both 
numbers to the same power, if the signs of the members are not 
changed by the involution. 
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394. An identical inequality is one which is true for all values 
of the letters involved. 


Thus, a+9>a, and m?+ n?>0, are identical inequalities. 


395. A conditional inequality is one which is true only for 
certain values of the letters involved. 


x+1>5 isa conditional inequality. It is true only if x>4. 


396. To solve a conditional inequality for a certain letter 
means to find all values of the letter for which the inequality 
is true. 


Thus, «— 1 > 2 is evidently true for all values of x greater than 3. The 
value 8 is sometimes called the ‘‘ limit of #” in the inequality «—1>2. 


397. Conditional inequalities are solved in the same manner as 
equations. Care, however, should be taken to change the sense 
of an inequality if the signs of both members are changed by 
multiplication, division, ete. 


Ex. 1. Solve the inequality : 


65222 ep e—5 
ir jee 
12 Cis eS 


Clearing of fractions, 6 -5%—4x%—6>12—4¢2 4 20. 








Transposing, —54—4x4%4+424>12+4+ 20. 
Uniting, — 52> 32. 
Dividing by — 5, x<— 62. 


398. Identical inequalities are usually proved by the same 
method as identical equations ($ 169). The fact that the 
square of any real number is positive can often be used for 
such proofs. 


Ex. 2. Ifa and b are unequal, positive numbers, prove that 


aed 
nett etee 2. 
5 ie 
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The inequality is true, 


if a? + b2 >2 ab (clearing of fractions), 
or, if a? —2ab +b? >0 (transposing), 
or, if (a — 6)? >0. 


But the last inequality is true. 


Hence @, Ono, 
eas 


Notr. All letters in the present chapter are supposed to represent 
real numbers. 


399 sant a=, then a?+ 0?=2Zab; 
if az, then a?+ b?>2ab. 


Hence a? + 0? is either equal to or greater than 2 ab, a state- 
ment that may be written: 


a’? + 6? > 2ab, (1) 
or, a? + 6? ¢ 2ab. (2) 
Many proofs of inequalities can be based upon the iden- 
tity (1). 
Ex. 3. Prove that a?+ 0?+.c? 2ab+be+ae. 
a? + b2 = 2 ab. 
b2 + c2 > 2 be. 
c2 + a2 = 2a. 
Adding, 2074267 4+2c?>2ab+2be+2ae. 


Dividing by 2, a+ b2+4+ > ab+ be+ ac. 


ihe 
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EXERCISE 141 


Solve the following inequalities: 





12. 


13. 


14. 


isis 


16. 




















19 3 a—3 2-8 5—% 
inten 3 8 5 
e—4 xed he ae x 

. Ae en eee 

4 a 53 Aa Boe 2 
Sef i set 2e+d, 

11 3 5 
a + (@+1)(@—1)—2(@— 2) (#4+3)>0. 








g — 2D ete od, 
3 











4 11 
Aeon Ota Sore 
Es Sma Cee meted OF i 


. 14627 —(14102%)?+ (248 2)’?>0. 
: z+" >b, if a 1s positive. 


. (a—2)(b+2)>a’—2, if a—b>0. 





er <“, if wand dare positive. 
l—a« 0 


Between what limits must a lie, if 


e—-4 444 
7 iF 8 


(©+1)(@+2)>2°45? 
Solve #7—169< 0. ° 


wee 2Za+b 
bs ae 








=< 2. 2a00 








, and b is positive, solve for a. 


Find the limit of a, if 
fat4dy=—837, and 
2Ze+5y > 59d. 
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If a, 6, and c represent unequal, positive numbers, prove that : 











17. @4+30?>2b(a+4+5). 19. a+. ab. 
i) aR LE Ol ceas 
4 2 20. a®b+ ab? >2 ab’. 
21. (a*+d*) (a? + 0’) > (+ 0°)”. 
22. a&+b®>ab(a+b). Hint. Divide by a+b. 
23. atb>2vVab. 
24. a®—b?>a’b — ab’. 
25. (a?+ 0’) (0? +0) (P +a’) > 8 abe’. 
26. (a+b)(b+c)(c+a) >8 abe. 
27. Which is the greater, a°) + ab® or at+b*? 
28. 


Prove that a?+ 6?+c¢?>3 abe. 


CHAPTER XXIV 
VARIABLES AND LIMITS 


400. Functions (§ 292) are usually denoted by symbols of 
the form f(x), P(@), F(@), etc., and are read f function of a, 
P function of x, etc. 


Thus, f(x”) comprises all expressions which involve the letter «, and it 
may represent in one discussion 322+ 2+ 1, in another Vz, in a third 
4x + 2%3, etc. 


401. If f(x) is known in any particular discussion, f(a) is 
formed by substituting a in place of a. 
E.g. If S(®) = 20742443, 
then f8)=2-87+2-843= 27, 
S(a)= 2024+ 2a+4+8, 
f0)=0+0+4+3=8, ete. 


402. If y= f(x), « is called the independent variable, and y 
the dependent variable. 


403. Similarly, /(#, 7) denotes a function of two independent 


variables. Thus, 2?+3ay+y’, or Va+vVy, or zi may be 
represented by the symbol /(a, y). y 


ee AL SQ, y= +4, f(2,3)= 28 + 2=10. 
EXERCISE 142 
1. If f(x) =2?+3e+42, find f(1), f0), f(—1). 
2. If f(x) =5e—2e—3, find f(2), f(a), (0). 
3. It f(x) =4, find (0), f(—1), £G). 
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If f(a) =V/I6, find f(2), £0), £4). 

If fv) = (#—m)(«#—n), find fim), f(r), f(0). 
Lae HAC Q etsy ger ae F(x) =x—y, find ST 
If f(w, y) =V2?+y", find f(3, 4). 

Solve the equation f(#) = /(7). 

Solve the equation f(«) = f(a +1). 


Simplify L(@) tL —& 4 Ke aie a) 





. If fw) =2'?+ 2a, find fia+h) —f(a). 
If f(x) = +1, find f(a +h) —f(@). 


If fv) =2a+1, find ean 
ee (a+ h). 
Lista) = oe ah id # ECan 


404. The limit of a variable is a constant which the variable 
approaches indefinitely without becoming equal to it. 


The difference between the constant 2 and the variable .6, .66, .666, -.- 
is respectively less than +4, a¢5, rosy) -+:- By increasing the number of 
decimals, this difference can be made smaller than any assignable number, 
but the decimal can never equal 2. 

Hence 2 is the limit of .666 -... 


405. The symbol = denotes approaches as a limit. 


Thus, x =a, or limz =a, denotes x approaches a as a limit. 


406. To prove that a variable x approaches a constant a as 
a limit, it is necessary and sufficient to prove that the absolute 
value of a—a can become smaller than any assigned constant, 
however small, without becoming zero. 


E.g. Let x equal the sum of n terms of the series 


THe see Log cee 
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Then pak ae 1 : 








Hence 2 9 a ee 
4 


: : 1 
By increasing n we can make Se or 2 — x, as small as we please. 
Thus, to make 2 —x%< 7555, make n = 11, 


1 1 


then . Q—-x“#= eels 
2r-1 1024 





Similarly, to make 2 — % <4 94597, let n = 21, 


1 1 
= =, 66 
2-1 1048576 





then 2—2 


Hence 2—2 can be made smaller than any assignable number, but 
2 — x cannot be made equal to zero. 
Therefore # approaches 2 as a limit. 


407. Ifa variable increases so that its absolute value becomes 
greater than any assignable number, however great, the variable 
is said to increase indefinitely or to become infinite («). 


uy , ; : 
Thus, increases indefinitely, if « = 0. 


408. An infinitesimal is a variable whose limit is zero. 


1 : eae : ; 
Thus, becomes infinitesimal, if *=o. . 


A finite number is a number which is neither infinite nor 
infinitesimal. 


409. The symbol [ f(x)],-,==0, or lim [ f(#)],-,= 0, denotes 
F(a) approaches b as a limit, if « approaches a as a limit. 


Thus, lim ie == 005 . 
JS = 

Or A = 0. 
HY, hte) 


Nore. The last two statements are frequently written in the abbrevi- 
ated form 


‘= so — 0. ($209 and § 210.) 
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410. If two variables, x and y, are always equal, and x 
approaches a as a limit, then y approaches a as a limit. 


Since a—vw=a—y, 
(1) a—y can be made smaller than any assignable number. 
(2) a—y cannot equal zero. ‘ 


Hence y = a. 


411. If two variables are always equal, and each approaches a 
limit, the limits are equal. 


This follows directly from the preceding paragraph. 


412. The following relations are frequently used : 
(1) lim (@ + y) = lim w+ lim y. 


(2) lim (ay) = lim @ x lim y. 
(3) lim (= = hm «+ lim y. 


413. Vanishing fractions. A number of functions assume 
indeterminate values for certain values of the independent 
variable, thus: 

e—-1.0. 
aah 





=o—o, if x=), ete. 


Sle eR 


a 
1 
2 a 


414. The principal indeterminate form is > All others, as 


2, ()°, co — oo, 0”, «0°, can be reduced to the form W) 
ca 0 


415. Many of these functions, however, approach definite 
limits, if we let # approach its assigned value as a limit. 
These limiting values are usually considered the true values of 
the functions. 
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Ex. 1. Find the limiting value of 4 if «+1. 
pe 


Direct substitution produces the value >> but by reducing the fraction 
to its lowest terins, we have, 


rea Lg pae eee 
172 | Lee 


Ex. 2. Find the limiting value of 
4Aa®—2Za+1 
28 —3 a? +4’ 


Direct substitution produces 3 hence divide numerator and denomina- 
tor by x3, 








when «=o. 


2g. 
Aon oer gee 
208 —8 4744 93,4 
Se 


i eo, a a etc., approach 0 as a limit. 
Soke io 


Hence the required limit is ; or 2. 


x. 3) Find bale eg ; 
2 


2ex—-4 4-2 


Direct substitution produces « — o, hence simplify, 





42 go 8 Sipe tela ee ee a 
2%—-4 "4-2 2(a% — 2) 2 





If « = 2, this value reduces to -: or —1. 


Ex. 4. Find aa pele toe) eee 


(@+h)§ — 2 _389°h +3 ah? + hi’ 
; pL 


h 


Hence [ere] = 3x2, 
h n=O 


hi 
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EXERCISE 143 


Find the following limiting values: 
Ge. +E 
ue ar 3 av +2 je=—] a0 
2a +5 a +7 d 
BED BO a ae 2 0==00 
ee). 


She 


List 
co 
eo 

S| | 
al le 
v/ 8 
4. 
bo 
ae 
: 
~ 








iS) 
mee 
8.) 8 
bo Oo 
lant 
S18 
times) 
II 

| 
a 

00 








3 a ae 
F ie =| J, a i x pee d 
Lat cl 3x—l y=} 
a 16 Pao ; “0 6 a?+2a4+1 
— 2 +7 bec 20e°°—Tx+3 |, 


sD) 
Ara OE valle | Re 


eee 
(a— 2) (a—3) (wa — 4) ok 


 eEDeDe-y 

13. aoe ee + ne a a 
optus: 
; 


12. 


fle+ D — f(@) 


14. lt apie) a 


15. 


i 
Teta, ale ify 
i. if f(a) = 


ah occa h) — f(a) 


Z 
ne oaees | 


ale aa 








CHAPTER XXV 
IMAGINARY AND COMPLEX NUMBERS 
ALGEBRAIC TREATMENT OF COMPLEX NUMBERS 


416. Since the square root of a negative number cannot be a 
positive or a negative number, it becomes necessary either to 
exclude from our consideration such roots as VW — a, V —1, or 
to enlarge the boundaries of the number system by the intro- 
duction of a new kind of number, called imaginary number 


(§ 226). 


417. An imaginary number is an indicated square root of a 
aoe Ms ak Nye 
negative real number; as \/_—7, ./— 5. 
We assume that imaginary numbers obey the fundamental 
laws of algebraic operation, 7.e. the commutative, associative, 


and distributive laws (§ 51). 





418. Every imaginary number can be represented as the prod- 
uct of a real number and the quantity V—1. 


For V-a=Va(—1)=Vav—1. 


419. The quantity /—1 is called the imaginary unit, and is 
usually represented by the letter 7. 


420. The form a —1 or ai is said to be the typical form of 
imaginary numbers. 


Nore. In the entire chapter the letters a and b represent real numbers. 


421. A complex number is the sum of a real number and an 
imaginary number. 


a+ bi, 4+V—23, are complex numbers. 
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422. Two complex numbers are said to be conjugate if they 
differ only in the sign of their imaginary terms. 


a+ bi and a — bi are conjugate complex numbers. 


Note. The term imaginary is sometimes used in a wider sense, viz. as 
including imaginary and complex numbers. Numbers of the form aV—1 
are then called pure imaginaries. Using the term in a wider sense, 
imaginaries may be defined as even roots of negative numbers. 


423. Fundamental principle. From the definition of square 
root (§ 21), we have 


(f= 1)¥ = or P31. 


Norr. Beginners sometimes expect that (W—1)? should equal V(—1)? 
or V1=+1. The answer +1, however, is evidently wrong as (+1)? —1. 
The error has been produced by a careless application of the law (Va)™ 
— Va", which is true only as far as the absolute values of the two members 
are concerned. If this law is applied without restriction, it gives wrong 
results even for real numbers (§ 272). 

E.g. (V6)? equals 6, and only 6 (§ 21). 

But the law applied would give 


(V6)2 = V36 = + 6, 


the answer — 6 being evidently wrong. 


424. The higher powers of /— 1 are found by repeated multi- 


plication. nae: 
i=vV—1. 
?=—1. 
P=—V—1, 
ch taan Be 


Since ##=1, 7 must equal 7, 7®= 77, etc. If 7 denotes an in- 
tegral number, 


qn — qn—4ar 


E.g. 77 — 77-4 — P= —V/—1; 71002) 2 ee 
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425. To multiply imaginary numbers, reduce them to their 
typical form. 


VaaxV—b=Vav—=1x VbVa1=— Val. 


Norr. If we had applied the principle Vm x Vn = V mn directly, we 
should have obtained a wrong answer, Viz., 
V—axV—b=V(—4)(— b) =4+ Vad. 


The difficulty is here caused by the restriction of the sign. 

If V —a were taken in its true meaning + V—a, then +V—ax +V- 5 
would equal + Vab. 

But for practical reasons it is convenient to consider V—a as +V—a, 
and then V— a x V—b =— Vab. 

It should be borne in mind, however, that this difficulty is due to the 
arbitrary restriction of signs, and not to the exceptional nature of the 
imaginaries. 


426. General principle. Imaginary numbers (e.g. V — a’) 
should be reduced to their typical form (i.e. av —1) before they 
are added, subtracted, multiplied, divided, etc. 


427. The results of examples involving imaginaries should 
be represented in the typical form, a + 0i, 7.e. all real numbers 
should be combined and all imaginaries lhkewise. 


428. Ifatbi=c+di, then a=c, and b=d. 

For, transposing, we have a—c=(d—D)i. 

That is, a real: number is equal to an imaginary number, 
which is impossible unless both members are zero. 


Hence a—c=0, and d—b=0. 
Le. ean — (1. 


Ex. 1. Simplify V—49 +V—64—V—7. 


V—49 + V—64 —-V=7T=7V—-148V-1-viv-1 
=(15 —V7)V—1. 
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Ex. 2. Multiply V—7 by V—28. 
VST V8 Ve Vey 8 eV i = — 14, 





Tix. 3, Add@44-V/ =162and 9 ry — 26. 
(44 V— 16)+(5 —V— 2) =444145-54 


— 9-1. 


Ho ea aN ultipi wry payee Ey —f, 
44iv7 
TesiveY 
4+iv7 
SS at El 
eat 04.1 Ole— Oo OV te 


Ex. 5. Divide 2+5V—1 by 8—2V—1I. 


245i 2457, 8421 -—44197_ 4 , 19, 
Soy eee y oes ee eae 13 13eF 18 


Ex. 6. Extract the square root of 4+ 2-~— 45. 


Applying the method of § 275, 


Let V44+2V—45 = Va4 Vy. (1) 

Squaring, 442V—45 =242Vay4+y. 

Hence G4 y= 4. (2) 
2 Vay = 2V— 45. (3) 

Squaring (2), v2? +2 xy + y? = 16. (4) 

Squaring (5), 4 xy = — 180. (5) 

(4)—(8), - x? —2xy + y? = 196. 

Extracting square root, B= = 14: 

But xety=—4. 

Therefore C= OF anda abe 

and . V442V—4 =84+ V—5. 


The root can be found more easily by applying the inspection method 


(§ 276). 
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EXERCISE 144 





Simplify: 
ey by 121, VV = ee te ee 
2. V—49 e+ /—64e? —a2V—121. 
3. av —4—1 R95 oN Oe 
Ae ries — 9 9p) —— bbe 
ihe EE Sa Ea 
ihe thay SNS Ry ASN Seay OBST 
7 (442V—2)+(84+V—4)+(6—V-—8). 
8. (8a+V—160%+(8a—V — 25%) 4+ (V— 9074 2a). 
Qt Ve ay 0 ye ee Nea, 
10. (V—9 ab —V—= 4 ab)—(V— ab—V— 4b). 
Ligh Si Vee Od ny Oey ee 
LOM a eel 13. (+2484 4, 
14. 7427-64 7%, 
15. (~-V—1)?+(V—1)°— (—V—1)*. 
NG ee eae 18. 83V— a 4 Vd. 
Y. V=oa- Veab0n: 19. 4[—24. «{-104. 
20. (83V—8+V—184 V—50—2V—72)-V—2. 
Bie G — 0 ne ae 
D2: 


iV —n> Van in eee — 18, 


4 


23. (8+ V —25)(3—V —25). 24. (3 Mya: (C1 227) 


25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 


33. 


34. 


35. 


36. 


37. 


48. 


49. 
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(GN a) (GV ae 
ig? (1d at Oa 
(6—V—7 a)(3— 
(V—a+vV—6b 
Ce aa 
(Varta at oay, 
V1i+i-V1-i. 


b)?. 


iyo Nays 
64+ (14+ 3V—7). 
38+(V2+ V—1). 


47. (V—m+n)>— 


1 af 
at 
V—at+vV—) 
Vea Vb 








—7t 





Extract the square root of: 


52. 


53. 


Aye At 
3444, 


54. 


55. 


V—T a). 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 
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34+2V—1. 
2—-3V—1 





OB ai2t 











VB +iV2, 
V3—iV2 
1+7\ 

=) 

(1 +7)* 

(1 +2%+ (1-98 





(V—m—n)*. 


Eaecy CR 


SV = 2 


— 5+ 247, 


od t. 


1—_V—1. 
ibe vy eat 
BV et 
PAY SENG te Spel iy | 


= 


56. 7. 
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GRAPHIC REPRESENTATION OF COMPLEX NUMBERS 


429. The term imaginary was introduced into algebra be- 
cause problems whose answers involve imaginaries have usually 
no solutions, and it was inferred therefrom that such numbers 
could not exist. This view of imaginary numbers, however, 
is erroneous. Problems have often no solutions when the 
answers are real numbers; e.g. a problem requiring the num- 
ber of persons in a room can have no solution when the 
answers are negative or fractional. But it would evidently 
be absurd to infer therefrom that negative or fractional num- 
bers are unreal or impossible. Similarly, a problem asking for 
the ratio of a number of men to a number of women can have 
no solution when the answer is an irrational number. But this 
does not prove that irrational numbers are unreal. 


430. To illustrate the- reality of imaginary numbers, the 
geometrical method which was used for the representation of 
positive and negative numbers (§ 11) may be employed. 


Let XX’ be a fixed straight line, and O a fixed point in the 
line. 
From O lay off a series of equal lengths to the right and to 


the left. Then any line 

: . yo B’ © B x 
terminating in O, as OB, ee pee en pe fap 
Teprecentstasmimber.2- lors f) saa ene ee one 
convenience we shall sometimes refer to the extremity of the 
line as representing the number. Thus, “point B” represents 


the same number as line OB. 


1. Rational numbers. Rational or commensurable numbers 
are represented by certain points in XX’; viz. positive integers 
by the points of division on the right of O, negative integers 
by the points of division on the left of O, and fractions by cer- 
tain points between the points of division. 


2. Irrational numbers. Not every point in XX’, however, 
represents an integer or a fraction, as we can construct certain 
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lengths which cannot be expressed by integers or fractions. 
Such points represent incommensurable numbers. LH.g. if we 
lay off on OX a line OB equal to the hypotenuse 

of a right triangle whose other sides are equal to ae 
unity, OB represents V2, a number which cannot be 

equal to an integer or a fraction. 


. m 
For assuming that — 


n 
m? ; : : ; ; P : 

we would have <= 2, which is obviously impossible, as m? and n? have 
n 


no common factor. 


= V2, where m and n have no common factor, 


Nore. While it is impossible to find integers or fractions which are 
exactly equal to an irrational number, we can find fractions which differ 
from the given surd by less than any number which we can assign. 

Thus, V2 differs from 1.4, 1.41, 1.414 -.- respectively by less than .1, 
.01, .001, ete. : 

Hence we may consider V2 the limit of the fraction 1.41421 .... 

Every irrational number may be regarded as the limit of a variable 
rational number. 


Thus, every real number is represented by a point in the line 
XX', and, vice versa, every point in XX’ represents a real 
number. 


3. Imaginary numbers can be represented by points without 
XX', as may be shown by the following consideration : 


If A, be taken a units to the right of O in OX, then the line 
OA, represents the number a, 
and an equal line OA;, drawn in 
the opposite direction, represents 
—ad. eG 

Now obviously the line OA, be 
ean be brought into the position 
OA, by a rotation through an_ ’ 4, Ouse ne nN 
angle of 180° about O as a center, 
while algebraically +a is transformed into — a by multiplying 
by —1. Hence it follows: 
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431. The multiplication of a real number by —1, is represented 
graphically by a rotation through an angle of 180°. 
It is customary to rotate lines counter-clockwise, ¢.e. in a direction 


opposite to the motion of the hands of a clock. 


432. To determine the algebraic meaning of a rotation 
through an angle less than 180°, let a rotation through an angle 
of 90° represent the multiplication by an unknown number a. 


Then OAS at, 
and OA, = OA, 2 = 0-2 - am. 
Or —d=2- a, 
Therefore = a= eat ee 


and OA,=av — 1. 





433. We may therefore consider a multiplication by V —1 
to be represented by a revolution through a right angle counter- 
clockwise. 


434. The numbers i, 2%, 37%, etc., may be represented respectively 
by the distances 1, 2, 3, etc., laid off on OY, which is perpendicu- 
(a7 tO XX 





Similarly, —7, —27, —3i7, are represented on the line OY". 
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The four quantities, 8, 37, — 8, — 37, have the same absolute value, _ 
viz. 3, and each is represented by a line consisting of three units, but 
extending in different directions, viz. : 


+3 indicating 3 units to the right, 
+ 37 indicating three units up, 
— 3 indicating 3 units to the left, 


— 87 indicating 3 units down. 


435. The line XX’ is called the axis of real numbers; YY' is 
called the axis of imaginaries. The point O is called the origin. 


436. Graphical addition. Two real numbers, OA and OB, 
are added graphically by drawing from A a line AC equal to 


eo 
C 


and extending in the same direction as OB. The line OC is 
the required sum. 


E.g. To add +5and — 38, lay off OA = 5 to the right, and from A, 
lay off AC = 8 to the left. OC or 2 is the required sum, 


437. Imaginaries and imaginaries, or real numbers and imagi- 
naries, are added graphically in the same 
manner as real numbers. E.g. to add 
4 and +37, lay off OA=+4. From 
A draw AC=38 upward, #.e. equal and 
parallel to line 3%, or OB. OC repre- 
sents the required sum. 





Notse. It should be noted that 4+ 37 is 
represented by the length and direction of OC. The length of OC is 5, 
but it would be erroneous to assume that 4+ 387 equals 5. The number 
5 is the absolute value of 4+ 37, but it is not equal to4+ 37. 
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438. Complex numbers. If a and 
b are real numbers, the complex 
number a+bi may be represented 
by OB, the sum of a and bi. Te. 
Draw OA=a, and, AB equal and 
parallel to bt. OB represents a + bi. 

E.g. OF represents — 4 — 27%. 





439. The absolute value or modulus of any number (i.e. real, 
pure imaginary, and complex) is the length of the line which 
represents the number. It is always taken as positive. 


The absolute value of a + bi = OB, or + Va? + ua: 
The absolute value of — 4 — 2i=V424 22 =2V5. 


440. The amplitude of OB is the angle XOB, i.e. the angle 
between OX and OB, measured from OX counter-clockwise. 


Ex. 1. Determine the algebraic meaning of the rotation of a 
line through an angle of 60°. 

Let OA SOR = 0U=0D =4 
and Z2A05 BOC. UD 00. 





If « is the number which, applied as a factor, produces the required 
rotation, , 
then OBS 2, 10C ie OD =e 


Te; x3 —=— 1, 
or 2 = V—T. 


The rotation through an angle of 60° represents therefore a multiplica- 
tion by V—1, and line OB represents Val. A simple geometrical deduc- 
tion shows that OB or V—1 =1+41V3.-1. 
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Ex. 2. Construct graphically the different values of \/1. 


From O, draw five lines, OA, OB, OC, 
OD, and OF, each equal to 1, and forming 
angles of 72° with the two adjacent lines. 
If OA lies on the axis of real numbers, 
OA, OB, OC, OD, and OF represent the 
5 values of ¥/1. (The proof is similar to 
Ex. 1.) By actual measurement we find 
5 values 1, .8514 .957%7, — .95 + .817%, 
— .95 — .317, .81 —.95%. 





EXERCISE 145 
Represent the following numbers graphically : 
1. 2+4%. 3. —2+4 27. 5. —2—31. 
2. 4—32. 4. i—1. 6. —27i+5. 
7. Construct 54+4iand multiply graphically by V—1. 


8. Prove that the following numbers have equal absolute 
values: 4+95%, —3—4i, —5, and —4+4 32. 
9. Which has the greater absolute value, —8 or 5— 67? 
10. Add graphically 4, 37, and — 2. 
11. Add graphically — 5, — 27, +2, +57. 
12. Solve the equation 2?+2a+ 2=0, and represent the 
roots graphically. 
13. Solve the equation «?—1=0, and represent the roots 
graphically. 
14. Solve the equation «?+1=0, and represent the roots 
graphically. 


15. Divide 27 by 1+i, and represent the quotient graphically. 
16. What rotation is equivalent to a multiplication by —7i? 
17. Find graphically V7. 

18. Find one value of V—1. 
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19. Construct 7 lines representing the values of V1. 
20. Represent graphically V2 +2V2. 


21. Represent graphically V3 +7. 


441. Complex numbers are added graphically in the same man- 
ner as real and imaginary numbers. 

E.g. to add the numbers represented by OA and OB, draw 
AC equal and parallel to OB; then OC represents the required 
sun. (OC may also be constructed 
by drawing the diagonal of the 
parallelogram determined by OA 
and OB.) 


lf OA =a bi, and -OB= cai, 
then their sum is @+¢+(b+4 d)i; and 
in order to demonstrate that OC repre- 
sents the required sum, we have to show 
that the codrdinates of C, te, OF and 
EC, are respectively equal to a+c and bO+d. If AD is drawn parallel 
to OX, it follows easily that AOBF=AACD. Therefore AD=c, 
CD =d, and ‘since OH =a sande pr — Ale. 


Ve 





OF=a-+cand #£C—6b+ 4. 
Hence OC=a+c4+(64 di. 


Notre. The student should bear in mind that the geometric addition of 
lines which have length and direction is fundamentally different from the 
usual addition of lines which have length only. The length of OC is 
obviously less than the sum of the lengths of OA and OB, but the complex 
number represented by OC is equal to the sum of the complex numbers 
represented by OA and OB. A line which has a given length and direc- . 
tion is called a vector. 


442. Graphical subtraction of complex numbers. 


If the number represented by OC (diagram of § 441) is the 
sum of the numbers represented by OA and OB, then OA is the 
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difference of the numbers represented by OC and OB. Hence 
to subtract OB from OC (see an- 
nexed diagram) draw CA equal 
and parallel to OB, but extend- 
ing in opposite direction; then 
OA represents the required differ- 
ence. 





Ex. 1. Solve the equation 
ee 0, 


and construct graphically the difference of 
the roots. 


By formula, 2 = lieve 1 


ee a ad 
2 

Draw OA=1+7, OB=1-—i1, and make AC 

equal and parallel to OB, but extending in opposite 
direction. OC=2i is the required difference. 





Ex. 2. Solve the equation «°®—64=0, and add the 6 roots 
graphically. 


Factoring, (@ — 2) (a 4+ 2 «+ 4) (# + 2) (a@—2e%+4)=0. 


Hence x —2=0, 
v+2e+4=0, 

x+2=0, 

e—2e+4=—0. 


These equations produce the following roots: 2, -1+ V —8, 
— 2, Iieeorsarranged 2, 1.7V3,) — eg oes 
—1—iv3, 1—iv3. Assuming V3=1.78, we obtain respec- 
tively the 6 lines O.A,, O.A,, OA;, OA, OA;, and OAs. 
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To add these quantities, 
make 


Heo and — O2A,, 
BBall and =+OA,, 
BeBeieand = O2,, 
B,B; land = O4A,, 
Dara t= A 


Since B, coincides with O, 
OB, or the required sum, 
equals zero. 

(The 6 roots of the equation could be obtained more easily 
by considering that «= ~/64, or ~=2V/1. Hence construct the 
6 values of /1, and double these lines.) 





EXERCISE 146 


1. Construct 4+38i and 5— 6i, and add them graphically. 

2. Draw three lines representing complex numbers, and 
add them graphically. 
_ 8. Divide 8—47 by 38+7, and add quotient and dividend 
graphically. 

4, Divide 1+77% by 347, and add divisor and quotient 
graphically. 

5. Multiply 2—37 by 3+7, and subtract graphically the 
first factor from the product. 


6. Solve the equation #+a+1=0, and add the roots 
graphically. 


7. Solve the equation «?—8=0, and add the roots graphi- 
cally. 
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8. Show graphically that the sum of two conjugate complex 
numbers is a real number. 


9. If OA represents a given complex number a-+ bi, con- 
struct the number 2(a + bi). 


10. Graphically subtract 1 from 7, and add —1-+7 to the 
difference. 


11. Draw three lines, OA, OB, and OC, representing any 
complex numbers, and from the sum of the first two subtract 
the sum of the last two. 


12. Draw any five lines representing complex numbers, OA, 
OA,, OA;, OA, and OA;, and add them graphically. 


13. If OA and OB represent two complex numbers, graphi- 
cally multiply OA by 7, and subtract the product from OB. 


20 


CHAPTER (X2yit 
PERMUTATIONS AND COMBINATIONS 


443. Fundamental principle. Jf one thing can be done in m 
different ways, and after it has been done, a second thing can be 
done in n different ways, then the two things can be done together 
inm Xn different ways. . 

For after the first thing is done in any one way, it can be 
associated with each one of the n different ways of doing the 
second thing, and thus each way of doing the first thing pro- 
duces n ways of doing the two things together. But there are 
m ways of doing the first thing, hence the total number of ways 
of doing the two things together is m X n. 


Ex. 1. An alphabet contains 5 vowels and 21 consonants. 
How many different words of two letters can be formed from it 
so that the first letter is a consonant and the second a vowel ? 

The first letter may be selected in 21 different ways. Every one of 


these letters can be put together with 5 vowels, or each consonant produces 
5 different words. Hence 21 consonants produce 21 x 5 or 105 words. 


Ex. 2. Suppose there are 8 railroad lines operating between 
Chicago and New York, and 9 steamship lines between New 
York and Liverpool. In how many different ways can a man 
travel from Chicago to Liverpool by way of New York ? 


He can make the trip from Chicago to New York in 8 ways, and each 
of these may be combined with the 9 different ways of going to Liverpool. 
Hence he can make the whole journey in 8 x 9 or 72 different ways. 


444. By successive application of § 443, it can easily be 
shown that the principle is true if there are three or more 
things each of which can be done in a given number of ways. 

386 
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Ex. 3. In how many different ways can 3 persons be seated 
in a coach which has 4 seats ? 

The first person can be seated in 4 different ways. After the first per- 
son is seated, the second can be seated in 3 different ways, and finally the 


last person can be seated in 2 different ways. Hence the total number of 
ways is4 x 3 x 2 = 24. 


EXERCISE 147 


1. A building has 6 entrances. In how many different ways 
can a person enter the building and leave by a different door ? 


2. Between two cities 6 ferryboats are plying. In how 
many different ways can a man travel from one city to the 
other and return by a different boat ? 


3. A man has 5 pairs of trousers, 7 vests, and 6 coats. In 
how many different costumes can he appear ? 


4. In how many different ways may an English, a French, 
and a German book be selected from 6 English, 5 French, and 
3 German books ? 


5. In how many different ways can 2 persons be seated in a 
coach that has 6 seats ? 


6. In how many different ways can 3 children be seated in 
3 seats ? 
7. How many different words of two letters can be formed 


with the letters a, b, c,d, and e if the first letter is to be a 
vowel ? 


PERMUTATIONS 


445. The permutations of a certain number of things are the 
different orders in which some or all of the things can be 
| arranged. 
Thus, the permutations of the letters a, b, c, taken two at a 
time, are ab, ac, ba, be, ca, cb, and their permutations, taken 
three at a time, are abc, acb, bac, bea, cab, cba. 
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Ex. 1. Write all permutations that can be formed from the 
numbers 1, 2, 3, 4, all taken at a time. 


1234 2154 3124 4128 
1243 - 2148 3142 4132 
1824 2314 5214 4213 
1342 2341 5241 4231 
1423 2413 3412 4312 
1482 2431 3421 4321 


Explanation. Write first all permutations whose first place is 1, then 
all whose first place is 2, etc. The four columns represent the four groups 
thus obtained. Each group, again, is divided according to the number in 
the second place; thus the first column contains first the permutations 
commencing with 12, then those commencing with 13, and last with 14. 
By continuing this mode of arranging the permutations, it is easy to 
obtain them all. 


Ex. 2. Write all permutations of letters a, b, c, and d, three ~ 
taken at a time. 


abe bac cab dab 
abd bad cad dac 
acb bca cha dba 
acd bcd chd dbe 
adb bda cda dca 


adc bde cdb dcb 


—_— . —_— —— 


446. The number of permutations of n different things 
taken r at a time is denoted by the symbol "P,. Thus the 
number of permutations of the preceding example is *P,. 

This number could be obtained without writing all permuta- 
tions. ‘There are three places to be filled in by letters. The 
first place can be filled by a, 8, ¢, or d, i.e. in 4 different ways 
(represented in 4 different columns). After the first place is 
filled the second place can be filled by one of the remaining 
letters, i.e. in 3 different ways (producing the 3 parts of each 
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column). Similarly, the third place can be filled in 2 different 
ways. Hence, according to the fundamental principle, 


(Ped oo A. 


447. To find the number of permutations of n different elements 
taken r at a time. There are x places to be filled. The first 
place can be filled in any of the n ways, and after this has 
been filled, the second place can be filled in (n—1) ways. 
Hence, according to the fundamental principle, the two places 
together can be filled in n(m —1) different ways; or 


"P,=n(n—1). 


After the first two places are filled, the third one can evi- 
dently be filled in (n — 2) different ways; or 


"P,=n(n—1)(n—2). 


By continuing this process, it can be seen that "P, is equal 
to a product of 7 factors, the first factor being n, and each fol- 
lowing factor being less by one than the preceding one. Since 
the last factor must be (n —r+1), we have 


"P,=n(n—1)(n—2) --- (n—r +1). 
448. The number of permutations of m elements, taken all 


at a time, is 
n(n —1)(n — 2) «> to n factors. 


Or "P, =n(n—1)(n—2) »- 2-15] A 


Norts. Unless stated otherwise, the things are supposed to be different 
and not to be repeated in one permutation. 


Ex. 1. How many different permutations can be made by 
taking 4 of the letters of the word fraction ? 


8Py=8-7-6-5 = 1680. 
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Ex. 2. How many numbers between 1000 and 10,000 can be 
formed with the figures 1, 2, 3, 4, 5, 6, 7, no figure. being re- 
peated ? 


Since numbers between 1000 and 10,000 have four places, the required 


number is 
Pa = 7,:6-5-4 = 840. 


EXERCISE 148 


1. Write all permutations of the numbers 1, 2, 3, taken all 
at a time. . 


2. Write all permutations of the letters a,b,c, and d, taken 
all at a time. 


3. Write all permutations of the letters a, b,c, d, taken two 
at a time. 


4. Write all permutations of the numbers 1, 2, 3, 4,5, taken 
two at a time. 


6 intind the valueroiasty fon 
6. Find the value of °P,, °P;, “Py. 


7. In how many different ways can 5 pupils be seated in 5 
seats ? 


8. In how many different ways can 5 pupils be seated in 
6 seats ? 


9. How many different words can be formed with the 
letters of the word equation ? 


10. How many different numbers of three different figures 
can be formed from the digits 2, 3, 4? 


11. How many different numbers of four different figures 
can be formed from the digits 1, 2, 3, 4, 5, 6? 


12. How many different words of three letters can be formed 
from the letters a, 0, ¢, e? 
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13. In how many different ways can 6 persons be placed 
in 6 seats ? 


14. Six persons enter a car in which there are 10 seats. In 
how many different ways may they take their places ? 


15. How many different arrangements can be made by 
taking 3 letters of the word theory ? 


16. How many three-lettered words can be made from 10 
letters, no letter being repeated in the same word ? 


17. In how many different ways can 5 persons form a ring ? 


Tome Py = Ponce, 


449. To find the number of permutations of things which are 
not all different, taking them all at a time, let us suppose the 
number of permutations which can be formed by taking all the 
letters a, a, a, b,c, was x If we should replace the three equal 
a’s by three different letters, as a, a, a3, the number of permu- 
tations would obviously be greater than a, for in each of the a 
permutations we could arrange the a, a, a in |8 different ways 
without changing the position of the 0 and e. 

Thus, abaac would produce the 6 permutations, 


ADA glgl, AyDAAgl, AgDA,AyC, AyDAgMyC, AyDAz;A\C, AgDAyA,C. 


Similarly, every one of the w permutations would produce 
|3 arrangements, 7.e. the total number of arrangements would 
be a- |3. 

But, on the other hand, this number represents the number 
of permutations of 5 elements, all being different, or |5. 


Hence x [3 = |5. 
|5 
Therefore s= 


Is 
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450. In general, the number of permutations of n things, of 
which p are alike, q others are alike, and r others are alike, 
taking them all at a time, is 


[a 
le lg |e 
Ex. 1. In how many different ways can the letters of the 
word degree be arranged ? 
The word contains six letters, three of which are alike; hence the 
number of permutations is 
[6 
P= = AO, 
[3 


Ex. 2. In how many different ways can the letters of the 
word combination be arranged ? 


Ef 
P= = 4989600. 
222 





451. Examples, which are not special cases of the general 
formule for permutations, should be solved by means of the 
Sundamental principle (§ 443). 


Ex. 1. In how many different ways can the letters a, b, ¢, d, e 
be arranged so that the first letter and the last shall be always 
consonants ? 

The first place can be filled in 3 different ways, and after this is done, 
the last place can be filled in 2 different ways. The remaining letters 
can in every case be arranged in |5 different ways. 

Hence the required number is 8-2 -|8 = 87. 


Ex. 2. A boat’s crew consists of 8 men, of whom 3 can row 
only on the port side, and 2 only on the starboard side. Find 
the number of ways in which the crew can be arranged. 

The first of the men who can row only on the port side can be placed 


in 4 ways, the second one in 38 ways, the third one in 2 ways. Similarly, 
the two men who can row only on the starboard side can be placed 
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respectively in 4 and 3 different ways. The remaining men can be 
placed in [8 ways. Hence the total number of arrangements is 


4-8-2.4-3-(8 = 1728. 


Ex. 3. In how many different ways can the letters of the 
word volume be arranged so that the vowels occupy the even 
places ? 


The vowels can be placed respectively in 38, 2, and 1 ways. Similarly, 
the consonants can be placed in 3, 2, and 1 ways. 
Hence the required number is 3-2-1-3-2-1= 36, 


Ex. 4. How many three-lettered words can be made from 
the letters a, b, c, d, and e, if repetitions are allowed ? 


The first place can be filled by 5 different letters ; the second place in 5 
different ways ; and the third place in 5 different ways. The total number 
of arrangements is, therefore, 7 


5-5-5 = 125, 


EXERCISE 149 


1. In how many different ways can 5 red balls and 3 black 
balls be arranged in a row?. 
2. How many different permutations can be formed from 
all the letters of the word algebra ? 

8. In how many different ways can the letters of the word 
exponent be arranged ? | 

4. In how many ways can the letters of the word Mississippi 
be arranged ? 

5. Find the number of permutations that can be made from 
all the letters of the word parallelopiped. 

6. How many different permutations can be made from all 
the letters of the word trigonometry ? 

7. How many different numbers of six figures can be formed 
from the digits, 1,1, 1, 2, 2,3? 

8. In how many different ways can 4 quarters, 2 dollars, 
and 3 dimes be arranged in a line? 
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9. In how many different ways can 3 white and 4 blue 
flags be displayed at a time, one above the other ? 


10. How many permutations can be made from all the letters 
of the word electricity ? 

11. How many different permutations can be made from the 
letters of the word radium so that the vowels occupy the even 
places ? 


12. A stage accommodates 5 passengers on each side. In 
how many different ways can 6 persons be seated if 2 of them 
always take their seats on one side, and a third on the other 
side ? 

13. On a railroad there are 20 stations. How many different 
tickets are required to connect every station with every other 
one ? 

14. How many different arrangements beginning with the 
letter f and ending with a consonant can be formed out of the 
letters of the word factor ? 


15. How many different words of three letters can be formed 
out of the letters a, b, c, e, u, when the letters may be repeated ? 


16. How many numbers of five figures can be formed with 
the digits 1, 2, 3, 4, if the digits may be repeated ? 

17. A railway signal has 3 different arms, and each arm 
may be placed in 4 different positions. Find the total number 
of signals that can be made. 


COMBINATIONS. 


452. The combinations of » things taken r at a time are the 
different groups of 7 things that can be selected from the n 
things without regard to their order. 

Thus, the combinations of the letters a,b, c, taken two at a 
time are ab, ac, be. The arrangements ab and ba represent 
different permutations, but the same combination. 
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Ex. Write all combinations that can be formed from the 
letters ua, b, c, d, e, taken three at a time. 
Write first all combinations containing a. Of these, take first all 


- which contain ab, etc. In this manner we obtain abc, abd, abe, acd, ace, 
ade, bed, bce, bde, cde. 


453. To find the number of combinations of n different things 
taken r at a time. 


Let « denote the required number of combinations. Since 
each of the combinations contains 7 different things, we could 
arrange these things in |r different ways, or each combination 
would produce |r permutations. Hence the total number of 
permutations that could be formed would be @-{r. But, on 
the other hand, this number represents the total number of 
permutations that can be formed from the n things taken r at a 
PING Ol Pe 


Hence e-|r="P,=n(n—1)-- (n—r +1). 


Therefore t= 1G Cem L ren thea torte ky : 
[7 


454. This number was represented by the symbol "C. (§ 374). 
Hence we may represent the number of combinations of x 
things taken r at a time by "C,, and 


Se et UF SPREE (1) 
e Ln 


455. If we multiply numerator and denominator of this 
formula by |n—r ($ 877), we obtain 





nC, 


|” 
°C = —>——» 2 
in|n — 7 fe 


Hence (§ 377) 
"CG. pees Qi. (3) 
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Norse. In formula (2), ifn =7, 


nC 1/5 | 
“no 
But *C, = 1, hence |0=1. 


Similarly, sod OF i Obs, = 


Ex. 1. In how many different ways can a baseball nine be 
selected from 11 candidates ? 


This is evidently the number of combinations of 11 elements taken 9 
at a time. 


But UC, =UNOQ,= not == 55. 


Ex. 2. Out of the first 10 letters of the alphabet how many 
different selections of 4 letters may be made so as to include 
the letter a? 


The a can be taken only one way; the remaining letters can be 
selected in °C, different ways. Hence the total number of selections is 


_10-9-8_ 


100) 
a Ot 8 


120. 


& : 
Ex. 3. Out of 5 Republicans and 6 Democrats, how many 
different committees can be formed, each consisting of 3 Repub- 
licans and 4 Democrats ? 


The number of ways in which the Republicans can be selected is °6, 
while the Democrats can be chosen in °C, different ways. Since each of 
the first group can be combined with each of the second group, the total 
number of selections is 

5-4 


- 
°Cs x 804 =5C2 x C2 = X 5 2 


o> 


= 150. 





tb 


Ex. 4. How many words, each containing 2 consonants and 
3 vowels, can be formed from 6 consonants and 7 vowels ? 


The consonants can be chosen in ®C9, the vowels in ‘C3, different ways. 
Hence ®C2 x 7C; different sets of letters may be selected. The letters of 
each selection can be arranged in °P; different ways. Hence the required 


number is 
6Cy x 703 x 5 Ps = 15 x 35 x 120 = 68,000. 
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Ex. 5. How many different sums of money can be made up 
by combining any number of the following 5 coins: a cent, a 
dime, a half-dollar, a dollar, and a five-dollar piece ? 

The cent may be disposed of in 2 different ways, i.e. it may be either 
included or not included in the sum. Similarly, each coin can be disposed 
of in 2 different ways, hence all can be disposed of in2x2x2x2x2 
= 2° different ways. But among these is one case in which none of the 


coins is taken, a case which evidently has to be excluded. Hence the 


required number is 
26 — 1, or 31. 


EXERCISE 150 
1. Write all combinations of the letters a, 0, ¢, d, e, taken 
two at a time. 


2. Write all combinations of the letters of the word surd, 
taken three at a time. 


3. Write all combinations of the letters of the word ratio, 
taken three at a time. 


ays Hind. the: value.of °C, °C, 'C:: 
apy ABO aahayenethy es 
Gite Geely indy. 


7. How many different combinations of three letters can 
be formed from the 26 letters of the alphabet ? 


8. How many different selections of 20 letters may be 
formed from 23 letters? 


9. In how many different ways can a committee of 3 be 
selected from a class of 21 students ? 


10. How many different straight lines are determined by 12 
points, no three of which are in a straight line ? 


11. How many diagonals can be drawn in a decagon ? 


12. How many different planes are determined by 9 points, 
no four of which lie in a plane ? 
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13. How many different triangles are determined by 11 
points, no three of which he in the same straight line ? 


14. Find the greatest number of points in which 6 straight 


lines may intersect. 


15. In how many different ways can a guard of 5 men be 
formed from a detachment of 10 soldiers ? 


16. In how many different ways can 4 letters be selected 
from the letters of the word equation, if each selection has to 
contain the letter e? 


17. From 4 teachers and 20 students, how many different 
committees can be selected, each consisting of 2 teachers and 
3 students ? 


18. How many words can be formed by selecting 2 conso- 
nants and 3 vowels from 5 vowels and 20 consonants ? 


19. From a detachment of 20 soldiers, in how many differ- 
ent ways can a guard of 6 be selected, when 2 particular men 
are always excluded ? 


20. If ME oC find Nn. 


EXERCISE 151 
MISCELLANEOUS EXAMPLES 


1. If the number of permutations of n things, taken 3 at a 
time, is equal to 12 times the number of combinations of n 
things taken two at a time, find n, 


2. From 20 soldiers and 10 sailors, how many different par- 
ties of 3 soldiers and 2 sailors can be formed ? 


sh If AOR mead CF find Tee 


4. How many different numbers greater than 52,000 can be 
formed from the figures 1, 2, 3, 4, 5? 


PERMUTATIONS AND COMBINATIONS 399 


5. How many different significant numbers can be formed 
with the digits 0, 1, 2, 3, if each figure may be repeated ? 


e 6. A boat’s crew consists of 8 men, of whom 2 can row 
only on the port side and 1 only on the starboard side. Find 
the number of ways in which the crew can be arranged. 


7. In how many different ways can the word algebra be 
read in the following arrangement of letters, if we commence 
at the first letter of the first ine and advance from letter to 
letter either by a downward step or a step to the right? 


loeire: bitte (3, 
e bra 
De faee 
Beg 
a 


He oO 0  & 
Se fer ae 


a 


8. How many signals can be made with 8 different flags, if 
5 of them are displayed at a time, one above another ? 


9 How many signals can be made with 4 different flags, if 
any number of them may be displayed at a time, one above 
another ? 


10. In how many different ways can 35 dollars, 2 half-dollars, 
and 4 dimes be placed in a circle ? 


11. How many arrangements commencing and ending with 
a consonant can be made from the letters a, b, c, d, e? 


12. How many numbers between 4000 and 6000 can be 
made with the digits 4, 5, 7, 8? 


13. How many different sums can be made up by combining 
any number of the following coins: a cent, a nickel, a dime, a 
quarter, a half-dollar, and a dollar ? 


14. Find Ny if "P, ca ia: 
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15. From 6 teachers, 10 boys, and 10 girls, how many com- 
mittees, each consisting of 2 teachers, 2 boys, and 2 girls, can 
be selected ? 


16. How many different throws can be made with 3 dice ? 


17. What is the greatest number of points in which 8 
straight lines can intersect ? 


18. In how many different ways can 7 presents be given to 2 
_children so that one receives 3, the other 4, presents ? 


19. How many different numbers of 5 figures can be formed 
from the digits 1, 2, 3, 4, 5, 6, 7, 8, so that the first, third, and 
fifth digits are odd, if no digit is repeated ? 


CHAPTER XXVII 
DETERMINANTS 


DETERMINANTS OF THE SECOND ORDER 


456. Consider the simultaneous equations 


aHx+ y=, (1) 
gd -+ boy = Co. (2) 
Solving, we obtain 
ci C105 ee? Cod) a Co ae ec 


(3) 


~ hOo— adoby’ 1S Cyd, — ded, 
The common denominator may be written in the form 


a 0, 








dy 0, 


This symbol is called a determinant, and it signifies the 
difference of the cross products of the four quantities involved. 








a, ob 
Thus, - . = hb, — aghy, (4) 
4eah 
d =—=4.3—2.5=2 
x | rue | 
a by 


457. The quantities a,, 0,, a, b. in the determinant 
are the elements of the determinant. 
2D 401 








Ce bs 
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458. A row is a horizontal line of elements, a column a 
vertical line of elements. 


The rows in‘(4) are ab; and debe. 


a b 
Aeand 
ae bg 


The columns are 

459. The expression a,b, — a,b, is said to be the expansion of 
the determinant. 

The terms of a determinant are the terms of its expansion ; 
AS, (do. 


460. The order of a determinant is the number of terms in 


a row or a column. 


a Ob 
aN is a determinant of the second order. 








a2 O02 


The principal diagonal is composed of the elements from 
the upper left-hand corner to the lower right-hand corner; 
AS, AyD». 

The line a,b, is called the secondary diagonal. 


461. The roots of equations (1) and (2) may be written 








q by dh 

pa Ga 'De | a, Cy 
a Oy b,) Ae a, by 
A, Oy Gd, Oz 














Ie. the common denominator is the determinant composed 
of the coetficients of w and y. 

The numerator of the value of « may be formed from the 
denominator by substituting ¢, and ¢, in place of the corre- 
sponding coefficients of w (i.e. dy, M2). 

The numerator of y may be formed from the denominator 
by substituting c, and ¢, in place of the coefficients of y. 








DETERMINANTS 
Ex. Solve the system {oP 
2e+3sy=7. 
lod 
Se Ny. 
2S (Agee 7 Hts 
aes 
aan 
2 t 16 
Se —-9=1, 
y 4 —2 16 
gd 
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ail 


Expand 
fee 2 —{ -2 ae: 7 1 
oma ie ah 1 0 tee 
2 oy —1 2 0 ¢g GaAo6 : a «wa! 
hile. 6) (ae "|b 2b ‘lo of 
3 
| gale a a+b a+e 
2 y a—e lab 
Solve 
4y—y= yp. 
“i %—y=13 ree e+ 5y=17a, 
5xe—y=17 3e—Ty= 5a. 
ine a 16. ikeoeaae 
2u—2y=—2 cx — dy =1. 
2 
13. 1S yee 17. eee P, 
et+3sy=T ax + by=c. 
be | aareage 
14. 
e—-y=a—Z ax + by =d. 
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Prove the following identities : 









































ve ene Oy, oye db a on m0, 0; oy a, 0; ; 
Gy Oe 05) As MA, Oy Gs 03 
b aU 
OM Me ailid ee 22. =o, if a:b=c:d. 
Ce be by bs Coad, 
a ob 
B3en0 = Cs Oe. =o. 
Cie, 





Express as determinants: 


24, 4-5—3-2, 25. 6-7—3(—2). 26. 22-17. 27. a?—D?. 


DETERMINANTS OF THE THIRD ORDER 


462. In any term whose literal factors follow in natural 
order, the occurrence of a larger subscript before a smaller one 
is called an inversion. 

Thus, a,b3¢, contains one inversion, viz. bs¢e. 

agb,C2 contains two inversions, viz. a3b1, a3Co. 
d3bec, contains three inversions, Viz. dsbe, a@3C1, b2C1. 


463. If we solve the three simultaneous equations 


ae + by +o2= da, (1) 
Age + Dey + Co% = dy, (2) 
age + bey + 6,2 = ds, (3) 5 


we obtain for x © 


w 








naa. Ay bo¢3 — AybsCo + Ab3C, — UghyC3 + A3byCo — Agbocy. (4) 
AyD 9l3 — AyD3Co + Agb3Cy — Agh\Cg + Agh\Cy — Aghocy 


The denominator is usually written as a determinant of the 


third order, or 
m% b G 


AyDoC3 — Ay DyCo + AydgC — Ay)4Cg + Agb,Co — AgboC, =| A, 0, Cy). (5) 
as bs Cg 
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464. A determinant of the third order is equal to the sum of 
al the products that can be formed by taking one element, and 
only one, from each column and from each row, considering the 
sign of each product positive if it contains an even number of 
inversions, and negative if it contains an odd number of 
inversions. 

Thus, a ,b3c, contains one inversion, hence it is negative ; 

dzb3c, contains two inversions, hence it is positive ; 
a3bec; contains three inversions, hence it is negative. 


465. The annexed figure offers a + + 4 
convenient method for expanding a 
determinant of the third order, but 
it should be borne in mind that this 
method does not apply to determinants 
of a higher order than the third. tk 





466. By grouping the terms of the expansion according to 
Mh, Ms, and as, and denoting the determinant (5) by D, we 




















obtain 
D = 4 (b9C3 — b3C2) — g(DyC3 — 050) + A3(01C2 — b2¢), 
a oo C 
or Ag by Co = Oy Ag As (6) 
bs Cg bs C3 b, Cy 


The coefficients of a, —d., and a, are called the minors of 
these elements. 


467. The minor of any element is the determinant obtained 
by erasing the row and the column which contains the 
element. 

Thus the minor of }; is obtained by erasing the first row and the . 
second column, 7.e, 
a2 Ce 
a3 Cg 
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468. If an element occurs in the mth row and in the nth 
column, its minor multiplied by (—1)"*" is called its co-factor. 








, bi %4 

Thus, the co-factor of a2 is — . 
3 Cg 
; a 04 

Thus, the co-factor of cz is + : 
dz be 








469. The co-factors of a, d,, ds, b,, etc., are usually denoted 
by -A,, As, -A;, B,, ete. 


ay Cy ay by 


? 


Thus, B2 = — 


a3 C3 














a3 bg 


470. Using this notation, (6) may be written 


ab, ¢ 
D=\a, 6, ¢.|=mA,+ a,A,+ a;43. 
a, 6b, @, 


471. By grouping the terms of the expansion according to 
the elements of the second row (i.e. da, bs, ¢), we have 




















i 7e Tb eh) dé] 
D es Ay 1 1 ae b, 1 1 ca Co 1 nk 
bs Cs Ag Cs Os) a0s 
or D = aA, oe 6.B, on 0.6. 


Similarly for any row or column. Hence we have in general: 


472. A determinant of the third order is equal to the sum of 
the products obtained by multiplying the elements of any row or 
_ column by their respective co-factors. 


473. The evaluating of determinants by means of co-factors 
is usually more convenient than by direct expansion. 
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Ex. 1. Find the numerical value of 


4a ode 
ey He 
Teal ow 


Expanding in terms of the elements of the first row, we have 


2 3 j1 3 


af ape laes te le a! 
ary! Ted vege | oa ay 





=4.1—3.(—10)+2-(—7) =20. 


Ex. 2. Find the numerical value of 


~ 2 -—1 38 
4 LT 0 
2 —2 1 


Since the third column contains a zero, expand in terms of the elements 
of the third column. 


a 


! 1 oa ieeat 
Je —a|-°|2 2 
| | 1 


ee: 2 —2 
=$-(—10)-0+6=— 24. 


b+c¢ a a 
Ex. 3. Expand b cta .b 
c c a+b 


Expanding in terms of the elements of the first row, we have 


ct+a b 
Cc a+ b 


b cta 
c Cc 


(6+ ¢) 








b b 
¢ et 











=(b+c)(a?+ ab + ac) — a(ab + b? — bc) + a(be — & — ace) 
— ab + ab? + abet ate + abe + ac? — a2b — ab? + abe + abe — ac?—a2e 


=4abe. 
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EXERCISE 153 


1. Determine the number of inversions in a,b,¢.dy, a4b3¢,do, 
G40 1Cp0ey ANG C30 ,Colbob). 











m% Ob GY 
2. Intheexpansionof|a, 06,: c.|, what is the sign of a3b,c,, 
ds 0b, Og 
AgD,Cg, Aghyc, ? 
Mm Nh Py 
3. Expand |m, %. py|- 
Ms Ng Ps 





4. In the determinant of Ex. 3, what is the minor (qa) of 
No? (b) of po? (ce) of mz? 


5. In the same determinant what is the co-factor of (a) n,? 
(b) of mz? (c) of ng? 








oy z 
6. In the expansion of |1 2 3 |, find the coefficient of a. 
4 5 —1 
7. In the same detefminant, what is the coefficient of y ? 
x A a 
8. Expand | y 3 2]. 
i 4 








Find the value of the following determinants : 





























ab es Ha Te leat Aa) a 

Oma <2. 1 TOS oe? eee Tal tee anes 
eel se 4°. 1 —2 ah ee! 
lee Jaa al 

Mee Oo hz |e 14. 1 1+y iL 
1h sry) i 1+2z 
4.9 —8 Carte 

tome 2 1 {ols eee ee) e2 
7 2 ‘Sta a7e 10) 
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Solve the equations: 


4 x x 2 83 1 
L6sehe.. — 1 3/=0. i Ay fe 3 —1 2\|=0. 
1 2 —1 1l+e21—2 «2 


Express as determinants of the third order: 
Bpaal | OL b, 1 
b, 1 by A b, 1 

19. a(n—p)—b(m—p)+c(m—n). 


18. m — Mz + Mz 


a 














DETERMINANTS OF THE FOURTH ORDER 


474. The principles derived for determinants of the third 
order are also apphcable to determinants of the fourth and 
higher orders. 


475. Thus the symbol 


dy by acs dy 
Oats Cal ie 
dz Ob, Cs ds 


Og Oy Gy od, 


is a determinant of the fourth order, and it is equal to the sum of 
all the products that can be formed by taking one, and only one, 
element from each column and from each row, considering the 
sign of each product positive if it contains an even number of 
inversions, negative if it contains an odd number of inversions. 


476. Since the terms of the expansion contain the same 
literal factors, but differ in the arrangement of the subscripts, 
we may obtain all terms by forming all permutations of the 
subscripts 1, 2, 3, and 4. 

Hence the total number of terms is *P,, te. [4, or 24. 
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477. If all the terms containing a, are combined, the coeffi- 
cient of a, cannot contain any elements of the first row or the 
first column, but it must consist of the sum of all products that 
can be formed by taking one element, and only one, from the 
last three columns and last three rows. The signs of these 
products are positive or negative according as the number of 
inversions is even or odd. 

Hence the coefficient of a, is the minor of a, i.e. 


Do Cx hs 
bs Cs ds 
de G% Og 


If the terms containing a, were collected, we should obtain in 
a similar manner 


bh Gg dy 
by Cy ay 


Collecting the terms containing a; and ay, we have 


a, db 
b A by Co dy Db, OF De; d, b, eer 

Ay Vg Cz Ae 
He itec, i.e Ds C3 Us| —s| bs Cs dz} +Gg| D2 Cy Ay} —A4) by Cy do). 

3 Ys Cg Ag 
by Cy dy by Cy ay b, C, dy, On ieatde 

UN UP GU 


Evidently the coefficient of every element is the co-factor of 
the element. Hence, using the same notation as in the preced- 
ing chapter, we have 


D=a,A, + aA, + a;Az + aA, 
478. In a similar manner the determinant may be expanded 
in terms of the elements of any row or any column. 
#.g. the expansion in terms of the elements of the third row is 


a3.Ag + b3B3 + ¢3C3 + d3Ds. 
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479. If all elements in a row or a column are zero, the deter- 
minant equals zero. 

For expanding in terms of the elements of that row or col- 
umn, each term becomes zero. 


480. If all the elements but one in a row or a column are 
equal to zero, the determinant is equal to the product of the 
element and its co-factor, and hence reduces to a determinant of 
the next lower order; e.g. 


a by 


: b 
a enct 
2 be C2 0 
=—d 2 be C2 
a3 bs C3 d 
en Ue C2 
atUse Car U 


Ex. 1. Find the numerical value of 


7 Och eae 8 5a | 
i) (aoe 3 
Deere Oar ib 
ode aie = 


Expanding in terms of the elements of the second row, 


Oo ial | 4 Say 4 
CPA oe) OT CR AG petty OR San a ary AE a pany 
at eke 3 21 3 2 0 
Sit bi t.0 ae) OC) 


Ex. 2. Find the coefficient of 2 in the expansion of 


8 
< 


Hm bo bw eS 
| 
jack, 
= 
eo) iy 
= hk) eS & 
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The coefficient is 








FA eats) 
—|2 0 2 =+\) a 042], | 
ead a 2 2 
a4 
=-—6-—4=-10. 
EXERCISE 154 
4 pide Vi 
. AB AW) 
1. In the expansion of the determinant find : 
—2 2 2 
the coefficient of a. 
1 URE AG 


2. In the same determinant find the coefficient of y. 
3. In the same determinant find the coefficient of z. 


4. In the same determinant find the coefficient of a. 


Find the value of the following determinants: 








Ae 2 1 eT Gr) OR Os 
: eS, Viet , oe ee 
ov bla al Oe * 1.0.8.0020 a 
23s UR. § ifera. ee wh 
deer 1007, vie Ma 2 4 
AUS oa 8 OSs) 0 
6. : 9. 
ee ee 42 —38 2 
a TD Ape Otel —2 1 0 2 
ah LU Olas 8) S15 mlieeal 
ee 0 1) Laem) sae 
ie 10. ‘ 
a) oO oe LO ea 
oa) 0 a Pia Tea Res 
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11. Reduce to a determinant of the third order 


mig.” Lib ay 
ds cave Oaul 
gishe jit) 
Emery | 
12. Reduce to a determinant of the second order 

Cee Oe ian 

‘ Tae Sipe ah si ie te 
m On wl 
Gu eae 


GENERAL PROPERTIES OF DETERMINANTS 


481. The value of a determinant is not altered when the-rows 
are changed to columns and the columns to rows. 


a, 0, (ieee a tae i) See 
; t.e. the proposition is true for 


determinants of the second order. 


Obviously 














Ay by Cy : MH GM, As 
Let IO Gi hips i ME De te 
dz Os Cs % 


Expanding D in terms of the elements of the first column, 
and D' in terms of the elements of the first row, we have 



































Ome Ge Diane. OF 6 
1 
D=% — Ay + as ) 
bs Cs bs Cz Gs acs 
Dea, — Ay + ds 
(2 Cz G Cs G Cy 
Hence D=D". 


Similarly for determinants of higher orders. 
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482. Any theorem which is true for the columns of a determi- 
nant is true for its rows, and vice versa. 


483. The interchange of any two adjacent columns (or rows) 
of a determinant changes the sign of the determinant. 


Tee) eee Cx Oy Os ei Us ea 


iy lop De 
J. Le —= : 
J Th lO eee 


ib OS ove Gat Cre OT WOT ee 


and 2D eee we 


The minor of 0, in D is evidently equal to the minor of 0, in 
D', but their respective co-factors have opposite signs. Hence, 
denoting the co-factor of b, in D by B,, the co-factor of 6; in D’ 
is — B,, ete. 


Hence D == b,B, = b, By om b..Bs 7 b,By, 
and — D'=2=b, B20, By Ose a Be 
Therefore D=— D', 


484. The interchange of any two columns (or rows) of a deter- 
minant changes the sign of the determinant. 

For the interchange of any two columns can be effected by 
an odd number of successive changes of adjacent columns. 
E.g. to interchange the 1st and 4th columns make three suc- 
cessive interchanges of adjacent columns, viz. lst and 2d, 2d 
and 3d, 3d and 4th. The former 4th column is now the 3d, 
hence two successive changes will carry it to the first place. 
Or the total number of exchanges is 5, and (—1))/=—1. 
Similarly, if m interchanges are necessary to bring a particular 
column in place of any other one, m—1 will bring the second 
one in place of the first, or the total number of interchanges is 
2m—1; 7.e. an odd number. 


dame a4 ies SE Ue: 
Eg. by +0) 1) ST bet: 
C3. Cm v1 i oat oat 05 
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485. If two columns (or rows) of a determinant are identical, 
the determinant vanishes; t.e. it is equal to zero. 


Qe Oye dy? c, 
de Ose dg? Co 
Let D= : 


As te As Ce 


Capelae di. Cy 


By the preceding paragraph the interchange of the two 
identical columns changes the sign of the determinant; i.e. the - 
resultant determinant equals — D. 

But, on the other hand, an interchange of two identical 
columns does not change the determinant. 


Hence  D=—D, or 2D=0. 
Therefore D=0. 

6 « 6 
E.g. (neni $i = (, 

ae a 


486. If the elements of any column (or row) be multiplied by 
the co-factors of the corresponding elements of any other column 
(or row), the sum of the products vanishes. 


For such a sum represents a determinant with two identical 
rows or columns. 


| by Dd, Cy| © 
F.g. b, Ay + b,As + b,As = by bo Cy = 0. 
bs 05 Cg 


Similarly, a)A,;+0.B,+ oC, = 9. 


487. Tf all elements in any column are multiplied by any factor, 
the determinant is multiplied by that factor. 
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Mma, 0; Cc, 


For May by Cy| = Ma,A,+ ma,A,+ mazA, 


mds bs Cs 


This principle is also true for a division, for a division by m 


= 70 (a, A, + Apo + 3.A3) 


a 


[vO oy 


= Tt Ap bo Cog . 


Gs 05 Cz 


is equivalent to a multiplication by 2 ] 


ma, ay de 

Thus, mby by be 
mc, Cy Cg 

33750) ee ee 

Or 66 75/7 33-15 





488. If zach element of any column (or row) of a determinant 
is the sum of two quantities, the determinant can be expressed as 
the sum of two determinants of the same order. 


Gm+d, 0 «4 


For Ay + dy Do Co |= (a oe d,) A, +- (Go - dy) Ay+ (as oe ds) A; 


dg3+ds 03 Cs 


= (Aj + dg Ag+ 3A) + (dA, + d2A,+ dss) 








Cy 
a Ag 
C3 
E 4+1 4 =) 4 
paei5 +2 6 | ome 





=m 


tao: 
2 5 


% 


1 4 
2 6 


a a de 


O; bi, bat =: 


(1 % C2 


| = 8315-1 = 495. 
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489. If each element of a column is multiplied by the same 
number, and the products be added to (or subtracted from) the 
corresponding elements of another column, the determinant is not 
altered. 


According to the preceding paragraph we have 


Pam; 0; G, Ga 0,1" 6; m0; )0;. « 
dy + mb, by Co — Oo by Co ze mb, b, Co |e 


d3+ mb, bz Cg Kee r0g Cx mb, 03 Cz 


But the last determinant equals 


OF LO e G 
m|b, by ¢,|and hence vanishes (§ 485). 
Opa Ce 


4244 4245 


Ex. Evaluate . 
4946 4247 





4244 4245 
2 2 


4244 1 
208 0 


The determinant = | 








=- 


490. Evaluation of determinants. By means of the preceding 
proposition all elements but one in a column (or row) can be 
made equal to zero, and hence the determinant can be reduced 
to one of the next lower order (§ 480). In many cases, how- 
ever, the determinant, before reduction to a Lower order, steed 
be simplified as follows: 


(1) Remove factors common to all elements in a row or a 
column. 

(2) Diminish the absolute values of the elements by sub- 
tracting the corresponding elements of other columns (or rows) 


or multiples of these elements. 
. 25 
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410 86 51 
Ex.1. Evaluate [420 88  57|- 
1300 60 120 : 


Remove from the three columns respectively the factors 10, 2, 3, and 
from the last row the factor 10. The result is 
41 43° 17 
600|42 44 19}. 
Bye) beck 


Subtracting the first column from the second, we have 


4 Le oA, 
600|42 2 19}. : 
3.0 4 


Subtracting the first row from the second, 





Ae EY Tks 
io 
600| 1 0 2/=—600-2.]_ i 
Beatie? ae ‘ 
= — 1200 (— 2) 
— 2400. 
Sy ae 3 
Ast ss {pte 
Ex. 2. Evaluat : 
D.€ Vaiuate 5 1 9 8 
Ges at 


From the first row subtract the third ; to the second add twice the 
fourth ; from the third subtract three times the fourth. The result is 


a eas Were? ; ee 
1B 7 ead Si 24 
, Which reducesto} 16 7 1}. 
43175 ee a) eae 
6.5 9 ~omer Viggies 
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To the first column add twice the second; to the third column add 
four times the second : 








Oak 20 
30 7 29}. This reduces to 
Doo — Huo 
30 29 tae GeO 
Sls, 5 | aes 9 |=— 39 


—atobte 2a 1 
Ex. 3. Evaluate oC —b-eo 2b Cal. 
at-o—ce 2 e¢--1 


Adding the second column to the first, the determinant becomes 


a+obd+cec 2a 1 tee ae 4h 
=|at+b+e 2b 1/=2(a+b+o)|/1 b 1/=0. 
at+tb+c 2c 1 io trial 
be 1 a 
a 
cs 
Ex. 4. Evaluate D=| ac bl. 
ab 2 c 
Cc 


Dividing the determinant by abc, and multiplying the three rows 
respectively by a, 6, and c, we have 


; abe 1 a? 1 a 
D=—/abe 1 b2/=/]1 1 8B? 
abe 
abe 2 ¢ 1 c2 
10 @ 
2 
=l1 0 wla—1|) *|=a7-0 
Taabe 
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491. Factoring of a determinant. If a determinant vanishes 
when any element 0} is substituted for another element a, then 
a—0 is a factor of the determinant (§ 288). 


leet ea he 
Ex. 1. Factor D=|1 0b O0?|. 
le eect 


If a=}, the resulting determinant will contain two identical rows, 
and hence will vanish. 

Therefore a — b is a factor of D. 

For similar reasons (b — c) and (¢ — a) are factors. 


Since the product of these three factors is of the same degree as D, 
(a—b)(b—c)(e—a) and D can differ only in a numerical factor, 
a ee. @ 

Therefore D= K(a— 6)(6—c)(e— a). 


The term obtained from the principal diagonal in D is bc?. This term 
must be equal to the similar term of the right member, viz. Kbc?. 


Hence Oct bee ROT ane). 
Therefore — D = (a—b)(b—c)(c— a). 
CO IU 
Hix. 92, actors D1 Ossi 
© —c y 
If x=y, or b= —c, the determinant will contain two identical 


columns, or rows, and hence vanish. 


If a=0, D is reduced to a determinant of the second order, which also 
vanishes. 


Since D is of the third degree, we have 
D= K(a—0)(a—y)(b +e). 
Equating two terms, aby = — Kaby, i.e. K=—1. 


Therefore D=—-a(e—y)(6+c). 


SO 
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EXERCISE 155 


Find the value of the following determinants: 






































ey 6781 3) anal ems | 
67820 6783) Tae oO ML 
wa hay i 
ad's 
BuO ae WD, 2 eee? 
c 19 ¢ See eee aL 
Tale a2 
Aaa 2 
Samar Oe ec... Libis Od 
i ae Ea) " 19999 900] 
TO ie weel 10 4 0 
2 al 0 LSU. gee? 10 oles oe Os 
LOR tL AOR SS OUl ten oe Le 
eg ape Se 
ea ae tele iG, ligaj Sa bese 
Hk Chal Sac ee? a Ieee b 
B29 0%, 40 101 102 103 
6. |5b 2 30 12. |104 105 106 
DiC ee LU 107 108 110 
jb Ae) a-+6bc¢c ec a 
To) Wide Se Ton 15. abtea|. 17. |a 4 
b 1 b6 6b cta a Ob 
Oar aep Ono Cc ued, 
14. |0? 0 @ 16. |d a 6). Taste g 
2 0 ea @ al 
G20 d 9 
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ap ak Se SSaek Le ery eA. 
rat 2 Ae) eee 
C996 O20 — 138 oe ; : 
ua 3su —1l4 
45 6) £0 1s oy ae i 
as ae . 
iy 452 14-0). 2 Carey Gaeta? 
mee tae heparin 
LiF Wipe 
soc Sap ol 
91. re CFs en tee a 
Be the ed hes: 
1b rede, 
Resolve into factors : 
Chi are eh pe 
RO 9) ‘ie Ak ws 1 hee 
24, |x a bl, 26...) bowel. ees | eee aes 
b C d Ca 1 b 1 d a2 a 
the eat La 1 Oe ee 
25m lleeaamal eu eovea lott oes) Mets beat vie 
1 ae Leg d Sl s-0 CIAL Cee 
a dbo 
Prove the following identities: 
pete yeaa 
+a 
30 b = b(c— — 7%). sabe! 
x : y (c—y)(@—y) SL; sErasabealty2 al = abe. 
y y Epo eL at alas 


e+ a et2a 24+3a4a 
$82. |a+2a a2+3a x+4a/=0. 
e+3a ex+4a e+5a 
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EE fal 
ipepe Sha 
By =(a—1)(6—1 —l1). 
ii ay aval 
Tomer ds 
34. |1 b b|=(a—b)(b—c)(c—a)(a+b+c). 
eee Co 


b?-+c? ab ca 
35. ab C4+a@ be |=4 a7’. 
ca ber" EO 


Find the value of the following determinants: 


nv (n+1)? (n+2)? a? be ac+ec? 
36. |(n+1)? (n+2)? (n+8)?|. 38. |a?+ab Bb ac 
(n+2)? (n+3)? (n+4)? ba b?+be ¢ 


[eet or 3 4 

1 2+2 3 4 

SEs asf fees aetna t 
th Z 3 4+ 


Simplify the following expressions : 


39. (a4, +0,+ ¢) (A, +5) C) + (dla + bg + Co)( Ag + Bo+ Ch) + 
(a3 + bs + €3)(A3+ Bs + C3), if a, 6, ¢ are the elements of 
a determinant of the third order, and A, B, C their 
respective co-factors. 


a+bt a+c 
a—ci a—bi 
t2) &-— 5 
Almeliee4ees 74), i= Vv — 1; 
Zoe at 


40. 








- if f= 
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SOLUTION OF LINEAR SIMULTANEOUS EQUATIONS 
AND ELIMINATION 


492. Consider the simultaneous equations: 


ae + by +o2= dy, (1) 

At + doy + Coz = do, (2) 

ase + bey + 65% = ds. Ye GP 
a Oo G 

Let Ds) Gee Oren Cs 1: (4) 
(Pa Oo 


Multiplying the first three equations respectively by A, A., 


and Ag (i.e. the co-factors of a), a, ds), we have P 
a,A,e + b, Ayy + ¢,A,2 = dA), (5) 
Ay, Age + b,Asy + cA = dA, (6) 
adzAsv + b,Asy + CzA,z = AsAz. (7) 


Considering that 6,4, + 0,4A,+6,A,=0, 

and CA, + Ay + ¢,A; = 0, 

we obtain by addition of (5), (6), and (7), 
(Ay + Ay + 43.A3)¢ = dy.A; + d,Ay + d3A3. 


ance gy — HA + dA, + dA 
aA, + a,A, +3 As 
d, bh Gy 
That is, dg 0g. °C, 


Oy enO eC, 
Ao by Co 


dg bg Cz 
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In a similar manner, we obtain: 


1m dy G 


fio Og. Cy 
_|as ds Cg 
aie am O GY 
A, Oy Cy 
dg bs Ce 





aq Ob a, 

Oa" Da ds 

Une 0g Os 
’ 4 

a Oo 

Uo Oar Co 

dz Og Cg 


493. It should be noted that (§ 461): 


The common denominator of the three roots is the deter- 
minant composed of the coefficients of a, y, and z. 

The numerator of the value of x may be obtained from the 
denominator by substituting d,, d,, and d; in place of the cor- 
responding coefficients of a. 

Similarly, the numerators of y and z are formed by substi- 


tuting respectively d,, 
coefficients of y or z. 


d,, and d; in place of the corresponding 


Ex. Solve the system 








1—2 3 
IN Gh Ar 
Tee es 
TE a: 
Hence x~=|3- 0-8 
: aes 
19 


Whence v3.4 2,2 


e—2y+32=2, 





2¢%—32=8, 
e+y+2=6. 
as) 9 
Livni S 1-2 2 
ee as oh ee ee ie 
iO ureL Tey ie 
19 19 


aati F 


494. The roots of a system of four or more simultaneous 
equations can be obtained in exactly the same manner. 


9 
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495. Elimination. Eliminate « and y from the three equa- 
tions : 


Ax a dy os Cy = 0, , (1) 
axe + by +0, =0, (2) 
asa + boy + C3 = 0. (3) 


Multiplying the equations in order by C,, C,, and C;, the re- 
spective co-factors of ¢, ¢,, and c; in the determinant, 


Ga apy a Cy 
D = Ap by Co 3 (4) 
ds bs Cs 


and adding, 
(aC) + dgCy+ a3C3)a + (6, C) + b2C,+ b3C3)y + 6, CO, + ¢,C, + ¢3C; = 0. 


% OO G 
Or, considering § 486, (io Osc) (5) 
Ge Os Cs 


This equation expresses the condition which must be satisfied 
by the coefficients of aj, b,, q, etc., if the given equations are 
consistent. 


496. The left member of equation (5) is the eliminant of the 
given system of equations. 


497. If the eliminant is a quantity which cannot be equal 
to zero, the equations are inconsistent. 


Thus, 4% +5=0 and 3%+2=0 are inconsistent, since : 2 + 0. 





498. Similarly, we may eliminate 2, y, and z from the fol- 


lowing system : 
ae + by +o2+d,=09, 


Age + bey + 6% + dz = 0, 
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ase + boy + 6% + d,= 0, 

age + by +ez+d,=0. 
OF G ay 
‘ Mp bg Cy de 

The result is ==i(); 
dy @ Dg cess iy 


Ex. 1. Eliminate x and y from the following system : 








Zety+ta=0, 
e—2y+3=0, 
etyta=0. 
The eliminant is 
ye ey 
1 ae 2 3 — 0. 
1 a 
Or, expanding, —2a—8=0. 


Ex. 2. Eliminate x and y from the equations: 
ou+2y—2=3, 
2ea—2y+32=6, 
e—2z=—3., 


Transposing the right members and applying § 498, we have 


3 2 —2z—3 
2 2 32—6 
1 0 —22+4+3 


= 0: 








Expanding and simplifying, z—2=0, 


Ex. 3. Eliminate w from the two equations: 
et ay + y’ = a?, 
x—2y=—2a4. 


427 


(1) 
(2) 
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Transposing the right members and multiplying (2) by x, we obtain 


the three equations ¥ 
a+ay+y?—a*=0, 


e—-2y+2a=0, 
v2—x(2y—2a)=0. 


Eliminating, 
1 y y—a? 
Oaerat —2y7+24)=0. 
1 —2y+2a 0 
Expanding, Ty2—10ay+3a@=0. 


EXERCISE 156 


Solve the equations: 


2ety+z=4, (x—2y+2=0, 
1,4 0+2y7+o02—0, 5. 472+6y+7z2=100, 
B8e+y+52=9. se+y—22=0. 
(aty—z—17, e+ y+2z= 26, 
2.{ea+2—y=13, Tx—11z2=0, 
| —aty+tz=7. 9y—14a2=0. 
e+2yt4z2=15, e+ty+tz2=5d, 


3. i, e¢+y+2=9, 


e+3y4-92= 23. 


aty—z=), 
4. et+2y+2=8, 


(8a+5y—z2=10. 
at+y+z=a+bd+e, 


38e2—5y4+72=75, 
92—117+10=—0. 


(o+y=16, 
8. ,y¥y+z2= 28, 
g+e¢= 22. 


9.1 ax + by +cz=ab+ac + be, 
\ (b—c)e@+(c—a)y+(a—b)z=0. 


(e+ytz+u=60, 
ee 108 eee 100, 
2+3y+62+10u=150, 


10.4 


(at4y+102+ 20 u= 210. 
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11. Eliminate x from the following equations: 


ee a+ 498 a=0, 
522 27+ 497 a=0. 


12. Eliminate x and y from the three equations: 


ax + by —2=0, 
x—-y—1=0, 
la+y—a=0. 


13. Eliminate # and y from the following equations, and 
factor the result: 


etayta’=0, 
x+by+b?=0, 
“xe+cy+c=0. 


14. Eliminate 2, y, and z from the following equations: 
ax+ yt2+1=0, 

x+ay=0, 

y +2 = 0, 

e+ty+z2t+a=0. 





15. Eliminate x and y from the following three equations: 
Gry +z=9, 
x+2y4+32=14, . 
e+3sytT72=21. 


16. Eliminate y and z from the following equations: 
(a+ b)x+ (a—b)z=2 be, 
(b+c)y+(b—c)x=2 ae, 
(c+a)z+(c—a)y=2ab. 
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17. Eliminate a, y, z from the following equations: 


se+ytz=20, 
e+4y+3u=30, 
6a+2+3u=A)0, 
Sy+tdz+5u=50. 


18. Eliminate x from the following equations: 


PAE —2y'=2, 


Are the following equations consistent ? 


a+6y—5=0, ; acer eevee 
19. }2%—8y—1=0, 2e4—3=0. 
et+y—2=0. 


Pca ra) 
32+8y—22=—0, * (a? toa+2=0. 


20. ;2a—dy—2=0, Hint. Multiply each equation 
xt+y—6=0. by x, and eliminate x3, 22, and x. 


CHAPTER XXVIII 
THEORY OF EQUATIONS 


499. General form of an equation of the nth degree. Every 
equation of the nth degree can be reduced to the form: 


yt” [- Gu ae eta" f+ +e + Ane — i 0. (1) 


Dividing every term by ap, and substituting p for , we obtain 
Ay 
the equation of the nth degree in its simplest form: 


a” + pe") + par? 4 +. tp, wtp, =0. (2) 


Unless stated otherwise, the coefficients p,, p., -++ p, are 
supposed to be rational. 


500. If none of the coefficients p,, p., --- p, is zero, the equa- 
tion is complete, otherwise the equation is incomplete. 
v8 —32?+ 4% —7 is a complete cubic equation. 


x> — 2x4 + 9 is an incomplete equation. 


- §01. In the present chapter we shall usually represent the 
rational integral function «+ pw"!-+ pa? + ++ +p, e+ p, 
by jy(x). Thus equation (2) may be written f(«) =0. 


502. A commensurable root is a real root which is either 
integral or fractional. Roots which cannot be expressed ex- 
actly by integers or fractions are called incommensurable roots. 


SYNTHETIC DIVISION 


503. The work of the following chapters requires frequently 


the division of a rational integral function by a binomial of 
431 
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the form w—a. In such cases the work of division can be 
greatly shortened by a method called synthetic division. 


Divide 3a? —442—282+9 by «4. 


808— 4277~—23274+9\|xe—4 

3 23 — 12 x? 38027+8249 
+ 842—23% 
+ 822-324 


+ 9x+ 9 
+ 9x2—386 


+ 45 


This work may be abridged by omitting the literal factors (Appendix I. 
— Detached Coefficients). 


38— 4—2349|1-—4 
3—12 3+849 


+ 9+ 9 
+ 9—386 
+ 45 


The second term of each partial product may be omitted, for it is 
merely a repetition of the number above, and by changing the sign of 
the second term in the divisor, every subtraction may be changed to an 


addition. 
3— 4—23-+9)144 
38+12 8+8+49 
+ 8 
+ 32 
+ 9 
+ 36 
+ 45 


Since the first term of each successive remainder is equal to the corre- 
sponding term of the quotient, we may omit the quotient. Omitting also 
the first term of the divisor, the work can be contracted as follows : 


SL Aces mere lst 4 
+12+32 +386 
Quotient =8+ 8+ 9; +45= Remainder, 
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504. To divide, therefore, any rational integral function f (2) 
by «—a, proceed as follows: 


Write the coefficients of x in a horizontal line, representing all 
missing powers of x by zero coefficients; and bring down the first 
coefficient. 

Multiply the first coefficient by a, and add the product to the 
second coefficient. 

Multiply the resulting sum by a, and add the product to the neat 
coefficient, and so forth. 

The last sum is the remainder, and the preceding numbers in 
order are the coefficients of the quotient. 


_ Ex. 1. Divide 2a*— 452°—9x—T by x—5. 


2+ 0—45— 9 — 7|+5 
+10+4+ 50425 + 80 


eeu |S Baas wera (eA naps 
The quotient is 273 + 1022+ 5x”-+4 16, the remainder + 73. 


Ex. 2. Divide 3a*+352°+7 by «+4 2. 


834+34+0+4+ 0 + 7-2 
—6+6-—12 +424 


Quotient = 3 — 3 + 6 — 12; + 41 = Remainder. 


EXERCISE 157 
By synthetic division, find the quotient and the remainder of 
each of the following divisions: 
(at — 2a? + 2?-—24%+1)+(a@—2). 
(2a*—3a%—5 a? —22+7) +(x—3). 
(ef —3a?—2+3) + (x—1). 
(2044 322 —20?+ 5xu—7)+(e+4+3). 
(3 ot —2 a? + 2 —6) + (a—A4). 
(80° —2at+4+ 2-30? +2a+4 2) + (a+ 2). 


Pt Po yp 
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7. (2a —38a° 4+ 2a—1)+ (a—4). 

8. (wt— 62° + 4a —2a4—7)+(#—5). 

9. (#+60°+4a°4+2e+7)+ (+5). 

Toma = 2) (a al 

11. (+04 e+ 0% +0? +41) +(ex—1). 
12. (a +352?—9)+(@+ 2). 

13. (6a*—52’?4+2a°—9a—T) + (#—3). 
14. (@—2a0’?+ 2a’ + a) + (w@—a). 


APPLICATION OF THE FACTOR THEOREM 
505. If f(x)=aw"+aa""*+ +.» +a,, and a is a root of 
the equation f(x) =0, then f(a) is divisible by «—a. (Factor 
Theorem.) 
The proof which was given in Chapter XVI may be briefly 
restated as follows: 


Divide f(x) by («—a) until the remainder # no longer 
involves a Denoting the quotient by Q(a), we have 
(x —a) Q(x) + R=f(a). (1) 
- Substituting a for 2, R=0. 
Ie. f(@) is divisible by «—a. 
E..g. if fe) = at — 5234+ 974+ 2%+1, then f(1)=0. Hence x—1 


is a factor of f(a). 


506. Conversely, if a rational integral function f(x) ts divisible 
by « —a, then a is a root of the equation f(x) = 0. (1) 

For if Q(a) is the quotient obtained by dividing f(a) by 
x — a, equation (1) becomes 


(x — a) Q(x) = 0. 


This equation is obviously satisfied by «=a. 
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Ex. 1. Prove that 5 is a root of the equation 
wv’ —3a?—182%+40=0. 


Dividing by x — 5, 1—3—18+440|5 
+ 5+ 10— 40 
14+2-— 8; 0 


Since there is no remainder, 5 is a root of the given equation. 


507. If f(a) is divided by x —a, the remainder of the division 
is equal to f(a). (Remainder Theorem, Chapter XVI.) 
Using the notation of § 505, we have 
(e—a)Q(a) + R= f(a). 
Substituting «=a, R=f(a). 


Ex. 2. If f(x) = a*— 20° — 9a? + 2, find f(4). 
Dividing f(a) by x — 4, 


eo Oia A 
4p o-4 16 


14+2-—1-—4; —14 
Hence S(4) = — 14. 


508. The preceding method of substitution may also be dem 
onstrated as follows: 
v4 —2a3—9274+0-27+4+ 2/4 
+4%734+8%7?-— 42% —16 
at+2e2— a— 44; —14 





JHE AVE peme 
x*—= 47°, which added to the next term gives + 2 «°, 
2x23= 84x?, which added to the next term gives — x. 
— «“2?=-—4z4, which added to the next term gives — 4 x. 


—4xz=-—16, which added to the next term gives — 14. 
Therefore J(4) =- 14. 
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EXERCISE 158 


1. Prove that «—1 is a factor of 66 2 — 66 xt + 73 2? — 70 2 
+4a—7. 


2. Prove that «—1 is a factor of 637 a! — 638 2? +-1. 
3. Prove that 2 — a is a factor of 6 7*—8 a’a’—4 a’a"+6 a™. 


4. Prove that a+ 26 is a factor of a*— 16 0+. 


Prove the following statements by synthetic division: 

5. — 2.18.2 Toot OL ae — 24° _ 32+ 30¢ —12¢+4—0, 

6. 3 18 a root of #44 2° —17 47 +-172—6—0. 

7. —2is aroot of +49 + 72+ 102 +1327+ 162412 


8. —bdisarootof e+724+72?—l11¢2#+20=0. 

9. 38isaroot of 3a*—623 —22?—207%—3=0. 

10. —5 isa root of 2a++13 49 + 20074 312+ 30=0. 

11. —6 1s a root of 44°4+ 19 a* — 27 2° + 2007+ 1327 4+6=0; 
12: 3 is a root of 5a°—18o*+ 112° — 1027+ 13 42—3=—0, 
13: —5 1s a root of 62°-- 159+ — 55 a? 64 a7? —136 2-1 220 


14. If f(v7)=32+20°—3a—5, find f(2). 

15. If f(x) =22'-—32?+4eu—T, find f(— 2). 

16. If fw) =4a*— 52° 4227-7 w—9, find (3). 

17. If s(v)=6 2° —2a°—T7, find f(—1). 

18. If f(x) =4a*-—32°—Ta+ 2, find (6). 

19. If fv) =6a —182*+32?—102— 2, find f(8). 

20. If f(w) =a —5 aa +2 a°a? —17 a’a — 41 a’, find f(8 a). 
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NUMBER OF ROOTS 


509. We shall assume the fundamental theorem, that every 
rational, integral equation has at least one root. The proof 
of this proposition is beyond the scope of this book.* 


510. Every rational, integral equation of the nth degree has n 
roots. 

If f(x) = a" + pa"! + pow”? + ++ + p, e+ p,, and 7, is a root 
of the equation /(7) = 0, then f(w) is divisible by «— 7, (§ 505). 

Denoting f(x) + (x— 7) by f\(w), we have 

Se) = (@— 1) fi). 

But f\(@) is a rational, integral function of the (n —1) degree, 
hence it has a root. Let this root be 7, then we obtain in a 
similar manner as before /\(%)=(x — 7) f,(x), Where fi(@) is of 
(n — 2) degree. 

Therefore S (@) = (@ — 1) (@ — 19) fo(@). 

Continuing this process, f(@) can be resolved in » factors, 
VIZ. ©— 1}, V— Te 20 L— Ty 

Or S(&) = (& — 11) (@ = 79) (@ — 1g) +++ (@ — 7,). 

Hence the equation /(#) has n roots, for f(#) vanishes when 
a2 is equal to any of the values 7, 72, 73 +++ 1»: 

Note. If F(x) = aot” + aix"-1 -++ a,, it can easily be shown that 

F'(x%)= do(% — 11) (# = 12) (&@ — 1g) +++ (@— Tn). 

511. Multiple roots. The » roots of an equation of the nth 
degree are not necessarily all different. 2g. the equation 
(«—4)(~@—4)(a—38)=0 has the roots 4, 4, 3. Every root 
occurring more than once is called a multiple root; thus 4 is a 
double root. 


In such cases, however, the roots are counted as if they were 
all different. 


* See Burnside and Panton, Theory of Hquations, p. 259. 
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512. Depression of an equation. If 7, is a root of the equa- 
tion f(x)=0, we can, by dividing f(#%) by x—7,, reduce or 
depress the equation to one of the next lower degree, which 
contains all the remaining roots. 

E.g. the equation 2x3 —522?—9xz+45=0 has one root equal to 3. 
Dividing by «—8, we obtain the depressed equation «?-—2%“%—15=0, 
whose roots are 5 and — 3. 

Hence 5, — 3, and 3 are the roots of the given equation. 


513. Solution by trial. If all roots but two of an equation 
are integers, it is often possible to solve the equation by trial. 


Lx OLve 2 ea or oe ae 4A Ob 0; 

If there are integral roots, they must be factors of 36; i.e. +1, +2, 
+ 3, etc. (§ 526). 

Substituting +1, 14+4—38—-— 32 —-54—-36+0. 


Substituting —1, —1+4+4+3—82+4 54—36+0. 


Hence + 1 and — 1 are not roots. 
Dividing by x — 2, 
1+4 —3 —32 —54 —36 | 2 
4+-2 +12 +18 —28 —164 


1+6 +4 9 —14 —82; —200 
Hence 2 is not a root. 
Dividing by «+2, 
1+4+4 —3 —382 —54 —36|-—2 
—2-—-4 14 +36 436 
1+2—-—-7 —18 —18; 0 
Therefore, — 2 is a root, and the depressed equation is 
e*+ 203 —742?-18%4—18=0. 


As —2 may be a double root, we divide again by x+ 2, but obtain a 
remainder. 


Dividing by x«—8 
6 ES Se ema S218 | 8 


+8 JAE 24 18 
14+5-48 +6; 0 


That is, e=3 is another root, and the next quotient is #3+5 7?+8 2+6, 


a . 


‘ 
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Dividing by x + 3, 1+5 +8 +6|/—3 





—3 —6 —6 
1 +2 +2; 0 
Therefore, « = — 3 is a third root, and the last quotient is 72+ 2x4 2, 


which cannot be factored. 
Solving 27+ 2%+2=0 by formula, we obtain «=—1+ My 1. 
Hence the five required roots are —2, +3, —3, —1+7, —1—i. 


514. Formation of equations. If all roots of an equation are 
given, the equation can be formed by inspection. 
Thus, the equation whose roots are — 2, + 2, and +3 is 
(a +2) (a — 2)(a—8)=0. 
Or e3—322-—47+12=0, 


EXERCISE 159 


Solve the following equations: 
e+62°+10%+8=0, one root being — 4. 
e+ 7 2+7«—15=0, one root being —3. 
e—5a2—9a+45=—0, one root being 5. 

a + a2? —x —10=0, one root being 2. 

2e3+7 2?4+22—3=0, one root being —1. 
32 =16 2?+ 23 «—6=0, one root being 2. 
2¢+32—292+30=0, one root being — 5. 
et —2a?—3x—2=0, two roots being —1, 2. 


3 v'— 16 4?4 14 2?4 24 4—9=0, two roots being —1, 3 


Solve by trial: 
10. #—T72?+16x—12=0. 
11. a —122°+472—60=0. 
12. #®—102°+4+51¢—30=0. 
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13. 2—827+19e2—12=0. 
14,2 — 62+ 11la-—-6—0: 
16. 8492427 2+27=—0. 
16. at— 100° + 35 w— 50 a+ 24 = 0, 
17, 2e°—3e8—120°4+72+6=0. 


Form the equations whose roots are: 


ey Se Sek 22. +V5, +6. 

ii}, Tp 23 oe | BaN/ Daal | en De 
OMe ay Oe Ny Dre PE Me iby Tea arses pal 7) 
21. +2, + V5. 2b V2, 2 ev o. 


26. How many roots has the equation # =1? 


27. How many roots has the equation V/a=1? 


RELATIONS BETWEEN THE ROOTS AND THE 
COEFFICIENTS 


515. The equation whose roots are 7, 7s, 13, 18 
(@ — 1) (@ — 1) (@ — 73) = 0. 
Or, expanding, 
aw — (1 + 1g + 13) 0? + (1yPo + 11's + oN") © — My PoN"'s = 0. 


Comparing this result with the general cubic equation in its 
simplest form, viz. : 


w+ p07 + pe + p,=0, we obtain 
Ty + To +73 = — Pj. 
Wet Ts + 173 Po 


VP o"3 = — Pz 
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516. In a similar manner we obtain for n roots, 
(@ — 1;) (& — 12) (@ — 73) +++ (@ —7,) = 0. 
Or, expanding, 
WP — (Ty Ay bore 1) OE (Tyg bys H Po%3 +N + 0 )u™? 

— (PyPo'g + TyPot'y + Tyg%y Hoe) UF Hoe (— 1) "rary 7, = O. 
The general equation for the nth degree in its simplest form is 
a 900”? - ge"? fo +0» + Dy 1% + Py, = 0. 

Comparing the coefficients, we have 
Tye Tot see +1, =— Pi 
TW 2 E113 1%3 + o = Po 
141973 17 9"4 + 1y1'31'4 + oo = — Pye 


T1113 wae Phen = (— Lg tm 


517. Je. in an equation in its simplest form : 


1. The sum of the roots is equal to the coefficient of the second 


term with its sign changed. 


2. The sum of the products of the roots taken two at a time is 


equal to the coefficient of the third term. 


3. The sum of the products of the roots taken three at a time is 
equal to the coefficient of the fourth term with its sign changed, etc. 
4. The product of all roots is equal to the last term, and is 


positive or negative according as the degree of the equation is even 
or odd. 


E.g. if x? +2%-+5=0, the three roots 71, 72, 73, satisfy the following 


equations : 


1+ 72+ 73 = 0. 
Tyo + 1173 + 1273 = 2. 


TT's = — 5. 
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518. The following special cases should be noted : 


1. If the second term is wanting, the sum of the roots is zero. 
2. If the absolute term is wanting, at least one root is zero. 


519. The relations between the roots and the coefficients 
cannot be used to solve the equation, as the work always leads 
to the original equation. 


fi.g. let e—3a2?4+2%4+5=0. 
Then ry t+re+ 73 = 8. 
1172 + 7173 + 1er3 = 2. 

T17%o"3 = — 5. 


Eliminating 72 and 73, 713 — 3742+ 27,;+5=0. 

520. If, however, certain relations exist between the roots, the 
equation can frequently be solved by means of the preceding 
propositions. 

Ex. 1. Solve 42?—122?+112—3=0, if the roots are in 
arithmetical progression. 


Let r —s, r, r+ s, be the three roots. 
Reducing the equation to its simplest form, 


x Ba? +2 _2=0 
Therefore Oe. | (1) 
37? — s? = 1, (2) 
r(r? — 8?) = 3, (38) 
Solving (1) and (2), Yon eee, 


Since these values also satisfy equation (3), the required roots are i, 
1, 3. 


Ex. 2. Determine n so that one root of 2?—7 #?+ na—8=0 
is the double of another root, and solve the equation. 


es 
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Let 71, 72, arid 2 7; be the three roots. 


Then 87 +72 = 7. (1) 
Brig + 2r2=n. (2) 
rr, = 4. (3) 

From (1) rg= 7-374. 


Substituting in (8) and simplifying, 
8re—Tr2+4=0. 
Solving by trial, m1=1, 2, or — %. 
Hence Pore AL. OF. Ors 
27; = 2, 4, or — 4; 
and m= 14, 14, or — 174. 
Ex. 3. In the equation 2° + az’ + be—c=0, find the condi- 
tion that the sum of two roots is zero. 
Let 71, 72, and — 1, be the three roots. 
Then T%=—a,rr2=—b,rvre=e. 
Eliminating 74, 72, ais c, 
521. A function is symmetrical with respect to two letters if 
an interchange of the two letters does not change the function. 


a? + b%, «3 + 3xy + y’, are symmetrical functions. 


522. A function is symmetrical with respect to three or 
more letters, if an interchange of any two of these letters 
does not change the function. 


abe, a+ 624+ c?2, a+b+c¢-4 a*b2c?, are symmetrical. 


523. Symmetrical functions of the roots of an equation can 
be found without solving the equation. 


444 
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Ex. 4. If 7, 72, 73, are the roots of #+32?—227+5=0, 
find 7? + 7.7 + 7,7. 


Or, 


ry? + ro? + 732 = (11 + 2 + 13)? — 27172 + Tis + 127s) 
=(— 3)? — 2(— 2). 
92 + 19? + 732 = 18. 


EXERCISE 160 


Solve the following equations : 


ie 


pity Rha NaI 


7. 


a? — 2 a?—9xe%+18=0, the sum of two roots being zero. 

2—52’+38xe+9=0, two roots being equal. 

4a? — 320?—a2+8=0, the sum of two roots being zero. 
—30?—132+15=0, the roots being in A.P. 

ov +2? —102+8=0, one root being twice another. 

o — 2 2? —5e+6=0, one root being three times another. 


—82’?+19a—12=0, one root being equal to the sum 


of the ee two. 


8. 


e—32—6xe%+8=0, one root being one-half the sum 


of the other two. 


+ 
10. 
ae 
12. 
ios 


2 —9v?+ 26 4%—24=0, the roots being in A.P. 

e+ Te?+14%+8=0, the roots being in G.P. 

o° —14 v?+ 56 « —64=—0, the roots being in G.P. 

+5 a—4a—20=0, the sum of two roots being zero. 


Determine n so that one root of the equation 2? —3 a 


—10%-+n=0 is the double of another, and solve the equation. 


14, 
mon a — 


15. 


Determine n so that the sum of two roots of the equa- 
5«’—4a%+n=0, is equal to zero. 


The equation a — aa’ + ba—c=0 has two roots whose 


sum is zero. Find (a) the third root, (6) the other two roots, 
(c) a relation between the three coefficients. 


oS 
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If 7, 72 73, are the roots of the equation w+ aa*+ ba+c=0, 
find without solving; 
16. M+ +73 — 3 71y7'o1"'g 
V7. (My Hr +73)? —A 2 + 113 + 121s)- 
18. 7 +12 +75 
19. (7 +79)? + (To +73)? + (73 +7)”. 


20. In the equation #®— 22?—9x%+1=0, find the sum of 
the squares of the roots, 


21. If one root of the equation 2+ aa’?+be+c=0 is the 
reciprocal of another one, find the third root. 


INCOMMENSURABLE AND IMAGINARY ROOTS 


524. If all coefficients of a rational, integral equation are 
integers, and the first coefficient is unity, the roots cannot be 
fractional. 


Let ; be a root of the equation 
an? pet pe +o vee + Dy = (1) 


and suppose that 7 and s have no common factor. 
Substituting, 


y\r Yr n—1 n—2 
(}) +n(2) +0i(2) +--+ p, =0. 


Multiplying by s”"1, and transposing, 
ra nl n—2 n—3e2 n-1 
pee tt ama Pte ete “8 oe — p,8"7}, 


which is impossible, as the left member is a fraction in its 
lowest terms, and the right member is an integer. 
Hence equation (1) cannot have fractional roots. 
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525. If the coefficients of a rational, integral equation are 
integers, all integral roots are factors of the absolute term. 


' Suppose 7 is an integral root of the equation 
age” + aa"? + aye”? 4+ + +a, e+ a, = 0. 
Substituting, transposing, and dividing by 7, 


a 
ar + ar”? + ag? 4+ ++ +a, = — 5 


Since the left number is an integer, the right member must 
also be an integer; 7.e. r must be a factor of a,. 


526. If a complex number is a root of an equation with real 
coefficients, f(x) = 0, its conjugate is also a root. 


Let a+ bi be a root, and Q=f(#) +[#— (a+ 01) ]. 
Then [x — (a+ bi) ]Q=f(a). (1) 


As Q involves 7, we would obtain a different expression, Q’, 
if we would substitute — 7 in place of 7. 

Since the product of «— (a+?) and Q (i.e. f(@)) is real, it 
contains only even powers of 7. 

Hence, if we substitute —7z in place of 7 in the left member 
of (1), the product must be the same as before, as the even 
powers of 7 and —7 are identical. 


Hence [x — (a — bt) ]Q' = f(a). 
Ie. a—biis a root of f(x) =0. 


527. To every pair of imaginary roots there corresponds the 
quadratic factor (« — a)’ +b’, which is real and positive for any 
real value of a. 

Hence any rational, integral function of a can be resolved 
into real factors, which are either linear or quadratic in 2. 





THEORY OF EQUATIONS 447 


528. If a+~Vb is a root of an equation whose coefficients are 
rational, a —-/b is also a root. 


The proof is similar to that of § 526. 
Ex. 1. Solve the equation 
e—5e+5e°+17x—42=0, 
one root being 2 —V/—3. 


Since 2 — V — 3 is a root, 2 + V— 3 is also a root. 
The quadratic factor corresponding to these roots is 


(1 —-2+4+V—3)(a#—2—V-— 3), or z?7-—427+47. 


Removing this factor by division, we obtain the depressed equation 
x? — x —6 =0, whose roots are — 2 and 3. 
Hence the four roots are 2 —V— 3, 2+V— 3, — 2, 3. 


Ex. 2. Form an equation with rational coefficients, one of 
whose roots is V2 + V3. 


Since V2 + V3 is a root, V2 —V3 must be a root. 
Similarly, — V2 + V3 and — V2 — V3 are roots. 
Hence the required equation is 


(2 — V2 — V3) (a — V2 +. V3) (x + V2 — V3) (a + V2 + V3) =0. 
Or xt§—1027+1=0. 


EXERCISE 161 


Solve the following equations, having given the indicated 
root: 


1. #&—2e—4=0; 7 —14+V-—1. 
2. #+4+48e+504=0; SE ON/ a! 
3. 2 —21¢"—344=0; eo Play, ak) 
4. 2—-9r7+28=0; 23. 
56. wt—38aF+3e°—38274+2=0; 4. 
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6. w—Te?—1274+18=0; — 2/2, 
7 w—10a°+ 33 2? —462+ 20=0; SALA 
8. w—8e'+14e°+4xe4—8=0; TEs. 
9. 2(%+1)(@+2) (4+ 3) = 24: —8+41V—15. 


LOgite LW) i is a root ofe ae ae 16 ee 
resolve the left member into real factors. 

11. If 2+7is a root of a —32°+a+5=0, resolve the left 
member into real factors. 

12. Can 7 be a root of the equation 2° +2a°4+5e%+4+12=0? 
Can 4 be a root of the same equation ? 

13. Form an equation with rational coefficients, one of whose 
roots is V2 +i. 

14. Form an equation with rational coefficients, one of whose 
roots is V3 — 21. 


TRANSFORMATION OF EQUATIONS 


529. The solution of an equation is sometimes simplified by 
transforming it into another one whose roots bear a certain 
relation to the original one. 


530. The method used for most transformations consists in 
expressing the relation between x and the new variable y in 
the form of an equation. Find zw in terms of y, and substitute 
this value in the given equation. 


Ex. 1. Find an equation whose roots are the reciprocals of 
the roots of the equation 2a*+ 3a3+40?+52+6=0. 


Make y = iy then = l 

% y 

Substituting, 2 aL 3 ae 4 + 2 +6=0, 
yf eed 


Multiplying by y4, 644+ 5y8 +4724 8y+2=0., 


iit : 
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Ex. 2. Find an equation whose roots are the cubes of the 
roots of the equation f(#) = 0. 


Make y = #8, then x =V y, therefore f( Vy) is the required equation. 


Ex. 3. Find an equation the cubes of whose roots are seven 
times the squares of the roots of the equation f(x) = 0. 


Let y®= 7x, then x =" therefore (V2) =.0 
“4 ? rae 7 ? 7 od 


531. Transform the equation 
a” + px" + pyar? -+- i + ppv + Dn oe 0 


into another whose roots are those of the given equation with 
their signs changed. 


Let y=—«a, then x=—y. 
Substituting, 
9) Fi)" Pe a ee tee ie 1) Dn = 0s 
Simplifying, and dividing by —1 if n should be odd, 
y" — py + psy" * — psy" * + ++ (— 1)", = 9. 
E.g. to change the signs of the roots of the equation 
oe —4e'+323+2xe%-—-5=0, 
change the signs of all even powers, 


t.e. e+ 472+ 32242745350, 


532. To transform the equation 
a” + pe") + pra"? + ++ +, = 0 


into another one whose roots are equal to m times the roots of 
the given equation. 


Let y= mex, then «= YZ 
m 
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Substituting, 


y n—1 y n—2 0 
@ Joal§) +4) We eee 


Multiplying by m”, 
y" + py" m + pay m + +++ + p,m™ = 0. 


Ie. the required gear is Airitta by OTA the second 
term by m, the third by m’, ete. 


Thus, the equation whose roots are ten times the roots of 
—4e42742xe4-—7=0, 
is x3 — 40 «2? + 200% — 7000 = 0. 
533. The principal application of the preceding transforma- 
tion consists in clearing equations of fractions. 


Ex. 1. Transform the equation 


into another one with integral coefficients. 
Substituting x = Le 
m 
y® — Zy?m + sym? — Fm = 0. 
Let m = 6, then y—15y2+7y—-—15=0. 
Ex. 2. Transform the equation 
160° —40°4+-2e¢4+3=—0 


into another one which has integral coefficients and unity for 
the coefficient of x’. 


Dividing by 16, ee —ioer+te+f=0. 
Let nat, ys —Ly2m + Lym? + m3 =0. 


oun — 4, 1.6. 2 = 


Then y—y24+2y4+12=0. 


me 
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Ex. 3. Solve the equation 
w—toar+4e—3=0. (1) 


Let % =: y®—Ty?+ 16y—12=0. (2) 


If there are any rational Toots, they must be factors of 12, ie. + 1, 
+2, + 8, etc. 
As + 1 evidently does not satisfy (2), try y = 2. 


Diplo ete e 


2—10+412 
abaya Geakel 
Hence (y—2)(y?-—5y46)=0. 
Or (y — 2)(y — 2) (y — 8) =0. 
Te. ima ay 2 OL. oy 
Hence Meal, Ble OL ee. 


EXERCISE 162 


1. Transform the equation 2 —7 a#*+2a°+2e?—3a—7=0 
into another one whose roots are those of the given equation 
with signs changed. 


2. Transform the equation 2°—7 a’?+2a—9=0 into another 
one whose roots are five times the roots of the original equation. 

3. Transform a°—2a+3at—4a° +52? —62+7=0 so 
that its roots equal ten times the original roots. 


Transform the following equations so that the first coeffi- 
cient is unity, and all coefficients are integers: 


4. P—42e?+4xe—1=0 6. w—4e?—-4A2+4=0 
5. @—$ae?+tea—3=—0 7. #&—le’—liae—_A=0 


8. at—3e—3e°?+$e4+7=0. 
9. 2at—4e?—30°?4+2xe—1=0 
10. 3e—60°+42—1=0. 
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Solve by trial: 

11. #&—32?+1a—3=0. 14. 9a°—122? 4+2+2=—0. 
12. #+8e?+1lao—2=0. 15. 8a°—122?—42+6=0. 
13..8+4+2e—%%"+4+2=0. 16. —2e®+1la—4=0. 


DESCARTES’ RULE OF SIGNS 


534. In a series of algebraic numbers, a permanence is the 
succession of two like terms; a variation is the succession of 
two unlike terms. 


Thus, ++-—-— contains two permanences and one variation, and 
+—+-—-+-—-—4+ contains one permanence and six variations. 


535. Descartes’ Rule of Signs. The number of positive roots in 
an equation cannot exceed the number of variations, and the num- 
ber of negative roots cannot exceed the number of permanences. 


To prove the theorem for positive roots, it is only necessary 
to show that for the introduction of each positive root, at least 
one variation is added. 

Suppose the signs of a complete equation to be 


mst Rahs ie ammeter edie 
To introduce a positive root a, we have to multiply by 2—a. 
Writing only the signs, we have 
tecteen cheer 
2 it aires As 
a cba wen a gineet eee) gee gon 





In the result the ambiguous sign + is used wherever the 
sign is doubtful. 

Comparing the signs of the original expression with the signs 
of the product, we observe the following facts, which can easily 
be proved: 
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The sign of the first term is not changed. 

The second sign of any variation is not changed. 

The second sign of any permanence becomes ambiguous. 
4. There is added one term at the end whose sign is opposite 

to the preceding one. 


SEA de 


Hence the only signs which may be changed are the second 
terms of the permanences. But a change in the last term of 
the permanences cannot decrease the number of variations. 

Considering the additional variation at the end, it is evident 
that the product must contain at least one variation more than 
the original expression. 

Hence the total number of positive roots cannot be greater 
than the number of variations. 


536. To prove the theorem for negative roots, consider the 
equation f(a) =0, (1) 


and change the signs of all roots of (1) by substituting —a 
LOY 2. 


Ie. S(—2) =0. (2) 


Since (2) is obtained from (1) by changing the signs of the 
even terms, the number of permanences in (1) equals the num- 
ber of variations in (2). 

But (2) cannot have more positive roots than it has varia- 
tions. Hence (1) cannot have more negative roots than it: has 
permanences. 


Fig. 4”2°9—22+-623+7%2+2%-—1 cannot have more than three 
positive and two negative roots. 


537. Incomplete equations. The preceding proof refers only 
to complete equations, but every incomplete equation can be 
completed by the introduction of zero coefficients. 

Thus, e—4a2— 3 «—7=0 may be written 


e+ Ow + Oat— 42°+0 2?-—3a—7 =0. 
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The smallest number of variations is obtained by making the 
signs of the zero coefficients agree with the preceding terms, viz. 


+1+0+4+0-—-4-—-0—3-—7. 


Evidently the number of variations is then the same as in 
the original equation, and hence Descartes’ Rule for positive roots 
may be applied to incomplete equations. 


538. For negative roots, however, the number of perma- 
nences can often be made smaller by the introduction of zero 
coefficients. #.g. the above equation has two permanences. 
But writing the coefficients as follows: 


1 2 eee eters 


the equation has only one permanence. 

Hence Descartes’ Rule for negative roots should not be applied 
directly to incomplete equations. The most convenient method 
in such a case is to transform the equation into another one 
whose roots have opposite signs, as illustrated in the next 
article. 


539. In many incomplete equations, the greatest possible 
number of real roots does not equal the degree of the equation, 
hence in many cases imaginary roots can be detected by the 
rule. 


Ex. Prove that 2°+30?—52+1=0 has at least four 
imaginary roots. 


As the equation has two variations, it cannot have more than two 
positive roots. 
Substituting — a for x, 


4 307+62+1=0. 


Since this equation has no variations, it cannot have any positive root, 
and hence the original equation cannot have any negative roots. That is, 
the total number of real roots cannot exceed two. 

Therefore the given equation has at least four imaginary roots. 
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540. It follows from Descartes’ Rule that : 


1. Jf all signs of an equation are positive, the equation has no 
positive roots. 

2. If the signs of a complete equation are alternately positive 
and negative, the equation has no negative roots. 


EXERCISE 163 
Apply Descartes’ Rule to the following equations : 
| 1 ot Pot Sa? 4 8 + 1 = 0. 
rt) Ona wr a a ae —— 7 = 0): 
Sb a Or 2 oe Loe toa td 0. 
46a ba 7a + oe — 20? —bae—6=0: 
All the roots of the following equations are real; determine 
their signs : 
So 12 2 — 45 —1 = 0, 
27 o®§ — 04974 2524+1=—0. 
2 — 52? —13 2+ 30 =0: 
of — 2 —11 2 + 624+2=0. 
Aig* — 49? — 13 27 +18 «— 6=0. 
10. 4a°—41 a! 4+6a°+732+4+30=0. 


et ee ae 


Determine the least possible number of imaginary roots in 
each of the following equations : 


11. e+ 2a?+ae—2=—0. 

129 28 bo 2 a — 9 — 0. 
te ene HT or —9 = 0. 
ieee 2 oT = 0. 
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15. 264+ 20°—3et+2e2+1=0. 
16. 8a7—5at+4e°-—-5=0, 
emer: Lice (), 

18. «%®—1=0. 

19. 2*+1=0, if n is even. 

20; 24-27 4+ 227+ 5=0. 


21. ax®+be+c=0, if a, b, and c are positive. 


LOCATION OF ROOTS 


541. Limits of roots. The solution of numerical equations 
may often be simplified by determining between what limits 
the roots lie. 


542. A superior limit to the real roots is a number greater 
than the greatest root. 


543. An inferior limit to the real roots is a number smaller 
than the smallest root. 


544. A superior limit may be obtained by grouping the terms 
so that each group contains not more than one negative term, 
and determining a value of # which makes each group positive. 


Ex. 1. Find a superior limit to the roots of the equation 
4+ 4e3§-—6¢’?+ 242—60=0. 

Grouping terms and factoring, 
x2(0? — 6)4+ 4 (a8 — 15) 4+ 24% = 0. 


Evidently each term is positive, if ¢ 224. 
Hence 23 is a superior limit. 
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Ex. 2. Find a superior limit to the roots of the equation 
o—22°7—32—16=—0. 

Multiplying by 3, 323 —622-9x%—48=0. 

Grouping, (x3 — 6 x) + (23 — 9 x) + (23 — 48) = 0. 

Or x2(¢ —6)+ x (x? —9)+ (a3 — 48)= 0. 


Evidently no term is negative if x = 6. 

Hence 6 is a superior limit. 

Since the limits obtained from the three groups differ considerably, we 
modify the method as follows : 

Multiplying the given equation by 4, and grouping, 


(2 43 — 8 x?) + (73 — 12 x) + (43 — 64) = 0. 
Factoring, 22?(a% —4)+ %(a? — 12)+ (#3 — 64)=0. 


No term is negative, if x = 4. 
Hence 4 is a superior limit. 


545. To determine an inferior limit, change the signs of all 
roots by the transformation of § 531, and determine the 
superior limit. 


Ex. 3. Find an inferior limit to the roots of the equation 
af —.20 a? + 48 «= + 120 — 0. 

Let x=— Y. 

‘Then yt — 20 y2 — 48 y + 120 =0 ($531). (1) 

Multiplying by 2, and grouping, (yt — 40 y?) + (y* — 96 y)+ 240 = 0. 

Factoring, y?(y? — 40) + y(y® — 96) + 240 = 0. 

I.e. 6} is a superior limit to y. 


Therefore — 64 is an inferior limit to 2. 
A closer limit is obtained by multiplying (1) by 3. 


2 y* — 60 y2 + y* — 144y + 860 = 0. 
2 y2(y? — 30) + y(y® — 144) + 360 = 0. 


I.e. 54 is a superior limit to y. 
Therefore — 5} is an inferior limit to x. 
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EXERCISE 164 


Determine a superior and an inferior limit to the roots of the 
following equations: 


Ll. 2 —397+)a2—12=—0. 4, 2-327 —22+1—0. 
2. of +32°—4ae—14=—0. 52 e2igtt at = Zio? gp 4 ae 
Sot or toa 9 —(0. 6. 3a°—40°—52~—T7T=0. 
1 4064-20 +22¢—T2+24=0. 
8. 52° + 20*— 30° +207? —2 —48=0. 
9, 60° +500 +49 +30 4+2¢+1—0. 
10. xv — 22? — 12600 =0. 


546. A function f(#) is continuous if, for any value of a, an 
infinitesimal change in the independent variable w produces an 
infinitesimal change in the function, or if 


S(e+h) —f(@) =0, ifhk=0. 


Thus, x? is continuous for any value of a, as (# + h)? — 2% = 2hax +4 h?, 
a quantity which for any finite « approaches zero as a limit, if h = 0. 


547. The meaning of continuity is well illustrated by repre- 
senting functions graphically. The hne PP', which represents 
the graph of a function 
J («@), is supposed to be a 
continuous line, 7.e. a line 
without a break. Such 
a function is a continuous 
function, and the inspec- 
tion of the diagram shows 
that any increase (h or 
AC) in the independent 
variable and the corresponding increase (cB) of the function 
simultaneously approach zero as a limit. 
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548. On the other hand, the 
second diagram represents a dis- 
continuous function (PP'QQ'). It 
is apparent that f(2) will have the 
finite increase of + 1 if 2 increases 
by an infinitesimal quantity h. 

Hence this function is discon- 
tinuous. 





549. The function ax” is continuous if m is an integer. 

For a(@ + h)™ — ax” | 
=ala+ math + Ch? +o — 2] 
=a-h[ ma ++ "Cia" *h + +2 J, 


If h = 0, the right member = 0, for any finite 2. 
Hence ax” is continuous 


550. The function f(x) = age” + aw"! + +>» + a, is continuous. 

Any infinitesimal increase of h produces an infinitesimal 
increase of each term, and therefore of the whole function 
(§ 412, 1). 

Hence f(a) is continuous. 


551. Jf f(a) and f(b) have opposite signs, at least one_root 
must lie between a and 6. 

If x changes gradually from a to b, f(@) changes gradually 
from f(a) to f(b), i.e. from a positive to a negative, or from 
a negative to a positive, value. 
Hence it must pass at least once 
through zero, ze. f(a) has at 
least one root between a and b. 


552. The preceding proposi- 
tion becomes obvious by inspec- 
tion of the graph. Evidently a 
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continuous line cannot join two points, A and B, on opposite 
sides of OX without intersecting OX at least once. 

There may, however, be three, five, or any odd number of 
roots, as appears from the next diagram. 


Ne 





y? 
553. The preceding article furnishes the principal method 
for locating incommensurable roots. 
Ex. 1. Show that the equation 
e+ 5a? — 602? + 702+ 100=—0 
has a root between 4 and 5. 


1+ 5—60+70 +100[4 
+ 4+4+36—96 — 104 
1024 6 es ee 





1+ 5—604+70 +100[5 
+ 54+50—50 +100 
1+10—10+4 20; +200. Le. f(5) =+ 200. 





Hence at least one root lies between 4 and 5. 


054. If x=, then f(w~) =+o. 

If x=—, then f(x) =+0 if n is even, and f(v) =—o if 
n is odd. 

For it can be shown that, for a very large value of a, the first 
term of the function is greater than the sum of the remaining 
terms, and hence the function approaches the values + oo or 
—o. 
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§55. Hvery equation of an odd degree has at least one real root 
whose sign is opposite to that of the last term. 


If x equals respectively —«w, 0, +0, 
then f(x) equals respectively —, p,, +. 
Hence if p, is positive, there must be at least one root between 


—o and 0, ze. there must be a negative root. 
Similarly if p, is negative, there must be a positive root. 


Thus, «<3 + «2 + x +1 has at least one negative real root. 


556. Every equation of an even degree and a negutive absolute 
term (p,) has at least one positive and one negative root. 


If x equals respectively —o, 0, +0, 
Jf (x) equals respectively +0, —, +. 


Hence there must be at least one positive and one negative 
root. 


Thus, x6 + 4”2 —-2%—7 =0 has at least one positive and one negative 
root. 


Ex. 2. Locate the real roots of the equation 
oe — 10-22 +- 33 2?— 402+ 14=—0. 


Since there are no permanences, there can be no negative roots, and 
the method of § 544 shows that 10 is a superior limit. 

Evidently (0) = 14, and f(1)=—2. By synthetic division we obtain 
J(2) = 2, J(3)= 2, f4)=— 2, and f(5) =+4 14. 

Hence the four roots are incommensurable and lie respectively between 
0 and 1, between 1 and 2, between 3 and 4, and between 4 and 5. 


Ex. 3. Find the nature of the roots, and locate the real roots 
of the equation : Soyer ait 


Since the degree of the equation is even, and the absolute term is 
negative, there must be one positive and one negative root (§ 550). 
Descartes’ Rule shows that there can be no more than one positive and 
one negative root. 
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Hence there must be one positive, one negative, and two imaginary 
roots. 

Since «?(a? — 4)+(a* — 12) is positive if «= 2, we have a superior 
fimit 2; and similarly obtain the inferior limit — 2. 

Hence we have to find the sign of f(—2), f(—1), f(0), fC), and 
f(2). A simple calculation shows that the required five signs are 
respectively + ———+. 

Therefore one root lies between — 2 and — 1, another between 1 and 2. 


EXERCISE 165 


Determine the character of the roots of the following equa- 


tions: 
1. 2a*+ 222° 4+ 52—11=0. 


2. #& +3a°—32?—4=0. 

3. w—32?-124%—16=0. 

4. «+axr—b=0, if a and b are positive. 
5 


e+ ax+b=0, if a-and b are positive. 


Locate the roots of the following equations: 

6. 4a°—102°4+22+4+3=0. 9. #+4x—5=0. 

7 @4+427?—427-—8=0. 10. 2° +2424+2=—0, 

8. 2—67’+427+10=0. ll. et—5e?—42419=0. 


CHAPTER XXIX 
| SOLUTION OF HIGHER EQUATIONS 
COMMENSURABLE ROOTS 


557. The principal features of the method for finding com- 
mensurable roots were discussed in the preccding chapter. 
There are, however, a few additional propositions, which greatly 
facilitate the finding of commensurable rocts. 


598. If r is an integral root of the equation with integral 


coefficients f(«) = 0, then - Z A) + must be an integer for any integral 
: 


value oF i, for this aa is a rational, integral function of x. 
Since f(1) is easily found, we usually apply this test first 


TOTS rule 2.0. ae must be an integer for any integral root r. 
—?r 


Similarly for fo), ete. 
—7T 


Ex. 1. Determine the integral roots of the equation 
10 a4 +17 2? —162°4+-22—20=—0. 


The factors of — 20 are +1, +2, +4, +5, +10, +20. 
f(1)=--7,; that is, 1 is not a root. 


If r= 2, 4, By 19, 20, —T, — %, Aw 4, — By, <P 19, — 29, 
then eo ir — 2, — 4, — 9, —19, 2, 2, By 6, AG a1. 


Rejecting ali values of 1— 7 which are not factors of —7, and the 
corresponding values of 7, only 2 remains. 
As synthetic division shows that 2 is not a root, the equation has no 
integral roots 
463 
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Ex. 2. Determine the integral roots of the equation 
2 at — 49 a? + 281 a? + 72a—180=0. 


The inferior and superior limits are respectively — 2 and + 25. Hence 
the roots may be —1, +1, 2, --- 20. 
J(1) = 2 — 49 + 281 + 72 — 180 = 126, hence 1 is not a root. 


If fees Leeda, 3B, . 4, By B, 9, 10, 12, 15, 18, 20, 
then l1-r= 2, —1, —2, —8, —4, —3, —%, — 9, —JJI, —14, —J7, —J9. 


Rejecting all values of 1—7 which are not factors of 126, and the 
corresponding values of 7, there remain —1, 2, 3, 4, 10, and 15. 
J(— 1)=24 49 + 281 — 72 — 180 = 80; hence — 1 is not a root. 
If — 2, 3, 4, 19, 15, 
—l—r=-— 3, —4, —5, —JJ, —16. 
Rejecting all values of —1—vr, which are not factors of 80, and the 
corresponding values of 7, there remain 38, 4, and 15 as possible roots. 


Synthetic division shows that 3 and 4 are not roots, but 15 is a root. 
Hence 15 is the only integral root. 


559. Newton’s method of divisors is very similar to synthetic 
division; but the numerical work is sometimes simpler, espe- 
cially when the exponents or the coefficients are very large. 


Let 7 be a root of the equation 
aot” + av" + ane"? 4+s +a, e7ta,=090. 
Substituting, dividing by r, and transposing, 


dn =) n-2 n-1 
Sp a Cn ire ee idem Lice econ! Usama 


The right member being an integer, the left member must 
be an integer. 
Denoting this integer by q, dividing by 7, and transposing, 


G2 
ra ot An-2 ocee mae! eat f — seo —— ee pares, Ontaana 
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As before, the left member must be an integer. Denoting it 
by gs, dividing by 7, and transposing, 


qs 
ro + Oy 9 — — Ca Rees — Gr. 


Continuing this process, we obtain finally 





560. The work can be arranged in a manner very similar to 
the one used for synthetic division. In fact, the work differs 
from synthetic division only in two points: 

(1) We commence at the last term and work toward the first. 

(2) We divide instead of multiplying. 

Ex. Determine if 2 is a root of 

2 —r— 1) s+ 1bae— 14—0. 


2—1—10+415—14|2 
—2?-83+ 4— 7 
O—4—~ $64 (8-14 





Explanation. Take down —14, divide it by 2, and add the quotient 
(—7) to the preceding coefficient. Divide this sum (8) by 2, and add 
the quotient to the preceding coefficient, etc. As there is no fractional 
quotient, and as the last sum is zero, 2 isa root. The coefficients of the 
depressed equation are the numbers in the second line with their signs 
changed, viz. +2+3—4+47. 


561. If a number is not a root, this fact is discovered as soon 
as we come to a fractional quotient. This constitutes the 
advantage of Newton’s method over synthetic division. 


Le. to determine if 7 is a root of x*+23—102?+15x2—14=0, we have 


141—10415—14|7 


et ate Tete. 
BSF Set +13—14 


Hence 7 is not a root. 
Oat 
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562. The method for finding commensurable roots may be 
summarized as follows: 


1. Make the coefficients integers, and determine all integers that 
may be roots. To be roots, integers must satisfy the following | 
conditions : 

(a) They must be factors of the absolute term. 

(b) They must lie between the inferior and the superior limits. 


(c) They must conform with Descartes’ Rule. 
must be an integer, if r is an integral root. Simi- 


(a) 2 fa A) 
ai f= ihe ®) ee 
larly for — pi sane 
Zar sy ii s an which as (1) are roots of the equa- 
tion. The trial may be made by 
(a) Synthetic Division. 
(6) Newton's Method. 


Notre. Very small numbers, as + 1, or —1, are more easily tested by 
direct substitution. #.g. if x=1, then f(x) =the sum of the coefficients. 


> etc. 


3. After all integral roots are removed, the equation has no 
more commensurable roots, if the first coefficient is unity. 

4. If the first coefficient is not unity, transform the equation 
into one in its simplest form (i.e. first coefficient=1) with integral 
coefficients, and proceed as before. 


Nore. If the first coefficient is very small, it is sometimes convenient 
to apply this last transformation (4) at the very beginning. 
Ex. 1. Solve the equation 
2e'+523— 114 a? — 238 2 — 240=0. 


The inferior and superior limits are respectively — 11 and 8. 
Hence the roots may be +1, +2, +3, +4, +5, +6, —8, —10. 


Ff) =2+5— 114 — 238 — 240 =— 585. Hence 1 is not a root. 
If r=—I@, —8, —6, —p, —4, —3, —2, —I, 2, 2, 4, B, 6, 
deat AT, 9, odie Gye On ae 8, 7, —1, —2, —38, —4, —65. 
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Rejecting all values of 1—7 which are not factors of — 585, there 
emain the following values of r, —8, —4, —2, 2, 4, 6. 


f(—1)=2 —5 — 114 + 238 — 240 = — 119, 
If r—— 3, — 4, —2, 2, 4, 6, 
then —l-r= 7, 3, 1, —#, —#, —7. 


Rejecting all values of —1—vr, which are not factors of — 119, we 
have r=—8, —2, or +6. 


Testing x = — 2, i.e. dividing by x + 2, we obtain the remainder — 228; 
that is, — 2 is not a root, and f(— 2) = — 228. 

If r=—8, +8, 
then —2-r= 6, -—8. 


But —8 is not a factor of — 228, hence the only possible integral root 
is the one corresponding with 6, i.e. —8. 
Dividing, _ 2+ 6—114 — 238 — 240 |-—8 
—16+ 88 + 208 + 240 
2—11— 26— 30 0 


Ie. x=—8 is the only integral root, and 223—1122—262%—30=0 
is the depressed equation. 

Dividing by 2, xv? —4IAo?-—138¢—-15=0. 

Let ee y —11y2—52y—120=0. 


The limits to y are respectively —7} and +17. 
Rejecting all multiples of 2, since x cannot be an integer, we have the 
possible roots +1, +3, +5, +15. 


f(A) = 1-11 — 52 — 120 =— 182. Hence 1 is not a root. 
If r=—$, —$, —1, 3, 3, 16, 
t—-r=. §, A, ee Sor Fee DO F 


Ie. —1, 8, 15, are the only integers that may be roots. 


tf 


f(—1)=-—1-—11+4+52 —120=— 80. Hence —1 is nota root. 


Synthetic division proves that 3 is not a root, while 15 is a root. 
The depressed equation is y2+4y+8=0. Solving by formula, 


Therefore y=—242i, —2—27%, or 15. 


Hence the required roots are — 8, 42, —1+7, —1—4. 
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Ex. 2. Solve by Newton’s method, 
8 at — 68 2° + 190 a — 1992+ 60=0. 


The equation can have positive roots only, and 8} is a superior limit. 
Hence we have to try 1, 2, 3, 4, 5, 6. 


F(A) =8 — 68 + 190 — 199+ 60=—9. Hence 1 is not a root. 
If P= Dy) CPs Ay eer nes 
1—r=—1, —2, —3, —4, —#. 
Rejecting all values of 1 — r which are not factors of —9, there remain 
r=—2, or4. 


++ +190 — 199 + 60 [2 
+ 30 


— 169 + 60 


8 — 68 + 190 — 199 + 60 [4 
8 06-46-16 


0— 52+ 144 — 184+ 60 


Hence 4 is a root, but 2 is not a root. 
As the only possible integral root was removed, the depressed equation 


8 «3 — 86 x? + 46% —15=0, can have no integral roots. 
Dividing by 8, v3 — $o2+4 284% —15 = 0. 
Let es then y?—9y?+4 23y —15=0. 
The possible integral roots are 1, 3, 5. 

fl) =1—-94 23—15=0. 

Hence we have y = 1, and, by division, y2-—8y+15=0. 
Or, (y¥ —3)(y — 5) =0. 
That is, Y aes, OF Dy 


Hence the required four roots are 4, 4, 3, }. 
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EXERCISE 166 


Find all commensurable, or, if possible, all roots of the fol- 
lowing equations: 


1 2 —492%—120=0. 

2. 2 —18 27+ 87 2—110—0. 
3. 2 —100°+ 352? — D0 7+ 240. 
4. a—45 4024 84=0. - | 
5. 8a? + 340°—79 x4 30=0. 
6. 32°—8e°+3e4+2=0. 

7. 408—32°?—252—6=0. 
8. 2a°—152?+ 31 ¢—12=—0., 

9. 20°—1382?+138%+10=0. 

10. 30° 4+16 02 +2304+6—0. 

11. —iAe’?+Tx—12=0. 

12. 2@—140?—52+58=—0. 

13.) 2 130 Ada 4 — 0). 

14, w+ 2 — 249°? 4438 2—21=0. 

15. 2+ 82° —132?— 922+ 96=0. 

16. 242°—260¢?7+92—1=0. 

17. 2a°—11e¢?+172—6=—0. 

18. w*+19 2° +4125 2°+ 30524 200=0. 
19. 2ae*—110°+162°—x—6=0. 

90. 32°— 202+ 41 2°? — 2027 —-12=—0. 
21. 32*—19 4° + 39 2? —292+6=—0. 

22. 62+ —132°+ 20 2*— 872+ 24=—0. 
23. of + 290° + 287 w? +1147 241560 =—0. 
24. of —3a'—8 2+ 2407 —9a-+ 27 = 0. 
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INCOMMENSURABLE ROOTS 


563. Graphic method. The simplest method for determining 
the incommensurable roots of an equation is the graphic 
method. 

The essential features of this method were discussed in 
Chapter XVII. The theory of equations, however, sometimes 
simplifies the work. Thus, we may use synthetic division for 
finding the various values of a function, we may determine the 
limits to the roots, we may transform the equation, etc. 


Ex. Find graphically the roots of the equation 
24 a — 2627+ 9x%—-1=0. 


By Descartes’ Rule there are no negative roots, but there must be at 
least one positive real root (§ 555). The superior limit is 1,4. 
To avoid fractions, we multiply the roots by 10; 7.e. make y= 10a, 


or, a=. 


24 y3 — 260 y? + 900 y — 1000 = 0. 
Dividing by 4, 6 y® — 65 y? + 225 y — 250 = 0. 
J(0) = — 250, f(1) = 6 — 65 + 225 — 250 = — 84. 

By synthetic division we find | 
(2) = — 12, f(3)=+ 2, f4)=—6, f(5)=9, f(6) = 56. 
Locating the points 
‘ 
(2, —12), (3, 2), (4, —6), (5, 0), (6, 56), 90 


and joining, produces the graph ABC, 
which intersects the x-axis in P, P’, 
and P’’. By measuring OP and OP’, 
we obtain the approximate roots 2.5 
and 3.3, while 5 is an exact root. 

Hence the 1equired roots are .25, .33, 
and .65. 
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Nore. To find more exact values of x, the portion of the diagram 
which contains P; or Pz; should be drawn on a larger scale (see page 279). 


EXERCISE 167 


Find graphically the roots of the following equations: 
1 oo $27 19 ae to 0: 
2. af+40%+418=0. 
Siva — 130 4 38a 17=0: 
4. 10020?+42—-1=0. 
5. 642°—-162°—52+14=0. 


If f(a) = a*— 62° +72? + 6x —4. 
6. Find the approximate values of the roots of f(#) =0. 
7. Solve f(x) =4. 


8. Determine the number of real roots of the equations 


f(a) =1, f(a) =100, f(a) = —50. 


9. Solve the system: fe =F); 
20 Y= 0. 
10. Solve the system: { y=F@); 


If f(v) =x — «*—110°490?+418a—4, 

11, epolve; f(x) = 0: 

12. Solve f(x) =— 4. 

13. Determine the number of real and imaginary roots of 
F(#) =— 20, f(x) =5, f(x) = 20, f(x) = 36, f(x) = 100. 
y=f(@), 


14. Solve the system : : a ee 
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Solve ee 
+y == 25, 
b Wf 
15 te—0 SNe tage 
y=r—24+2, (4e°?4+y=4, 
8. | 
e+y=A4 et+4e—y=3 
ay tlie alae 
| e+y=3 
a Opes 
20. Has the system | any real roots ? 
+y=8 


564. Roots diminished by a given number. 

To transform an equation into another one whose roots are less 
by h than the roots of the given equation. 

Let age” + a,c" + au"7+ .--+ta, 7+a,=0 (1) 
be the given equation. 

Make y=a2—h, then v=y-+h. 

Substituting in (1), 

Ay (y +h)” + aly +h) + + +a, iy+th)+a,=90. (2) 
If we should expand all parentheses, and collect equal powers 


uf ¥, we should obtain an equation of the form 


qoy” + ny" + Qy"* + +++ +9, = 9. (3) 

The work of expanding the parentheses is, however, very 

tedious. It is simpler to find the coefficients g, q,, Go +++ Gn, by 

the following consideration. 
Since y= «#—h, equation (3) may be written 
Qo(xe — h)” + qy(a — hy” + qo(a@ — hy"? + s+ 

ore Yn—1(& we h) =f Mn = 0. (4) 

But this equation is the original equation (1) written in a 

different form. Therefore any division applied to (4) will give 

the same quotient and the same remainder as if applied to (1). 
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But the coefficients q,, gq, --- can be obtained from (4) and 
hence from (1) by the following operations : 
Divide (4) by x —h, then 
Quotient = qo(a — h)"-* + q,(@— hy”? + ve + n-a3 
Remainder = q,,. 
Dividing the last quotient by «—h, vite have 
Quotient = qo(~ — h)”"* + g(a — hy)” F + + +493 
Remainder = g,,_}. 


Evidently, by successive division of the quotients by «—h, 
we should obtain the coefficients q, --- g, as remainders, while 


Qo = A 


565. To diminish the roots of an equation f(x) = 0 by h, divide 
S(@) by x—h until the remainder does not involve x. This re- 
mainder will be the last coefficient (q,) of the required equation. 
The remainder obtained by dividing the quotient by «—h is the 
coefficient q,_-1, ete. 


Ex. 1. Find an equation whose roots are less by 2 than the 
roots of the equation 3 a*— 20a? +52?+1382+70=0. 


The division may be arranged as follows : 


3 —20 + 5 + 13 +70{2 
+ 6 —28 — 46 —66 


3 —14 —23 — 33/+ 4 
+ 6 —16 — 78 

3 — 8 —39 |-111 
Be 

aoe 
+ 6 


Hence the required equation is 


Sat4 423 —4302?-1l147+4=0. 
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mx.% Hind 42 equation whose roots are greater by 3 than 
the roots ot the equation 2a*—3a@°+5ea—T=0. 


Hyidently, h =— 3. 





J 5=06 See aD 
Oh ae ee Ge aaa 
6 ch 30 ees 
DL = 12 61 hl eee 
ee 6 24 S54 
SONOS 1 05 
7 
Q —24 


The required equation is 2 xt — 2443+ 105 x2 —198%+113=0. 
.566. The preceding method can be used to transform an 
equation into another one in which the second term is wanting. 


Let age” +aa"i+.--+a,=0 (1) 
be the equation. 
Diminishing the roots by h, we have 


y=u—h, or c=y+h. 
Substituting in (1) 
aly th) +a(y +h) t+ --- +a, =0. 


If we should expand and combine equal powers of y, we 
should obtain anh + a, as the coefficient of y”—. 
Making this coefficient equal to zero, we obtain 


Hence, 1 
formed equation is the “Een one. 





567. If the equation 5 in its simplest form (i.e. a=1), 
diminish the roots by ——; that is, by —-} the second coefti- 
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cient for a cubic, by —4 the second coefficient for an equation 
of the fourth degree, te 
Ex. 3. Transform the equation 
2 20° 6a +3e42=0 
into another one whose second term is wanting. 


Diminish the roots by — } of —2, i.e. .5. 





Ita oan <8 ey eens ee a |).5 
(je aa2 1D e881 ee 1875 

eer ith te 0.76. eaToni 8125 
San eb 020 

Tet ia 25, 2000 


.25 





ft 
oO 


Hence the transformed equation is 


yt —7.5y%—4y+1.8125=0, 


EXERCISE 168 


Transform the following equations into others whose roots 
are less by h: 


1. 2o*—429+52?—382+1=0, k= 2. 
2. 3e°*—19e°+ 22 0°—17 x —44=—0, h=1. 
3. 402 202?—172+4+12=0, io 
4, 2a'—3e¢’—927+71=0, h=4. 
5. a —62'+12 F—12=—0, ==; 
6. e—129°4727—32+12=0, h=3. 
Toit le fea es. 
8. a +atta?—1=0, h=2. 
9. v—22?+1=0, 1.0, 
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Transtorm the followin g equations into others whose roots 
are greater by k: 

10. aw —2o°—17274+12—0, h=?. 

1l. w@—4e'+380°+277+327+9=0, h=1. 


Transform the following equations into others, in which the 
second term is wanting: 


12. e—49°+227?—-7—0. 15. oP +4e7—T7271+2=0. 
13300. 9 pao 0) 16. 2° 9.97 wo 
14. 24+627—32—3=0. 17. e—2oer+o7—27+1=—0. 


568. Horner’s method of approximation. By Horner’s method, 
incommensurable roots may be found to any degree of accuracy. 
Let it be required to find the positive root or roots of 


a—3e—4=0, | (1) 
First locate the roots either by the graphical method or by 

§ 451. 
According to Descartes’ Rule, the equation cannot have more 


than one positive root, and by § 555 it must have one positive 
root. By substitution we find 


70) =—4, (1) =—6, 72) =—2, (8) =14. 
Hence the required root must lie between 2 and 3. 
Diminishing the roots of the equation by 2, we obtain 


1 +0 —3 —4 [2 
oe +4 +2 





SOLUTION OF HIGHER EQUATIONS ATT 


The transformed equation is 


y+6y'+9y—2=0, (2) 
in which y= 2% —2. 

Since a lies between 2 and 3, y must lie between 0 and 1. 
Hence y’ and yz’ are smaller than y, and we may obtain a 
rough approximation of y by neglecting the first two terms 
of equation (2), 

ema eee Ulta 

If y=.2, we find f(y) =+ .048; if y=0, f(y) =—2. 

The value of y must therefore lie between 0 and .2, or y<.2. 

Substituting y=.1, we obtain f(y) = — 1.039. 

Hence y lies between .1 and .2, or y=.1', 7.e. x= 2.1t. 

Diminishing the roots of (2) by .1, we have 


the dete) de = {1 
fl 61 961 





1 6.3 


The second transformed equation is 
2+ 6.3 22+ 10.23 z2—1.039 =0, (3) 


in which z=y—.1, te. z<.1. 
Consequently we obtain an approximate value of z by neg: 
lecting 2? and z’ in equation (3). 


10.23,2= 1.039, or z=.1. 


But as this value is too large, we assume z= .09. 
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Diminishing the roots of (3) by .09, 


1263 10.23 — 1.039 | 09 
09 DIBA 972459 

1G 39 ©) 10.8051 ooDdL 
09 5832 

Tee eM 8: 11.3888 
09 

198657 


The third transformed equation is 
u + 6.57 wv? + 11.3883 u — .066541 = 0, (4) 


in which u=z—.09, te. w<.01. 
Hence we obtain an approximate value of wu from the equation 


11.8883 u = .066541. 
tue 0007- 
Diminishing the roots of (4) by .005, 


soniye 11.5883 — .066541 { .005 
005 032875 057105875 

1 6.575 11.421175 — .009435125 
O05 032900 

1 6.580 11.454075 
005 

1 6.585 . 


The fourth transformed equation is 
v® + 6.585 v? + 11.454075 v — 009435125 = 0, (5) 


in which v=u—.005, or v<.001. 
Hence v* and v’ are so much smailer than », that usually three 
significant places of v may be found by solving the equation 


11.454075 v = .009435125. (6) 
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Therefore v = .000823. 
Whence a = 2.195828. 


569. The work is usually arranged as follows: 


1.0; ay —4, | 2.195823 
2: A, 2. 


jhe ih es. 
2. 8. 
9. 





1 63 10.23 —1.039 | .09 
09 751 972459 













10.8051 — .066541 


832 
11.3883 





1 6.57 11.3883 — .066541 | .005 
_ 005 032875 057105875 






11.421175 — .009435125 


005 032900 
11.454075 






009435125 
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570. In finding the approximate value of the second jigure 
of the root (ze. y), the student should prove the location of 
the root by actual substitution. The signs of two functions, 
including a root, should be opposite (with the rare exception 
of two nearly equal roots). 


571. Any figure after the second can usually be found by 
dividing the last term with its sign changed, by the coefficient 
of x If it is at all doubtful which of two successive numbers 
should be assumed, take first the greater one, and if this should 
be too large, the fact can be recognized by the following two 
rules: 


(a) In any transformed equation after the first, the signs of 
the last two terms must be opposite. .If they should be the 
same, the value assumed for the root is too large. 

(b) Unless the equation has two nearly equal roots, the signs 
of the last terms of all transformed equations must be the 
same. 


572. After the equation has been transformed four or more 
times, several additional decimals can be found by division of 
the last terms. 


In equation (5) we may express the true value of v as follows : 


_ .009435125 _ 6.585 v? + 03. 
11.454075 1.454075 


We assumed for v only the first term of the right member, hence the 


i l 
error 1s equal to 6.585 v2 + vs 


11.454075 


A simple calculation shows that this error for v = .0008 is less than 
.000001, an error which cannot affect the first six decimals of the root. 
Therefore the three decimals obtained by division are correct. 


573. To avoid decimals, multiply the roots of the first trans- 
formed equation by 10; 7.e. multiply the second coefficient by 
10, the third by 100; ete. 
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The roots of the second transformed equation obtained there- 
from, are again multiplied by 10, ete. 


574. The work may then be arranged as follows: 


1 0 —3 —4 | 2.195823 













[2 
1 630 102300 — 1039000 [9 
9 5751 972459 
1 639 108051 | — 66541 
9 5832 
113883 
9 
1 6570 11888300 = — 66541000 [5 
5 32875 57105875 
1 6575 11421175 | — 9435125 
5 32900 
1 6580 | 11454075 
5 
1 6585 


9435125 _ a9 
11454075 
21 
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575. If we wish to determine only a certain number of deci- 
mals, the work may be further contracted by omitting all figures 
which do not influence these decimals. 


576. Incommensurable negative roots can be found by chang- 
ing the signs of all roots by the transformation of § 531. aud 
determining the corresponding positive roots. 


Ex. By Horner’s method, find the real value of V—3 to 
three places of decimals. 


Let tp ee M7, —o. 
Then «3+ 38=0. Since the required root is negative, change * -igr. 
of the roots, te. y3 —3 = 0. 


me ji 
u 








bas. | 
1 ! —————E —_ 
1 30 300 ue 4 
4 13% 1 
het Be 256 
4 152 
32 588 
Ary 
1 520 58800 — 256000 | 4 


4 2096 4+. 243584 


1 524 60896 | — 12416 
4 2112 
HEP aye: 63008 
ia4—=1+. Hence y= 1.441+ and «=— 1.441+. 





EXERCISE 169 


In the following equations, compute to three decimal places 
the root which lies between the indicated limit: 
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a — 152°4+63x—50=0, root between 1 and 2. 
a — 120+ 45e%—53=0, root between 2 and 3. 
w—~120?+4+45%—53=0, root between 3 and 4. 
a —120?+ 57 «—94=0, root between 3 and 4. 
xv —12%—28=0, root between 4 and 5. 
ao — 15 2?+ 72 x¢—109=0, root between 6 and 7. 
ev —132°+58e%+17=0, root between 7 and 8. 
e® —120°+ 35%—73=0, root between 9 and 10. 
e+ 2+3a—52=—0, root between 2 and 3. 


CORA T RP WwW DW 


Find to three decimal places the real root of the following 
equations : 

10. ¢@—122—132—0. 13..-¢+7e¢—l11=0. 

11. o°+227—4=—0. 14. 2¢+32+4=—0. 

12) e+ 3e—2—0. 


Compute the roots to five decimal places : 

15. a*—42°+18=0, root between 3 and 4. 

16. a*—407+18=0, root between 2 and 3. 

17. #+82?+162—440=—0, root between — 4 and — 5. 
18. #t—22°—92?+102%+7=0, root between —2 and —3. 
Toe —~ 17 —(, root between 2 and 3. 


Find by .Horner’s method to three decimal places the 
value of: 


205) V3. PUG TE Doren nal 1 

23. The number of cubic feet contained in a cube exceeds 
the number of feet in all its edges by 17. Find the edge of 
the cube to three decimal places. 


24. Find two numbers differing by 4 whose product is equal 
to 1386 divided by their sum. 
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25. The number of cubic feet contained in a cube exceeds 
the number of square feet in its surface by 100. Find the 
edge of the cube to three decimal places. 


GRAPHIC SOLUTION OF CUBIC EQUATIONS # 


577. In the following section, a graphic method for solving 
cubic equations is given, which is somewhat shorter and more 
convenient than the usual graphic method. It consists in solv- 
ing equations by means of straight lines and one standard 
curve which is identical for all cubies. 

The method was applied to quadratics in § 330, and it can 
also be applied to equations of the fourth degree.t 


578. Consider the cubic avz’+ ba+c=0. (1) 
Let Of ae (2) 
Then ay +ba+c=0. (3) 


The solution of the system (2), (3) for x produces the 
required roots. | | 

But the graph of (3) is a straight line, while the graph of (2) 
is identical for all cubic equations. Hence after the graph 
y= (AOP in the diagram) has been constructed, any cubic 
may be solved by the construction of a straight line. 


Ex. 1. Solve 42°— 3927+ 35=—0. (1) 
Let y = 28, (2) 
Then 44 —39" +35=0. (3) 


In (3), if =0, then y= — 83, and if x=4, then y= 30}. The line 
joining (0, — 83) and (4, 304) intersects the graph of (2) in P, P’, and 
P''. By measuring the abscissas of P, P’, and P’’, we find x= — 3}, or 
+1, or 24. 


* The remaining sections of the book are not absolutely necessary for 
the Examinations of the College Entrance Examination Board. 

+ The following section is taken from a paper read by the author before 
the American Mathematical Society in April, 1905. 
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579. In the equation ay+ba+e, if w=0, then y=— eA if 

al 
y=0, then x= — - Hence, by taking on the a-axis the point 
_ 5 on the y-axis the point = and applying a straight edge, 
the roots of the equation ax’?+bx+c=0 can frequently be 
determined by inspection. If the two points thus constructed 
on the axis lie very closely together, the drawing is likely to 


be inaccurate, and it is better to locate one or both points out- 
side the axis. 
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Ex. 2. Solve a? +6x—15=0. | (1) 
Let y = 2, (2) 
Then y+6a—15=0. (3) 


Hence the distances cut off by (3) on the x- and y-axes are respectively 
24 and 15, and the line (8) is easily constructed. As there is only one 
point of intersection, @, the equation has only one real root, viz. 1.7+. 


580. The curved line which represents the equation y = 2? is 
a cubic parabola. 
The curve y = 2” used in § 330 is a parabola. 


581. Solution for large roots. Since a linear equation is repre- 
sented by a straight line, whether the abscissas and ordinates 
are drawn on the same scale or different scales, we can use the 
same diagram of the cubic parabola y=? for the finding of 
large and small roots. 

For, in the diagram we can assign any values to the abscis- 
sas, provided the corresponding ordinates are the cubes of the 
abscissas. 


582. Thus, after the cubic parabola y= has been drawn, 
we may multiply the numbers on the a-axis by any convenient 
number, e.g. 3, and the values of the ordinates by the cubes of 
the number, 7.e. 27. 


Norte. Similarly in the diagram on page 309, the value of the abscissas 
may be multiplied by any convenient number, e.g. 10, provided the ordi- 
nates are multiplied by the square of that number, i.e. 100. The diagram 
may then be used for roots between — 60 and + 60. 


Ex. 3. Solve graphically a+ 2 2 —320=0. (1) 


The superior limit is 320 or 7+, and there can be no negative roots. 
Hence multiply the values of the abscissas in the diagram by 2; then the 
values of the ordinates have to be multiplied by 8. (The resulting values 
are given in parentheses. ) 
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Let y= 7 (2) 
Then y+2a2—320=0, or y=3820—2 2. (3) 


If ia, y = 320, and if ia s. y = 504. 
Joining the points (0, 3820) and (8, 304), we obtain the real root 6.8-, 
while the other roots are imaginary. 

















5 Hes 
ae ———__| 


Cigpg) e e, () i) 

Nore. The student should draw the graph of y=2? from «=— 3}! to 
*x=+35} (or from —4 to +4) ona large scale, and use one curve for the 
solution of a number of equations. The table on page 288 will be found 
useful for the construction, as it gives the cubes of integers and fractions ; 
thus 2.33 is found to be 12.167. 








EXERCISE 170 


Find graphically the real roots of the following equations: 
1. 2? +427—16=0. 5. 2—Tx+6=—0. 

2. 2% —5ae—12=0. 4 a? — 39 a — 35=0. 
8. 2—22+4=0. e—52+20=0. 

4. 22°—92+27=0. ve—5ae—15=0. 


© 2m 


488 ADVANCED ALGEBRA 


9. 2—5a—5=—0. 17. # +10%—13=0., 
10. 2°—32e—80=0. 18. 2-45 @—152 =0. 
11. 2a°9—524+20=0. 19. #—6027+180=0. 
12) 2 5a — 64 — 0. 20. 2° —90 2 + 340 = 0, 
13. #&—102—48=0. 21, 2—T5a—250=0. 
14. 2° —-92454=—0. 22. 2 —- 100 &-- 500 = 0) 
15. #@—144%+24—0. 23. 2° +120 2— 560=0. 
16. 2—302—18=—0. 24. 2° — 2002+ 1200=0. 


Transform into equations without x’, and solve graphically: 
25. 2° — 6 a7 11 —6 = 0. 
96. 2 +50 —49-- 1 =); 
OT ee ee O. 


Determine graphically the character of the roots of the fol- 
lowing equations : 


28. #—S3e2—5)=—0. 30. 2—32+4+5=—0. 
292 +o fio — 0. 31. 2 -+t3a¢+5=0: 





583. Graphic representation of a cubic function. 


Consider the equation 


e+ petq=0. (1) 

Let sine (2) 

Then y+pe+q=0, (3) 
or y= — pxe—q. 


In the annexed diagram, let COD represent the cubic parab- 
ola y=2*, and BE the straight line y + pa+q=0, or y= —px—gq. 
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Let OA or a’ be any particular value of a, 


then CA=7Z"*, 
and BA=—pux'—q. 
Hence CB=CA— BA=2"' + pa'+q. 


Le. the value of the function w+ px+q for any particular 
value x' is represented by that part of the corresponding ordinate 
which is intercepted by the straight line y+pe+q=090, and the 












































cubic parabola y=. The distance is measured from the 
straight line, and is taken positive if it extends upward, 
negative if it extends downward. 

Thus in the annexed diagram, f(#) = 2 — 23 4+ 3, and we 
have f(— 2) = FG=5, f(—14)=HI=7, fA) =KL= — 2, ete. 

Ex. 1. Find the greatest value of the function 2?—7 +6, 
for a negative x. (See diagram on page 490.) 

Construct AB, the locus of y—7x%+6=0-. Draw CD parallel to AB, 


touching the cubic parabola in #, then FE, or 14, is the required value. 


Ex. 2. Which values of 2 will make the function a?—7a 
+6 equal to 4, 7.e. eT a ee 
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On any ordinate, from the straight line AB, lay off 4 units upwards, as 
FG. Through G draw HI parallel to AB, intersecting the cubic parabola 
in P, P,'and P!’, By measuring the abscissas of P, P’, and P’’, we find 
x = — 2%, or i, or 24. 














Nore. If we consider the distances cut off from SB by the ordinates, 
as abscissas, e.g. ST = 14, then the cubic parabola represents the function 
x? + px + q in so-called ‘‘ oblique codrdinates.”’ 


584. To construct the graph of 2#’+par+q in the usual 
manner (‘ rectangular codrdinates’”’), make A'’L'= KL, M'N' 


= MN, O'R'=OR, ete. The curve L'N'R’ is the required 
graph of a? + pxe+q. 

585. The value of the function ax’ + ba +c is equal to a times 
the part of the corresponding ordinate which is intercepted by the 
straight line ay +ba+c¢=0, and the cubic parabola y = x’. 

The proof is similar to that of § 585. 


Nore. This method of constructing graphically the value of a function 
may be applied in a similar manner to quadratics, 
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EXERCISE 171 


Find graphically : 


a 
ae 
3. 


af 


Find: 


13. 
14. 


15. 
16. 
dis 
18. 
19. 
20. 


The value of a°+4 «—16, if x equals —3, —2.5, —2.1, 3.5. 
The value of #’+4a—8, if a equals —1.6, —1.5, 2, 15. 
The value of 2? —6a—15, if e=— 3, —2, 1.5, 3.5. 
The value of 22—5a-+18, if v~=— 8, —5, +3, +7. 
The value of a, if ee 5a2—12=5. 
The value of a, if a —5a%—12=— 10. 
The value of a, if # —5a—12=— 40. 
The value of a, if #—5«2—12=10. 
The smallest value of 2? —52—12 fora positive , 
The greatest value of a —5 a+ 10 for a negative a. 

: Construct the graph of # —122—30=0. 

. Construct the graph of 27 —8=0. ° 
The value of 22°+ 9a + 20 = 0, if # equals 3, 2.5, —1.5. 
The value of 32°+9x2—25=0, if w equals —3, —5, 

— 2. 

The smallest value of 3 2? — 9 «# — 25, for a positive a. 
The character of the roots of the equation «° —7 «—5=0. 
Locate the roots of the equation 4 a’ — 80 a + 570 =0. 
For which values of « is 4 2? — 80 2 + 570 =0 positive ? 
Construct the locus of 27—14%+ 20=0. 


Construct the locus of #2 —15 2 — 20 =0. 
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GENERAL SOLUTION OF CUBIC EQUATIONS 


586. The methods used in the preceding chapters relate to 
numerical equations only, but they cannot be used to find gen- 
eral solutions, i.e. the values of the roots of lteral equations in 
terms of the coefficients. 

The only general solution given thus far is the solution of 
the quadratic axw’+ be+c=0; (1) 


ee ae 
viz. Ler any eet (2) 
This solution is general because any quadratic may be ccn- 
sidered a special case of (1), and the roots of any equation 
may be found by substituting in (2) the particular values of 
the coefficients in place of a, b, and c. 


587. It is possible to give general solutions of equations of 
the third and fourth degree, but it was first proved by Abel * 
that it is impossible to obtain general algebraic solutions of 
equations higher than the fourth degree. 


588. The cube roots of unity. To find the cube roots of 
unity, we have to solve the equation 


a == 1, or. 2 —1=0. (1) 
Factoring, («—1)(@°+a%+1)=0. 
Hence ie aol b—% UP 
or e+e+ti=0. (2) 
Whence #=1, orw=—4(1+iv3). 
Let —1(+iv3)=o.f 
Then w=11+iv3P?=—i(1—t v3). 


Hence the three cube roots of unity are 1, w, 


* For an elementary representation of this proof, see Peterson, Theorie 
der Algebraischen Gleichungen, p. 118. t The Greek letter Omega. 


SOLUTION OF HIGHER EQUATIONS 493 


589. If one cube root of any quantity is 7, the two others 
are rw and 7”. 


For Va=Va-1= Va-Vi=rvi, 


i.e. 7, rw, rw’, are the three cube roots of a. 


590. In the annexed diagram, the lines OA, OA', OA!’ rep- 
resent the three cube roots of unity 
graphically in the plane of complex 
numbers. The length of each line 
is 1, and the angles included by 
them are 120°. 

If OB represents the real value 
of ./a, then OB' and OB" repre- 
sent the other two cube roots of a. 





591. Cardan’s solution of the cubic equation. By § 565, any 
cubic can be reduced to the form 


w+ pa+q=0. so 
Suppose y=m+n, 
then y=mr+3mn(m+n)+n*. - 


Substituting for m+n its value, and transposing, 
y —3 mny -—- (nm? + n°) = 0. (2) 
If we make the coefficients of equation’(2) equal to the 


coefficients of (1), the two equations become identical, and 
Y=. 


Or, if 3mn =— 7p, (3) 
and m+ n?=—q, (4) 
then x= m+n. (5) 


But m and n are easily found from (3) and (4). 


3 
From (3) 4 min? = — oe 6) 
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Squaring (4) and subtracting (6), 





(m> — n®)? = g? + — ee (7) 
oF 
Pe ig ae . 
Hence m —n=/¢ aris. (8) 
But m> + n? = — q 
Therefore m= —24 1 G+ 4p", 
Za, 27 
| a baler’ 
or Gh —— 9 rye +- oT" 
3 Lg peer 
Sey oo Sea, & Late! Y 
Similarly n= EN eae 


Od Pe ae a ae aa eae 8 SS 
= rach Nie! tral oe Ne 
TReRerne oe eA 5+ 4 tazt 5 9 + 57 


This result is known as Cardan’s formula, although Cardan 
did ngt discover it. He published it in 1545 as his own work, 
after having obtained it under the pledge of secrecy from Tar- 
taglia. 

592. Since m and n are cube roots, they have three values, 
and if 7 and r! represent respectively one root, then 

M=T, OY To, OF Tw’, 

n=r' or 70, 0r T'w’. 
If every value of m could be combined with every value of n, 
there would be nine values of x; but since 3 mn = — p, the prod- 
uct of m and the corresponding value of rn must be real. Hence 
each value of m can be combined with only one value of n, thus 


producing the roots 
e=r4ty', 


ee 12 
or T=Tw + To’, 


or e=Tw* + 7'o. 
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593. If all three roots are real and unequal, Cardan’s 
formula gives the answers as the sum of two cube roots of 
complex numbers. As there is no general algebraic method 
for reducing this answer to a real form, this case is known 
as the irreducible case. Horner’s method should then-be 
employed. | 


Ex. 1. Solve the equation 


The shortest way is to substitute the values of » and gq in Cardan’s 
formula. Since this formula, however, is difficult to remember, we pro- 
ceed as follows : 


Let y=(m+ n)F = m+ 8mn(m+ n)+ 3. 
Or y® — 3mny — (m3 + n3)= 0. (2) 


Equating the coefficients of (1) and (2), 


3mn = 6, (3) 

m + ni = 9, (4) 

From (8) 4 min’ = 32. (5) 
Hence m§ — 2mén3 + n§ = 49. (6) 
Or ms — n8 (Sa (7) 


1 wee toe eC 
Whence m= 2, 2w, 2 ww. 
21), to: 
Therefore e= 38, 2w+w’, 2027+, (8) 


Substituting the value of w, 2 = 3, or —4(3 + tv3). (9) 


* The value —7 will produce the same value of x as +7. 
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EXERCISE 172 


Solve by Cardan’s method: 


1. &@—38e2—2=—0. 8. 2 —7242—280=—0. 

2. #2 —92+28=—0. 9. 2&—62+9=0. 

3. 2 —18%—385=—0. 10. #+9a2—26=0. 

4, #&%—362—91=0. 11. #&—9xe2—28=0. 

5. 2 —324+2=—0. 12. 2 — 7244280 =0. 

Cit i 04 es 0, 13. Ga oe ee 
7. 2492+ 26=0. 14. e+52?4+8e2+6=0. 


SOLUTION OF BIQUADRATICS 


594. <A biquadratic is an equation of the fourth degree. 


595. Descartes’ solution of the biquadratic. 
Let a*+p2’?+qe+r=0. (1) 
Assume «+ pa?+ qe+r= (a+ le+m) (2’—lex+n) (2) 
=a+(—?+m+n)x’—l(m—n)x+mn. 
Equating the coefficients, we have 
—P4+m+n=p, —l(m—n)=q, mn=r. (3) 


Considering that (m+n)?—(m—n)’?—4mn=0, it is easy 
to eliminate m and ». We obtain 

i+ 2pl*+ (p?—4r)P —G?=0. (4) 

Equation (4) is a cubic in ?, which has always one real 

positive root. When / is known, the values of m and n are 


determined from equation (8). The solutions of the two 
equations Rae ee 0 
and e—latn=0 


produce the required roots. 
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Ex. Solve at*—62°+82—3=0. 
As p=— 6, q=8, r=— 3, lis found from the cubic 
6 — 12]4 + 4872? —64=0. 


A real root of this equation is 72? = 4, hence? =+2. Taking ] = 2, we 
find from equation (3) m =— 3, n = 1, and the two quadratic equations 
a v2+2%—38=-0 
and g4—2e7+1=0. 


Hence the required roots are 1, 1, 1, and — 3, 


EXERCISE 173 


Solve by Descartes’ method : 

5. af —5a?—102—6=0. 

2. w#—4e°?+4e2—1=—0. 6. ec —4e°+124¢—9=—0. 

3. f?-—6274+324+2=0. % tA— 2527+ 602 —36=0. 
Ae | ot LO, 8. af—60 2?+40 2+396=0. 


1. at—a’?+4¢7—4=0. 


RECIPROCAL EQUATIONS 


596. An equation is called a reciprocal equation if the recip- 
rocal of any root is again a root. 


In a reciprocal equation of odd degree, one root must be its own 
reciprocal, hence one root must be either +1 or —1. 


597. Let f(x) = aa" + aa""+---+a, ~+a,=0 (1) 
be a reciprocal equation. 


Substituting i for 2, 
a 


\" /1\- 1 
a( =) a Ay () “+ gh ia a(3) oe An, = 0, (2) 


or a,c" +a, "1 +--+ae+a,=0. (3) 


2k 
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Equation (3) has the same roots as equation (1). Hence the 
corresponding coefficients are equal or proportional. 


Oy 10, 

Te. —=—", OF @y = a,.- 
An ar) 

Therefore a,,= + 4. 

Sunilarly it follows that a,_,= + a, ete. 


598. Hither the coefficients of terms equally distant from the 
jirstand last terms are equal or their absolute values are equal 
and their signs opposite. 


Thus 20*— 522 +22?-—574+2=-0, 
325 —494+4+ 293 +2272?-—4274+3=0, 


xo tat 47 — 1 =—0 
are reciprocal equations. 


599. A reciprocal equation of even degree having the signs 
of the first and last terms equal is called a standard reciprocal 
equation. 


3a*— 543+ 72? —5x+3=—0 is a standard reciprocal equation. 


600. Any reciprocal equation can be reduced to a standard 
reciprocal equation by removing the factors x«—1 or «+1, or 
both. 


Any reciprocal equation of odd degree has the roots + 1 or — 1 (§ 599), 
hence by removing the factor (x — 1) or (# + 1) it can be reduced to even 
degree. 

A reciprocal equation of even degree, with the signs of the first and last 
terms opposite, can have no middle term. By grouping terms it can easily 
be shown that x? — 1 is a factor of the left member. By removing the 
factor x2 — 1, the equation is reduced to a'standard equation. 


601. A standard reciprocal equation can be reduced to an 
equation of half its dimension. 


Let 20°—30+5at—To? + 50? —-38e74+2=0. (1) 
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Dividing by 2’, 


2at— 3a +50—T+5(7)—3(5)+ (5)= 0. 
My a a 


Grouping terms, | 


2(# +7) —a( + B)to(2t 7 )—-T=0. (2) 
x HY wv 


Let ate) theneeee roy 
x io 
Hence STROH a, 
xv 
1 Nie i) 
O+2=(2+7)(#-1+5) 


=y(y —3)=y —3y. 
Substituting in (2) 
2(y° —3y) — 38° — 2) +5y—-T=0. 
Simplifying, 2y—3y’—y—-1=0. 
Ex. 1. Solve 62° — 29 a* +27 a? + 27 2? -— 292+6=0. 


Evidently « = — 1 is a root. 
Dividing by x + 1, 


6 at — 38528 + 6222 — 385% +6=0. 
Dividing by «? and grouping, 
1 1 
6 (2? +75) —85(«+7)+62=0 
1 roe x 
Ls 2 1 — 92 
Let 2+-=y, then x +—T=y — 2. 
x “x 


Substituting, 6 y? — 12 — 35y + 62 = 0. 
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Or 6 y? — 35y + 50 = 0. 
35 + 71225 — 1200 a, : 
y = —— _ = 3h or 2]. 
12 
hoes Rhee; 
Hence 2+-= 31, ory +-= 21. 
x x 


Solving, we find the roots 1, 8, 4, 2, 4. 


EXERCISE 174 
Solve: 


1. 8a*— 540° +101 2? —54e74+8=0. 
2. 10a*—Ti eo? + 1502? —77 2 1+10—0. 
3. 50° —2e°4+22-5=0, 

4, o+5e2—5e—1=0. 

5) — 6 oor 0: 

6) 20? —92°+142°—924 2—0. 

4. 4ot— 200° 4-424" — 25 4¢2+4—0. 

8. 6 at — 35 a + 62 2? —35x+6=0. 

9, 120'— 910° 41942? —- 912+4+12—0. 
10. 52*— 36 2° + 624° =— 362¢+5=—0. 


11. Find five values of 7/1. 
12. Find five values of ~/— 1. 


APPENDIX 


I. MULTIPLICATION BY DETACHED COEFFICIENTS 


1. When the literal part of the product of two polynomials 
can be obtained by inspection, the work of De Cai may 
be simplified by omitting all literal factors. 


Ex. 1, Multiply 42?+6a2+42 by 2a@?—5a¢—-1 


ORDINARY SOLUTION 
4o°+62-+2 
Dees read h 
Sat+122°+ 423 
— 20 2° — 302? —102 
— 42°— 624—2 
Sa*— $§2°—302?—16 2-2. 


DETACHED COEFFICIENTS 
ZA OY aes fey BE 
eit, eral 

S§ +12 + -:4 

AV ees ee) 
ar A ee Cy ee ane 

Sin i820, +30 Y= 16-2 2; 

Hence the product equals: 


8 at — 8 x — 30 2?—16 4-2. 


bo 


2. An example containing an irregular sequence of expo- 
nents may be made regular by the insertion of zero coefficients, 
eg. P4+2e4+1=28+4+02+4+2xe+H1. 

501 
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Ex. 2. Multiply a+ 0°—7 by 22°+1. 


eS a Be Oa 
2 40 41 
Fae 8 1 (rae 
411° pl a OR eee 
2 +2 +1 —13 +0 — 7. 


The highest exponent of the product is obviously 5, hence the product 
equals 245 + 244+ 43 — 13 22 — 7. 
EXAMPLES 


Perform the following multiplications by detached coefii- 


clents : 
(7? + 22+ 5)(e?—3e+41). 


(@ —3a—T)(#’+3x—2). 

(20° —5e?+2e+41)(2?+3a%+1). 
(a +3 a’ + 5 ab? — b*)(a? — 2 ab + 0’). 
(w+ 2 e—5)(x?—5a+1). 

(6 a?—2ab+5 b’)(6 a? + 2 ab —5 6’). 
(m?n? + 6 m?n? + 9)(m?n? + 5 mn +1). 


Ion fF OW We 


3. The method of detached coefficients can be applied to 
addition, division, extracting of square roots, ete. 


II. ADDITIONAL CASES IN FACTORING 


A. Trinomials of the type p’x* + qx’y’ + r’y*. 
The trinomial p*x*+ gu’y’?+7°y* can be factored if +2 pr—gq 
is a perfect square. 
Ex. 1. Factor 9 a*+15 ay? + 16 y*. 
9 at + 1d a22y? + 16 yt = 9 xt + 24 oy? + 16 y* — 9 xy? 
= (8.2? + 4 y?)? — (8 ay)? 
= (322+ 3x2y¥+4y?)(8 22? —8ay+ 4y?). 
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Ex. 2. Factor 16 2*— 56 ay? + 25y%. 
16 xt — 56 x2y? + 25 y! = 16 xt — 40 wy? 4+ 25 yt — 16 xy? 
= (42? — 5 y?)? — (4ay)? 
= (4a%+4+4 ay — 5y?) (4x? — 4 xy — 5y?), 


EXAMPLES 
Factor: 
1. at+a?+1. 6. a+ y*—14 xy". 
Ome 14g" 7. Dott a7y? + 4 7. 
Se6L at 12. a7-+ 1. Beso ol A. OS: 
4. 9at—4 oy’? +4 y'. Sas Lo arp EU: 
5. 16 a°— 25 v’y? + 9 y'*. 10. 4 m*— 28 m’n? +9 nv‘. 


B. Binomials of the type a” + 6”.* 
1. Binomials of the form a* — b” can always be factored. 
By actual division: 


ae —B° 
= + orl 0 ea eb 6 





Hence a’ — b° = (a— b) (a* + a*d + a’? + ab? + 0%). 
Similarly, a®—b°=(a—b) (a+ a% + a°b’ + ab’ + abt +b’). 
Or in general, 
a” — b” = (a— bh) (a®* + a"b + ab? + oe +O"), 
2. To obtain prime factors, it is better to consider a® — b° the 
difference of two squares than the difference of two 6th powers. 
Thus, a’ — b° = (a? + b*) (a® — 6°) 
= (a + b) (a’— ab + b*) (a — b) (a? + ab + 0’). 
Similarly, a! — 5” should be considered the difference of two 
5th powers. 
a — bY = (a? —- b?)(a8 + ab? + ath! + a2b8 + b°) 
= (a+b) (a—b) (a’---). 
* See Chapter XVI. 
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3, Binomials of the form a” + 6" can be factored if n is odd. 
By actual division: 
a” a + 0° ae ae 

ae Due 
Hence a? +b'= (a+b) (at—a’b + ab? — ab? + 0%). 
Similarly, 

a’ +b'=(a+b)(a'—a’d 4+ a’b? — a®b? + a7b* — ab’ + 0°). 
Or in general, if n is odd, 

a” + b™= (a+b) (a"?— a®*b+a"*b? — --» +b"). 


— a®b +- ab? — ab? + b*. 


4. The sum of two even powers, as at + b*, a° + 0%, etc., is not 
exactly divisible by a+b or a— 6. 


Frequently such expressions can be considered the sum of 
two odd powers. 


a® ye bf — (a™)? - (ea (a? a0 b? A (at — Shifts = + d*). 
(et 5 — (a7)? ae (b)2 = (a? alte b? a (a a a®h? at ath* ats a’b® +t. b°). 


EXERCISE 
Divide: 

1. &—y by x—y. 5. a?+ bY by a*+ Ot. 

2. e°+1 by a+. 6. L+m* by 14+ m’ 

3. m'—n' by m—n. 7. a°— b8 by a? — bd? 

4. at—16 by a—2. 8. a’—b® by a— b. 
Factor : 

9, m>—n°*. 15. 32 4- min’. Pah Tse 
107.0 0% 1G eave 29 oy ee Oa. 
ll. & +382. 17. a°b®—o. Sy Wake 
12. a’ —1, 18. a’— db”. 24. a+ bMc™ 
13. a?+1. 19. a? — 729. 25. a — x’. 


are tC”, 90. Gi tie 
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lil. HIGHEST COMMON FACTOR AND LOWEST 
COMMON MULTIPLE 


1. The Highest Common Factor of two expressions which cannot 
be factored by inspection may be found by a method analogous 
to the one used in’ arithmetic for the finding of the greatest 
common divisor of two numbers. (Huclidean Method.) 

Suppose it is required to find the H.C. F. of a*—da’+ 
4e7+-102—12 and a —32’7-—32+4+9. 

By dividing the first expression by the second, we obtain 
the quotient « — 2 and the remainder w—5a+6. Hence 

(et —5 2? 4427+ 10% —12)=(a?—3 2? —38 24 9)(@— 2) 

+ (#—5 a+ 6) (1) 

From (1) follows that any factor contained in the divisor 
(2? ~3 a —32%+9) and the remainder (a — 5 a+ 6) isa factor 
of the entire right member, and therefore a factor of the left 
member. Hence a factor common to divisor and remainder is 
also a common factor of divisor and dividend. 

Similarly it follows that a factor common to dividend and 
divisor is also a common factor of divisor and remainder. 


Hence the required H. C. F. of dividend and divisor is also the 
H. C.F. of divisor and remainder. 


We have therefore to find the H.C. F. of 
=o —o e+ Dang ¢ —og—t 6, 
This can be done by determining whether or not the factors 
of «? — 5 «—6 are also factors of 2?—32?7—32+4+9. 
We may, however, divide again. 
Poe 8+ 9 lb eG 
Phe 4+ 62 e422 
2x7—92-+9 
ga 10 ee 12 
Rem. = x— 38 
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It follows in precisely the same manner as before that 
the required H.C. F. must be the H.C. F. of the new divisor 
xv? —5x2-+6 and the new remainder x —3. 

Dividing again, we obtain no remainder, and therefore «— 3 
isglisOubeaciey.——o 2-1 6 angd-2:—o, 

Hence the required H.C. F. = x#—3. 

The work of the last example may be arranged as follows: 


Quotients 
Pr— oe ae 10a — 12) oF — 383" Sa 9 c— 2 
C3 —on + o£ pet Gx 
—2Y ties o—12 22— 9a+ 9 e+2 
a Oa Les 27 10 eal 
First remainder, 
ve— 5a4+ 6 x—3 x—2 
ets oh 
— 24+ 6 
— 22+ 6 
H.C, F.=«—3 


2. Before dividing, all monomial factors of the two given 
expressions should be removed and their H.C. F. be determined 
separately. 

All monomial factors of any of the successive divisors should 
be removed, as they do not affect the answer. 

If the first term of a dividend is not exactly divisible by the 
first term of the divisor, multiply the dividend by such a 
number as will make the term divisible. #.g. the first term 
of 3a°+5x2+42 is not exactly divisible by 2x+3, hence 
multiply 3a?+5a+2 by 2, and divide 627+10%+44 by 
20-1 3. 

Since the divisors do not contain any monomial factors, 
the introduction of such a factor into the dividend does not 
produce a common factor, and hence does not affect the 
result. 
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Ex. 2. Find the H.C. F. of 3 aty—9 ay + 6 wy* and 6 27? 
+ 24 xy? — 30 y?. | 





Quotients 
6 y?|6 xy? +4 24 x2y3 — 30 ¥? 8 xy|daxty— 9x7y3+6 ryt - 
e+ 4a%y — 5y3 ve— 8xy? +2y' 1 
e— 3ay? + 243 4. 
yl4ae7y + 8ay?—Ty3 443— 12 ay? +87? r+3y 
4a? + 8ay —Ty? 4434+ 3ax2y —T xy? z 
4x2 — 42y — 3a%y —dzy?+ 8y3 
Tay —Ty? — 4 
Tay —Ty 12 x7y +20 ry?— 82 y? 


12 x27y7+ 9xy?—21 ¥? 
11 y?|11 xy?—11 3 
H.C. F. = 3 y(x% — y). xy 4xu—Ty 


Explanation. The monomial factors of the given expressions are 6 y? 
and 3ay; their H.C. F., 3 y, is reserved as a factor of the answer. Re- 
move from the second divisor (4 2?y + 3 xy? — 7 y?) the simple factor y, 
and multiply the second dividend (#3? ~3ay?+2y°) by 4. Similarly 
—322y —5zy?+8y? is multiplied by —4, and the factor 1ly? is re- 
moved from the last divisor 11 xy? — 11 y?. 





EXERCISE 
Find the H.C. F. of the following expressions: 
1 e—2e7?4+4247 and a—42°4+10 2 —7. 
e4t3e—3a—5 and #—324+22-4+6. 
3 etoer—etili and 15a2—2’?—2+43. 
oftoe?+i1 and at+¢o. 
et taoa?+ti1 and ay—y. 
2 oF —5 oa? —62+9 and 3o°—22?+2—2. 
60° +1382?+15¢—25 and 2a°4+40?4+42—10. 
Apter ge tt and B— 2a +3 %—2. 
ot— 5a +5e2?+5e—6 and 2—32’?—62+8. 
at +4a3—9a?—16a +20 and a?—2a?— 23 a+ 60. 


CM AFT PR w WS 


ry 
= 
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11. of —16 2? 4+ 86 2? —1767+4+105 and a —19 a +128 2? 

— 356 « + 336. 
12. at—5a+5a°+5e2—6 and at 42a°—132°—14@+4 24, 
13. o*-+5 av? + 5 a’e? + 5 ae —6 at. and a + 4aa7-+ d’a2—6a. 
14 9e?—5a+9 and D ap gt 2e-- T: 
15. 4a 2a +62—6 and 2 x — 62+ 102° _6 x. 
16. —4 oy — 20, —7* and 3 a2 — 3 aly + an? — y’. 
17e ef+3 0b —babe +b and 40°42 0D ou 2a 
18. 5a'+ 23 a + 23 ab? +5 bt and 3a!+14a° + 9 ab? + 204 
19. 4014+ 7o° +52? —av—3 and A ght 5 2843 222 2, 
20. 2a'—Setertile+3 and 2 ot —4o tort oe—3. 
81. at — 9° — 3 a = 19 2 — TO and a*— 27 — 2 a —17 4 5, 
22, of +50? +11a°+13¢+6-and 2°—a2®—3"—9, 


Reduce to lowest terms: 


207 a —16 x 15) 24 Oe ae 


ee A . 
2 aida 3 cs ES pees te eee 


3. The Lowest Common Multiple of two expressions which 
cannot be factored by inspection can be found in the following 
manner : . 

Let A and B denote any two expressions whose H.C. F. is ¢, 


and let a a and ae b. 
c Cc 


Then A a ese Cs 
Hence L.C.M.=a-c-0 
Bios 


c 
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To find the H.C. F. of the two expressions, divide one of the 
expressions by their H.C. F. and multiply the quotient by the 
other expression. 

Thus, to find the L. C. M. of #2 —222+%4+44 and 22—322+422+4+6, 
determine their H.C. F. («+ 1). 

Dividing #2 —20?+%+4 by x+1, we obtain 2?—-—32+4, 

Hence, the L. C. M. = (#2? —-3%+4+4)(23? —34?422+ 6). 


EXAMPLES 


Find the L.C.M. of the following expressions: 
1 e+e stile+2 and 4 8274+ 162-+3. 


2. + a'—a+15 and a® 4-208 «+20. 

8. da+tert3de+5 and 8a°+72—2+15. 

AZo 2 ab — ab? +60 and 2a°—6a7b-+7 ab?—6 6. 
5. 2o®—102+4 24 and w+ 2?—32+9. 

Gat +o + Land oa + 1, 

7% a@ +a—2 and a?+a?—2a—4. 

oe, dbp —2 band Of + ab —2 00 40. 

ard Oot tia Oana so 20 0 oe, 

10. a@—2a—3, a+a’?—4a—4, a&—-Ta—6. 

11. a —20?—5a+46, a—13a4 12, 2a?—110?+18a—9. 


IV. CUBE ROOTS OF POLYNOMIALS AND 
ARITHMETICAL NUMBERS 


1. By considering that the cube root of a2+ 380°) 4 3ab?+4+ 0b 
is a+, and employing a‘method similar to the one used for 
square roots, it can be shown that, 

The first term a of the root is the cube root of the first term a’. 

The second term of the root can be obtained by dividing 8 a*b 
by 3a’, the so-called trial divisor. 
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The complete divisor is obtained by dividing the last three 
terms by 3, i.e. the complete divisor is 3. a? + 3.ab + Db. 
The work may be arranged as follows: 
@+3a°b+3ab?+b?| a+b 


ae 
Trial divisor = Os nO LO 0 
Complete divisor =3a?+ 3ab+0’ | 3ab+3ab?+ 0° 
Ex. 1. Extract the cube root of 8 2? — 27 y° — 36 a’y + 54 ay? 


Arranging, 8 23 — 36 xy + 54 xy? — 27 y3 | 2a —3By 
8 x3 
3a? = 122? — 36 xy + 54 xy? — 27 y? 
38 ab+b? = —18a%y+9y? 
3a?+3ab+ 6?=122?—- 182749 y? 





— 36 x?y + 54 xy? — 27 y® 


EXERCISE 
Extract the cube root of the following expressions: 
.v6e+1i2¢+8. - 
8a —s400- 294.007 —o450- 
. a&— 6a°d + 12 a*d? — 8 a?d*. 
64 v7 — 96 a’y + 48 ay”? — 8 y’. 
216 a® — 756 a4b + 882 ab? — 343 6°, 
14+-3a+607?4+7a°?+ 6a*+30°+a° 
8 2° — 36 2° + 66 at — 632° +4 332?—9e2+1. 
30 a? —12%+4+ 8 — 25 a3 + 30a*— 120° 4 82 
Sa"? + 36 wPytt! + 54 aPy't? 4 27 years, 
8 a®— 60a°+114a'4+ 55a — 171 @ — 1354 — 27. 


6 14 
TCE 12+ 8a 


132%) ae LAT S LN 1 
33a 3a? Meat 9a" (9m Tas 


Sot Oo A Pr OO DO 


= 
o © 


bend 
-_ 
e 


— 
nw 
=, 

| 
2 

+ 
a 

+ 

| 

| 

| 
++. 
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2. The cube root of an arithmetical number is found in a 
similar manner. 


Ex.1. Extract the cube root of 6644.672. 


Commencing at the decimal, divide the number into groups of digits, 
each group to contain 3 digits. 
6'644'.672 | 18.8 
1 
3 a? = 300 | 5644 
8 ab = 240 
b?7= 64 







3 - 1802 = 97200 
3-180-8= 4320 
o-- en O4 
101584 


812672 





812672 


EXERCISE 


Extract the cube roots of the following numbers: 


iL PAS 5. 830584. 9. .059319. 
2. 9261. 6. 531441. 10. 704969. 
3. 39304. y aS) AL Ato 11. 43243551. 
4, 175.616. 8. .274625. 12. 237176659. 


Find to two decimal places the cube roots of the following 
numbers : 


Eben WE 14. 5. 15. 8. 16. 10. 
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VY. INDETERMINATE EQUATIONS OF THE FIRST 
DEGREE 


1. It was shown in § 189 that a linear equation involving 
two unknown quantities, such as }a+2y=7, has an infinite 
number of solutions. Similarly any system of equations is 
indeterminate, if the number of unknown quantities is greater 
than the number of equations. By introducing the condition 
that the roots shall be positive integers, the number of: solu- 
tions can frequently be limited. 


2. If the equation ‘ax+ by=e (1) 
is satisfied by the values a=7,, and y=7,, then it is also sat- 
isfied by the values : 

eerie. = (c=r,—mb, 
y¥=Tre— ma, Ly¥=ret ma. 

For, substituting in (1), we obtain 

a(n, + mb) +b (7%, F ma) =c. 
Le. ar, + bry=c. 


3. If one set of integers is known that satisfies an indeter- 
minate equation involving two unknown quantities, all solu- 
tions can be found by the preceding paragraph. 


Thus, the equation 3%+2y=3¢4 is satisfied by the values x = 10, 
y=2. Hence it is satisfied by any values of the form: 


x£=10—2m, 
y= 243m. 
Pelt = 1, 2 Band ey es 
li m= 2, += 6, and y= saeu, 


Ex. 1, Solve in positive integers: 


Te +16 y = 209, (1) 
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Dividing both members by the smaller coefficient, ¢.e. 7, 


toy + Ata +0. (2) 
( 

_ Since x and y, and hence 4+2y, are to be integers, the fractional 
parts of the two members must either be equal, or differ by an integral 
number, 


Assume. the first of these cases, if it produces an integral y: 
2y _§ 

{hed ’ 

Substituting in (2), #%+6=29, f.e.%= 23. 


Fe a pee 


Hence if m denotes any integer, the general solutions are (§ 3): 


%= 23 —16m, (3) 
y= 3+ Tm. (4) 
Restricting the answers to positive values, 
we have from (3), m1, 
from (4), m0. 
Therefore i =e OL ges 
Hence ee 28 0re 1; 
and Yi=a oO OPEL: 


Ex. 2. Solve in positive integers: 


Ap bode 32 18 
Divid by 20 2 —— OO ee 2 
ividing by 20, Gee Bm a +50 (2) 
$2 - 18 
_—_— = ; —6 
Hence aT Rt 1.€. & 


Substituting in (2), 12+y=839, i.e. y=27. 
Hence the general solutions are (§ 3) : 
g—= 64+20m, 
y= 27 —43.m. 


To obtain positive values for x and y, m must be zero, 
Hence x=6 and y= 27 are the only solutions. 
2 L 
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Ex. 3. Solve in positive integers : 








23 2 +87 y = 3000. (1) 
ie 14 eet 
Dividing by 23, eotyt ato 130 + 93 (2) 


Equating the fractional parts of the two members produces a fractional 





y, hence let 
14y_ 10 +n, where n is an integer. 
23 23 
Or 14y¥=10+428 n. 


This is another indeterminate equation, but a simpler one than (1). 
In complex cases, this equation may be treated by the regular method, 
while in simpler ones we find by trial a value of n which produces an inte- 
gral y. Evidently, if'n=2, 10+ 23 n is divisible by 14. Or, if 


ef 
y=4. 
Equation (2) may be written, 
x+ty+n= 180. 
Substituting, *+44+2=—1380, i.e. 2=124, 
Hence the general solutions are : 
%=124—37m, © (3) 
y= 4423 m. (4) 


To make « positive, m<3; to make y positive, m2 0. 
Hence we have the following possible values : 


Mea, 11) onl sae ye: 
e124 815 OU le La. 
=F 4S Zise OU, o. 


Ex. 4. Solve in positive integers: 
6e—1Ty=27. 


Dividing by 6, n—Sy+ba44e. 
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Hence y=, 
and = 0.= 4,/1.6. to, 
Hence the general solutions are : 
x=13—(—17)m, 
or <=18+17m, 
and . y=34+6m. 
By assigning to m any positive integral value, we obtain an unlimited 
number of solutions : = 1a ey ee 
x=18, 30, 47, 64, ---, 
Ticats ep ge Pied Faye 9 ee 


EXERCISE 


Solve in positive integers: 


1. da+7y=26. 10. 2¢a+13y=37. 

2. 2e+9y=27. 11. Tv+48 y = 1000. 
3. T%+16 y= 62. 12. 3%+8y=100. 

4. 7 e+ 11% =151. 13. 18%+7y=600. 
5. d8a+7 y=216. 14. 54¢+3y=70. 

6. 9x-+29 y= 179. . 15. 642+17y=500. 
Tei A ye LTT, 16. 3e¢+11 y= 100. 
8. 424+7y=99. 17. ButTy+4=56. 
9. 16%+7y=601. 18. 46¢+41 y= 2188. 


Solve in least possible positive integers : 


19a a 2 fe 23. 3¢—8 y=10. 
20. 138¢—4y=19. 24. 5e—Ty=83. 
21. 17a—5y=24. 25. Tx—18y=20. 


22. 12¢—d5y=1. 26. 14~7—45y=11. 
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Solve in positive integers: 


e+ 2y+32=50. oe e+2y+3z2=22. 
4u—5Sy —-6z2=— 66. 4u—8y+22=14. 


Path 


29. Divide 142 into two parts such that one part is a mul- 
tiple of 9, the other a multiple of 14. 


30. Divide 1591 into two parts such that one part is a mul- 
tiple of 23, the other of 34. 


31. Find two fractions whose denominators are respectively 
7 and 3, and whose sum equals 3%. 


32. In what manner can $15 be paid in five-dollar bills and 
two-dollar bills ? 


33. A farmer sold a number of horses and cows for $447, 
receiving $112 for each horse and $87 for each cow. How 
many did he sell of each ? 


34. A grocer bought a number of pounds of tea and coffee 
for $5.10, paying for tea 40” per pound, and for coffee 19¥ per 
pound. How many pounds did he buy of each ? 


35. A farmer sold a number of cows, sheep, and pigs for 
$140, receiving $51 for each cow, $11 for each sheep, and $9 
for each pig. How many did he buy of each, if the total 
number of animals was 10? 


VI. VARIATION 


1. Direct variation. When the ratio of two variables is con- 
stant, each variable is said to vary directly as the other. Thus, 
« varies directly as y (or briefly, x varies as y), if "=m, a 
constant. J 

E.g. The weight of a quantity of water varies as its volume. The 


distance traversed by a man walking at a uniform rate varies as the time 
during which he walks, etc. 
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2. The sign of variation is «. It is read.“ varies as.” 


PROS kt ; Son Lene oc e, 


3. If x cy, then x = my, where m is a constant. For by 
definition, -=aconstant. Let this constant be m, then «= my. 
y 
Nortr. In the present chapter the letters m, n denote constants. If x 
varies as y, then ” is always taken equal to m. 
y 


Ex. 1. If vey, and «=3, when y =—4, find the value of x 
when y = 10. 


Since x m, 
Y 
when x= 3, and y= 4, then m = 3. 
Hence w= fy. 
Winco 1), ea ot Ue 


4, Inverse variation. One quantity is said to vary inversely 
as another if it varies as the reciprocal of the other. Thus, a 


ew: 1 
varies inversely as y, if 7a —- 
y 


5. If x varies inversely as y, then xy is a constant. 


1 
Let «=m -=—, where m is a constant. 
y 


Hence we have xy =m. 


6. Joint variation. One number is said to vary jointly asa 
number of others if 1t varies as their product. 
Thus, # varies jointly as y and z if w& yz, or if «= myz. 


Ex. 2. The volume v of a circular cone varies jointly as its 
height h, and the square of the radius r of its base. When 
p=10,and h=12; then 79-1256. Kind. if, h==5 and 7= 5. 

Let x be the required volume. 

Since 0 = mir, (1) 
we have 1256 = m- 12-100, (2) 
and z= m-5-26. (3) 
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We may find the value of m from (2), and substitute it in (3). It is, 
however, simpler to divide the members of (3) by those of (2). 








% _ 5:25 
1256 12-100 
Therefore x = 1303. 
EXERCISE 


1. If xo, and «—6, when 7=—2, find. « when y= 7, 
2. Ifaey, and s=1, when y=3, find 2 when y=2. 


Spelt es and «= 2, when y= 6, find « when y=8. 
y 

4. If hess and «+7, when y= 4, find # when y= 10. 
y 


5. Tf oe, and «= 9, when y= 2, find gy, if c=% 
y 


6. If w varies jointly as y and z; and #=120, when y=2, 
2—= 15> tind @ wheny =4,:2—-17. 


yf a berets a and «=16, when y=3, find a when y=6. 
y 


8. If za, and «=4a’, when y=’, find x when y=4ab. 
Y 
9. Ifxay’, and «= 32, when y=8, find x when y =5. 


10. If wa%, and «=2, when y=12, z=2; find x when 
eat, OF i 


11. Ifwey, and y oz, prove that x oc z. 
ae Ren Lior iy and yo a prove that x oz. 
y z 


i3, lfieny, prove that coy 


14. If 2a+3b«3a+5), and a=2, if b=1, find a in terms 
of 0. 


APPENDIX 519 


15. If x varies directly as y? and inversely as z, and «= 2, 
when y—1,2—35; find the value of # when y= 2, z=—4, 


Tessie J and «= 2, when y=12,z2=2; find a when y =7, 
z 
Caw 


17. The area of a circle varies as the square of its radius. 
If the area of a circle is 100 square yards, when the radius is a 
feet, find the area of a circle whose radius is 3a feet. 


18. The volume of a sphere varies as the cube of its diam- 
eter. If the volume of a sphere is 10 cubic inches, when its 
diameter is a inches, find the volume of a sphere whose diameter 


: Gis 
is 9 inches. 


19. The volume of a gas varies as the absolute temperature, 
and inversely as the pressure. The volume of a body of gas is 
100 cubic inches when the pressure is 20 and the absolute tem- 
perature 250. What will be the volume when the pressure is 
30 and the absolute temperature 360 ? 


20. The illumination of an object varies inversely as the 
square of the distance from the source of light. If the illu- 
mination of an object at a distance of 5 feet from a source of 
light is 10, what is the illumination at a distance of 15 feet ? 


‘ VII. LOGARITHMS 


sti aibe eee (1) 
then a is the logarithm of n to the base 6, or in symbols 
x = logy n. (2) 
Thus, since 22= 8, 38=1o0ge8; 


since 84 = 81, 4 = logs 81. 


2. The two equations (1) and (2) express the same relation, 
and whenever we are unable to solve a problem stated in the form 


Y 


Vv 


v 
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(2), we transform it to the yorm (1), te. we state it as an exponen- 
tial equation. 


Ex. 1. Determine x if «= log, 125. 


Writing this equation in the exponential form, we have 


5x = 125. 
Hence to oe 
Ex. 2. Find log, 1. 
Let a= log,'l.- ‘then a7 = 1 
Hence Sr F or logs a0. 


© 


3. Logarithms to the base 10 are known as common loga- 
rithms. If no base is written, 10 is understood as the base. 


Thus, log 20 = log, 20, log a = logy) a. 
Ex. 3. Find log 100. 

Let x =log 100; then 10* = 100. 
Hence p72, or log-100 = 2, 


Notr. The definition of logarithm can be expressed by the equation 


h}8, rn, 


EXERCISE 


Express the following relations as logarithmic equations: 


"AL 10°= 100. ra GY?) co a aa as (i eee 
2. 10?= 1000. 5. 77= 49, 8. (V3)! =9. 
3. 10°=1. 6. 25 = 382. 


Express the following relations as exponential equations: 


9. 3= log, 64. v 11. —3=log.001. 13. —3=log,4. 


oO; 6=log, 1000000. , 12. © == OSG y 14. log1=0. 
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Determine the following logarithms: 


- 15. log 1000. 20. log, 4. 25. log, 4. 
uv 16. log 10000. - 21. log 100000. 26. logs, 3. 
17> log, a: 22. log, 243. tee 108.0000), 
18. log, 64. yv 23. log 745. vy 28. log 10000000. 
19. log.1. v 24. log ¥/10. 
Simplify : 
29. 2 log, 10+ log, 1. 30. log, 5? + log,, 11.- 


Solve the following equations : 
SimlOg a — 2. San 02,10 ==.2. 
S32 eL0k. 2, 34. log, 10000 = 4, 


4. The logarithm of 1 to any base is 0, 
Let x= log,1, then 0*°=1, hence += 0, 


5. The logarithm of the base is 1. 
Let w= log, b, then b* =b, hence x =1. 
6. The logarithm of a product is equal to the sum of the loga- 


rithms of its factors. 
Le of log, m= 2x, and log,n=y, (1) 


then log, mm = 2+ ¥. (2) 

Writing these equations in the exponential form (§ 2), we 
have: 

TE m= b*, and n= bd", then mn = b**. 

But in this form the conclusion is obvious. Substituting the 
values of @ and y in equation (2), and omitting the bases, we 


have log (mn) = log m + log n. 
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Eg. log 15 = log (8 x 5) = log 3 + log 5. 
log (abc) = log a +- log (bc) = log a + log b + loge. 


P7 


(. The logarithm of a quotient is equal to the logarithm of 
the dividend diminished by the logarithm of the divisor. 


Le. if log, m= 2, and log, n= y, (1) 
then log, “=a—y. (2) 
n 
This really means (§ 2): 
ibe m=b" andn=b", then “=b-», (3) 
n . 


But in this form the conclusion is obvious. Substituting the 
values of # and y in (2), and omitting the bases, we obtain 


log = = log m — log n. 







Eig. log § = log 5 — log 
15 
log = = log: © — log 3+ log5 — log. 
log 5 = log 12 = log 10 — log2 = 1 —log2. ee 


8. The logarithm of a power of a number is equal to the 
logarithm of that number multiplied by the exponent of the power. 


IBN E log, n=, then log, n? = pa. (1) 
This means (§ 2): 
If n= 6*, then n? = 0”, (2) 


Again the conclusion is obvious. 
Substituting the value of x in equation (1), and omitting the 


bases, we have log n? =p log n 


Eg. log 29= 10 log2; log += log 2-8 = — 8 log2; 


2 x 78 
25 


log =log2+3log 7 —5log2; 





log 2X ®* — 3 log 2 + 2 log 3 —5 log 5 — 2 log 6. 
5° x 62 
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9. The logarithm of a root of a number is equal to the loga- 
rithm of the number divided by the index. 


1 
log Vn —log n? =! log n. 
p 


ee V7 = hlog 7. 


3 
oi . 4/2 





($ 8) 


= 3 log 2+ + log 3 — 2 log 6 — 


1 log 2. 


Ex. 1. Given log 2 =.30103, and log 3 = 47712, find log 288. 


Therefore 


log 288 = 


2log3 = .95424 
5 log 2 = 1.50515 


log 288 = 2.45939 





Ex. 2. Given log 2 =.301083, find log 25. 


But 


Therefore 


Given 


log 2 = .30103, log 3 = .47712, 


find the values of the following logarithms: 


Vite 


log 6. 


log 14. 
log 21. 
log 12. 


log 2. 
log 8. 


log 30. 


log 3? - 25 = 2 log 3 + 5 log 2. 


log 10 =1.00000 = (§ 5) 


log 2= .30103 





log 10 — log 2= .69897 


log 25 = 1.89794. 


EXERCISE 


8. log 2000. 
9. log 729. 
10. log 42. 

11. log V2. 
12. log 36. 
13. log 720. 
14. log 543. 


Lo: 
16. 
tor 


18. 


19. 


20. 


og 25 = 2 log 5 = 2 log (4°) = 2 (log 10 — log 2). 


log 5 = .69897, log 7 =.84510, 


log 4900. 
log 225. 
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e 
Bi ttoe v8 24) log 20. 
Ne log .0027 
ral, Wise ok Wana 2D oe LOS*, ; 
oon log Bee ey? 
Vf 002 
eae 26. log ——. 
23. log V482. .0034 


Express in terms of log a, log 0, log c, and log d: 




















Speaks he) 4,3 O/78 
27. log (a?bc’). aut: Va aul 
aevoihy arbect 
: a2 a ae 18 VeVE 
= , V/ ed 
atv/b Vd ’ 
29. l ceed 33. logis osaee 
Vd 
wee 
a ¢ a Vo. rie ites 100 Ve? 
Ve ct 
Suinplify : 
35. lo re + log! 
36. log ‘ +y)+ ie (7 — ie — log (a? — y’). 
37. log a+ log b + log = + log © — log ab. 
c 
9) ll ; 98 
38. log 79,90 + log 54. 39. log ile) ar . 


Solve the following equations : 
40. d3logx=2 log 8. 
Q 16 
41. log a — log w= log —- 
My 
42. log 35 —log x= log 7. 
43. log 16 w— log 8 a’ = log 8 a’ — 2 log 4 a. 


APPENDIX ~ 625 


10. Properties of common logarithms. Since only a few 
numbers are perfect powers of 10, it is evident that common 
logarithms in general are not integral numbers. 

The characteristic is the integral part of a logarithm. The 
mantissa is the fractional part of a logarithm. 


£.g. in log 200 = 2.30108, the characteristic is 2, and the mantissa is 
.380103. 


11. The values of logarithms are usually so written that the 
mantissa is positive. 


Eig. the value of log .03 = — 1.52288. But this equals 
—2-+4 47712. 


This is usually written: - 
log .03 = .47712 — 2; or, log .03 = 8.47712 — 10. 


Norr. Some writers place the negative sign over the characteristic, to 
indicate that the characteristic alone is to be taken negative, thus log .03 
may be written 2.47712. 


12. The characteristic of the logarithm of any number can be 
written by inspection. 
(a) Sal hence log ly» == 0); 
J0'=10, - hence log 10 =1. 
10?=100, hence log100 =2. 
10? = 1000, hence log 1000 = 3, ete. 


Therefore the logarithm of any number 
between1 and10 =0-+a fraction; 
between 10 and 100 =1-+a fraction; 
between 100 and 1000 = 2-+-a fraction; ete. 
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Hence it follows that: 


The characteristic of the logarithm of any number greater than 
unity is positive, and is less by one than the number of digits in 
the integral part. 


Thus, the characteristic of log 47.127 is 1, of log 47216.2 is 4, ete. . 


(CD) ei ncose| oat 1) we have log i = 0. : 
Since, 10?>=7,, we have log.1 =—1. 
Since 10-?=,1,, we have log.01 =—2. 
Since 10-°= +,5, we have log .0001 = — 8, ete. 


Hence the characteristic of the logarithm of a number less 
than unity is negative. If no cipher immediately follows the 
decimal point, the number lies between 1 and .1, hence its 
logarithm =—1-+ a fraction. If one cipher immediately fol- 
lows the decimal point, the number lies between .1 and .01, 
hence its logarithm =— 2+ a fraction, ete. 

Hence we have in general : 


If a number less than unity be expressed as a decimal, the 
characteristic of its logarithm is negative and numerically greater 
by one than the number of ciphers immediately following the 
decimal point. 

£.g. the characteristic of log .476 is —1, of log .0123 is —2, of log .000047 


is — 5. 


13. If two numbers differ only in the position of the decimal 
point, their logarithms have equal mantissas, but different charac- 
teristics. 


Consider the numbers 4.1456 and .0041456. 
4.1456 = 1000 x .0041456. 
Hence log 4.1456 = log 1000 + log .0041456 
= 3 + log .0041456. 
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Hence the two logarithms differ by an integral number, #.e. 
their mantissas are equal. 


14. The table of logarithms on pages 528 and 529 is only a 
table of mantissas, since the characteristics may be found by 
inspection. 


15. To find the logarithm of anumber. First write the charac- 
teristic by inspection. In determining the mantissa do not 
consider the decimal point. The mantissa is found from the 
table as follows: 


(a) Let the given number consist of three figures, as 72.3. 
In the column headed YW look for the first two significant figures 
(i.e.72). The required mantissa is then found on the same hor- 
izontal line, in the column headed by the third figure (7.e. 3). 

Thus, on a line with 72, in the column headed 3, we find 8591. 

As the characteristic is 1, we have 


log 72.3 = 1.8591. 


(6) If the number consists of less than three figures, add 
ciphers; thus, to find log 6, find log 6.00, log .57 = log .570, ete. 

(c) Let the given number consist of more than three figures, 
as .064345. 

The mantissa of log 64300 = .8082. 

The mantissa of log 64400 = .8089. 

That is, if the number increases 100, its logarithm increases 
0007. 

Hence, if the number 64300 increases 45, its logarithm will 
increase 545, of .0007, or .0003. 

Hence the mantissa = .8082 + .0003 = .8085. 


Whence, log .064345 = .8085 — 2 or 8.8085 — 10. 


16. The difference between two consecutive mantissas in 
the table is called the tabular difference. 
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0086 | 0128 | O170 | 0212 | 0253 | 0294 | 0334 | 0374 
0492 | 0531 | 0569 | 0607 | 0645 | 0682 | 0719 | 0755 
0864 | 0899 | 0934 | 0969 | 1004 | 1038 | 1072 | 1106 
1206 | 12394-1291 | 23034 “133001913071) 120Ge ia au 
1523 | 1553 | 1584 | 1614 | 1644 | 1673 | 1703 | 1732 
1818 | 1847 | 1875 | 1903 | 1931 | 1959 | 1987 | 2014 | 
2095 | 2122.) 2148. 12175 112208 12227 (e225 2002270 
2355 | 2380 | 2405 | 2430 | 2455 | 2480 | 2504 | 2529 
2601 | 2625 | 2648 | 2672 | 2695 | 2718 | 2742 | 2765 
2833 | 2856 | 2878 | 2900 | 2923 | 2945 | 2967 | 2989 


3054 | 3075 | 3096 | 3118 | 3139 | 3160 | 3181 | 3201 
3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 | 3404 
3464 | 3483 | 3502 | 3522 | 3541 | 3560 | 3579 | 3598 
3655 | 3674 | 3692] 3711 | 3729 | 3747 | 3766 | 3784 
3838 | 3856 | 3874 | 3892 | 3909 | 3927 | 3945 | 3962 
4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4116 | 4133 
4183 | 4200 | 4216 | 4232 | 4249 | 4265 | 4281 | 4208 
4346 | 4362 | 4378 | 4393 | 4409 | 4425 | 4440 | 4456 
4502 | 4518 | 4533 | 4548 | 4564 | 4579 | 4594 | 4609 
4054 | 4669 | 4683 | 4698 | 4713 | 4728 | 4742 | 4757 
4800 | 4814 | 4829 | 4843 | 4857 | 4871 | 4886 | 4900 
4942 | 4955 | 49€9 | 4983 | 4997 | 5011 | 5024 | 5038 
5079 | 5092 | 5105 | 5119 | 5132 | 5145 | 5159 | 5172 
5211 | 5224 | 5237 | 5250 | 5263 | 5276 | 5289 | 5302 
534° | 5353 | 5366 | 5378 | 5391 | 5403 | 5416 | 5428 
5465 | 5478 | 5490 | 5502 | 5514 | 5527 | 5539 | 5551 
5587 | 5599 | 5611 | 5623 | 5635 | 5647 | 5658 | 5670 
5795 | 5717 | 5729 | 5749 | 5752 | 5763 | 5775 | 5786 
5821 | 5832 | 5843 | 5855 | 5866 | 5877 | 5888 | 5899 
5933 | 5944 | 5955 | 5966 | 5977 | 5988 | 5999 | 6010 
6042 | 6053 | 6064 | 6075 | 6085 | 6096 | 6107 | 6117 
6149 | 6160 | 6170 | 6180 | 6191 | 6201 | 6212 | 6222 
6253 | 6263 | 6274 | 6284 | 6294 | 6304 | 6314 | 6325 
6355 | 6365 | 6375 | 6385 | 6395 | 6405 | 6415 | 6425 | 
6454 | 6464 | 6474 | 6484 | 6493 | 6503 | 6513 | 6522 
6551 | 6561 | 6571 | 6580 | 6590 | 6599 | 6609 | 6618 
6646 | 6656 | 6665 | 6675 | 6684 | 6693 | 6702 | 6712 
6739 | 6749 | 6758 | 6767 | 6776 | 6785 | 6794 | 6803 
6830 | 6839 | 6848 | 6857 | 6866 | 6875 | 6884 | 6893 
6920 | 6928 | 6937 | 6946 | 6955 | 6964 | 6972 | 6981 


7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 | 7067 
7093) | Z1OTN JILOMETIE S| 7120.1) 71304 Gi42 Neg eae 
7177 | 7185 | 719347202.) 7210 |-72138:1 72201 4235 
7259 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 | 7316 
7340 | 7348 | 7356 | 7364 | 7372 | 7380 | 7388 | 7396 
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In finding the logarithm of 64345 we assumed that the dif- 
ference of two logarithms was proportional to the difference 
between the corresponding numbers, an assumption which gives 
approximately correct results if the difference between the 
numbers is small. 


Notr. For greater accuracy, tables of more places should be used. 
Five-place tables usually contain the mantissas of all numbers from 1 to 
9999, and are constructed in the same manner as four-place tables, the 
only difference being that the first three figures are found in the column 
headed N, while the fourth one is at the top of the other columns. 

If possible, the student should solve all examples of this chapter by 
means of a five-place table. 


Ex. 1. Find log 2762400. 





The mantissa of ~ 276 = .4409. 
Tabular difference = 16; .24 x 16= 4 (nearly). 
Hence log 2762400 = 6.4413. 
5 
Ex. 2. Find the log 144-27. 
072 - /102 
| DARE 
eb _ tec eth 
072 - V102 
Then logx = log 1414 + 5 log 27 — (log .072 + 2 log 102). 
log 1414 = 3.1504 log .072 = 8.8573 — 10 
5log27 = 7.1570 log 102 = .6695 
10.8074 9.5268 — 10 
9.5268 — 10 


log « = 10.7806 
EXERCISE 
Verify the following statements : 
1. log 44—1.6435. 4. log 47210 = 4.6740. 


2. log .002 = 7.30103 — 10. 5. log 14.566 = 1.1634. 
3. log .791 = 9.8982 — 10. 6. log 1.8684 = 0.2714. 
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Find the logarithms of the following numbers: 


7. 154. 13. 4.2591. 19. 70951. 24. 506861. 

8. 2.34. iW ee Vat be 20. 84.827. 25. 21.1447. 
9. .0456. 15. .06217. 21. .00035995. 26. .075907. 

10. 67100. 16. .002457. 22. 25.288. 27. .0052208. 
11> 4563 17. “45.72. 23. 1.44598. 28. 10154700 
12. 1623. 18. 18712. 


Find the logarithms of the following: 





29. 93 x 3514. 4g, 47x .653 x 12.83 
. MRR Rs TROY Ga” 
30. 1225 x 387. 3576 x 1520 
765 x .0018 
43. i“ 
Se 31457 x 567.42 
32. 3748 x 1752 x 4065. bre 
33. j. 45. 16%, 
34. 32, 46. (4)*. 
35. 14. | rupee ats 
36. 153. 48. (412)™. 
5936” x 386 
37. T+. usta arr Aa 
38. 5. 50. V5. 
39, oL9 x 765, 51. 73567. 
138 ie 
52. ~/135. 
913 x 7.655 
40. ——_—_ 8 t 
0 3145 x 718 63a0n/ 16276 
5/2 
gy, B5BAT x 2.685, sapien | 
’ 137.65 x 5944 55. “V13 
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17. To find a number whose logarithm is given. 


Ex. 1. To find a, if log «= 7.1931 — 10. 

Find 1931 in the table of mantissas. On the same line in 
the column headed N we find 15, the first two figures of a, and 
at the head of the column which contains 1931 is 6. Hence 1, 
5, 6, are the figures of w Since the characteristic is 7 — 10, or 
— 3, # is a fraction, and two ciphers immediately follow the 
decimal point. 


Whence x = .00156. 


Ex. 2. Given log v= 1.0476, required the value of a. 


We find in the table the two mantissas, .0455 and .0492, cor- 
responding with the numbers 111 and 112. 


But 0492 — .0453 = .0039, 
and 0476 — .0453 = .0023. 


Hence if the mantissa .0453 increases .0039, then « in- 
creases 1. | 

Therefore, if the mantissa .0453 increases .0028, then a in- 
creases 23. 

Neglecting the decimal point, we have 


x = 11123 = 11159. 


But since the characteristic is 1, we have «=11.159. 


Ex. 3. Given log x = 8.4569 — 10, required the value of a. 

The next lower mantissa in the table is 4564, corresponding 
with the number 286. The difference of the two mantissas is 
5, the tabular difference is 15, and 4 = .33. 

Hence the figures of # are 28633. 

Considering that the characteristic is — 2, we have 


xe = .028633. 
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EXERCISE 


Find the numbers corresponding to the following logarithms: 


1. 4.7796. 5. .0170. 9. .78184. 

2. .9430. 6. .1038 — 3. 10. 5.61658. 

3. .8949. 7. 1.07426. 11. 9.57938 — 10. 

4. 8.8376 — 10. 8. 3.59478. ~ 12. 7.83145 —10. 
13. 8.47652—10. 15. How many digits are in 2%? 
14. 3.24567. 16. Find the number of digits in 2”. 3”. 4%, 


18. Computation by Logarithms. — The approximate value of 
an arithmetical expression involving only multipheation, divi- 
sion, involution, and evolution may be found by logarithms. 

If a greater logarithm has to be subtracted from a less, add 
to the minuend 10 — 10, e.g. for 2.4713 write 12.4715 — 10. 


Ex. 1. Find the value of 2, if 


___ 4.729 x 3.214 ; 
62.7 x 8.392 
log x = log 4.729 + log 3.214 — (log 62.7 + log 8.392), 














log 4.729=- .6748 log 62.7 = 1.7973 
log 3.214= .5071 log 8.392 = .9239 
11.1819 — 10 2.7212 
2.7212 
log x = 8.4607 — 10 
Hence x = .02889. 


Ex. 2. Find the value of a, if a= .872’, 
log «=7 x log .872 
=7 x 9.9405 — 10 
= 69.5835 — 70 
= 0.5835 —1. 
Therefore %= .38327. 
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19. To divide a logarithm whose characteristic is negative, 
write it in such a form that the negative portion of the charac- 
teristic is exactly divisible. by the divisor. Thus, to divide 
4765 — 2 by 3, write it in the form 1.4765 — 3; to divide 
8.4762 —10 by 7, write it in the form 12.4762 —14, or more 
conveniently 68.4762 — 70. 


Ex. 3. Find the value of a, if 
a = V1234. 
log « = +, log .1234 
= J, - (9.0913 — 10) 
= +,(119.0913 — 120) 
= 9,9243 — 10. 
Hence e=.84; 


— 0239 x V41.3 x .2F 


Ex. 4. Find the value of 
ADs" 


As negative numbers have no real logarithms, we determine first the 
value of the right member without regard to its sign. 


ve = 10289 x V418 x 27 


Le. let 
a 42,32 


log x = log .0239 + 4 log 41.3 + 7 log .2 — 2 log 42.3. 


log .0239 = 8.878410 = 8.8784—10 
tlog 41.3=1(1.6160) = .5387 
Tlog.2 =7(9.3010—10)= 5.1070 —10 

14.0241 — 20 
2 log 42.3 = 2(1.6263) = 3.2526 


log x = 10.7715 — 20 
x = .0000000005909. 


Hence the required value = — .0000000005909. 
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20. The cologarithm of a number is equal to the negative 
value of the logarithm of that number. It is most conven- 
iently obtained by subtracting the logarithm from 0, or from 
10 — 10. 


E.g. colog2= 0—log 2 
0=10 —10 
log2=  .30103 
ecolog 2= 9.69897 — 10 


But 





Hence, the cologarithm is obtained by subtracting every sig- 
nificant figure from 9 except the last, which is subtracted from 
10, and annexing the negative characteristic — 10. 


—log1—logx=0—logaz, the cologarithm of a 


Note. Since log 4 
- 


number is also the logarithm of the reciprocal of the number, 


21. The addition of a cologarithm is equivalent to the sub- 
traction of a logarithm. Hence, examples may sometimes be 
simplified by the use of cologarithms. As a rule, however, the 
gain is very slight, and the beginner is advised not to use co- 
logarithms until he is perfectly familiar with logarithms. 


Ex. 5. Find the value of a, if 


pe  4T82 X 41.92. 
512.75 


log « = log 47.32 + log 41.92 + colog 512.75 


log 47.32 =1.6751 
log 41.92 = 1.6224 
log 512.75 = 2.7099; colog 512.75 = 7.2901 — 10 


log x =) At 
x = 3.869 
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uv Be 
L2. 
13. 


14. 


23. 
24. 


25. 


26. 
le 
28. 
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EXERCISE 


Find the value of the following expressions : * 





492.4 x 72.61. 4. 8.927 x 794.25. 
6.417 x .00342. 5. 6249 x 003217 x .412. 
5.921 x .072135. 6. 37.21 x 4729 x 41115. 
7. 4.1929 x (—4.789) x 672. 
8. .00423 x (— .0472) x (— 42196). 
4719.1 + 49.32. WO HORP EO. 
, 0048285 + (— .08235). ea uraie 
000798543 
6721 x 4.238 1G yng ees 
ara ean 000000965438 
456.22 x 72.555 x 125 
768.25 x 49235 Va eee ee er 
18. 1.357241». 
421.75 x .06255 
53.29 x 1.9985 19. 1.26677°. 


49876 x .037542 x 68.7075 20. -877058?. 
7.81649 x 578.93 X 28.4299 21. 8095.371-* 


22. 4a’, if r= 3.14159 and r= 2.0667. 





21420411, 29. 567348. 
39.679 *. 30. 235.78. 
(80x £501" 31. \/3.1866. 
13814.4 32. »/13501. 
098756". 33. (317.75) & 
v8. $4. (18). 
V35246. 85. 2.718284, 


* If possible, employ a five-place table. 
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36. W171, 39. 4/1000 +100. 
a7 291767 x 12.84 apis: Be Sie 
(20.358 x 10.1575) V7N/7 
gg, 2072 x V.00734, 1, 22s 
2556088 10 
29. 


An exponential equation is an equation in which the 
unknown quantity occurs as an exponent, as 27=7. Such 
equations are readily solved by the use of logarithms. 


Ex. 1. Find the value of a, if 
Zo == 928; 
Taking the logarithms of both members, 
x log 23 = log 923. 


_ log 923 _ 2.9652 


Hence = = 
log 23 1.0617 





cath sha) Bn 





23. Change of system. Logarithms to any base may be 
readily found by the preceding paragraph. 
Ex. 2. Find log, 12. 
Let x = log; 12. 
According to the principle of § 2, we have 
(eas 
Taking the logarithms of both members, and dividing, 


a log 12° 
log 7 





Ex. 3. Express log, by means of common logarithms. 
Let et 1lOl fh 

then OF =r 9h 
Taking the logarithm of both members, and dividing, 


as log n. 
log b 
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EXERCISE 


Solve the following equations: 


1, 4*7=18. 5. (5)? =.10. 9. V10=2. 

2. 5*= 16. 6. 1071 = 2%, 10. V14.5=3. 
3. 147 = 294. 7. 4*-57=1700. 11. ¥/1000=5. 
4. 7° =870. 8. 47+1. 571-100. 12. V720=10. 


Find to three places of decimals: 
13. log, 8. 15. log,3. 17 wlog 9: 
14° 102,9. 1G, 108341. 18. log, 66. 


ike ak et =c, find (a) the value of & in terms of a, 3, 


and c; (6) the numerical value of a, if a=5, b 2210) and 
e= 11. 


20. The nth term of a geometric series is J, the first term 
is a, and the common ratio is ry. Find n in terms of a, J, and 7. 


21. Prove that log,a-log,b=1. 


VUI. COMPOUND INTEREST AND ANNUITIES 


1. To find the amount a, of a principal of p dollars for n years 
at A% compound interest. 


Let R% or aor. 


Then aq =pi+r), 
a= 4(1+7r)=pd +r)’, 
an = p(l+r)”. (1) 
Taking the logarithm of both members, we obtain 


log a, = log p+n log (1+ 7). (2) 
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Equations (1) and (2) may be used to find any of the four 
quantities a,, p, 7, and n, if the other three are given. 


Ex. 1. Find the amount of $1200 for 5 years at 4% com- 
pound interest. 


Substituting the given values in (2), 
log as = log 1200 + 5 log 1.04 
= 3.07918 + 5 x .01703 = 3.16433. 
Hence ds = $1459.93. 


Ex. 2. In how many years will $100 amount to $1100 at 
5% compound interest ? 


Substituting in (2), 
log 1100 = log 100 + n log 1.05. 





Hence n= log 1100 — 2 
log 1.05 
= 1.04139 = 49.1 years. 
.02119 


Note. Since formula (1) is only true for integral values of n, the 
fractional part of the preceding answer is only an approximation. 


2. The compound interest / is the difference between amount 


and principal, or: /=p(l+r)"—p. (3) 


3. If the interest is compounded semiannually, the amount a,’ 
is obtained by the method of § 1. 


2 

a,! = (2 4 5, % (4) 

4. An annuity is a fixed sum of money, payable at equal 
intervals of time. 


5. To find the amount A, of an annuity of s dollars left unpaid 
for n years at 8 % compound interest. 
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The s dollars due at the end of the first year will amount in 
the remaining n —1 years to s(1+ 7)" dollars. Similarly the 
payment due at the end of the second year will at the end of 
the entire period amount to s(1+7)”’ dollars, ete. 


Hence A, =s(1+ry>t+sh+r)"? + +58. 
Adding the G. P. (§ 365) 
An="[(1+r)"—1}. (5) 


Again, this formula may be used to find any of the four quan- 
tities A, s, 7, and n, if the other three are known. 


6. To find the present value A, of an annuity of s dollars to 
continue for n years at R % compound interest. 
At the end of n years A) would amount to 4,(1+7)”. 


The annuity at the same time would amount to = [(1 +r)"—1}. 
r 


Hence A(1 +r)" = : (a +r)"—1}. 
are A\= : [1 a+ : ry, eae (6) 


Ex. 3. Find the present value of an annuity of $800, for 20 
years, allowing compound interest at 4% per annum. 


4,28 ee 


041 ~~ -1.0420}’ 
1 
log Gan) — 0 — 20 log 1.04 
= 0 —.8406 = 6594 — 1, 
Me SR a7 
(1.04) 20 


Hence ys —- $ 10871.20. 
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EXERCISE 


Find the amount at compound interest 
1. Of $200 for 8 years, at 41%. 
2. Of $ 1550 for 5 years, at 5%. 
3. Of $1 for 1000 years, at 4%. 
4. Of $20 for 20 years, at 2 %, iterest compounded semi- 
annually. 
5. Find the compound interest of $250 for 10 years at 6% 
compound interest. 
6. Find the principal that will amount to $1000 in 20 
years at 44% compound interest. 
7. Find the principal that will amount to $420 in 10 years 
at 5% compound interest. 
8. In what time will $8007 amount to $ 21218 at 48% 
compound interest ? 
9. In what time will $1 amount to $5000000 at 52,% 
compound interest ? 
10. At what rate will $200 in 10 years amount to $350 at 
compound interest ? 
11. At what rate will $40 in 12 years amount to $80, 
interest compounded semiannually ? 
12. Find the value of an annuity of $40 left unpaid for 10 
years, 5% compound interest being allowed. 
13. Find the present value of an annuity of $800 for 10 
years, 4% compound interest being allowed. 
14. Find the present value of an annuity of $500 for 4 
years, 5% compound interest being allowed. 
15. Find the present value of an annuity of $900 for 12 
years, 5% compound interest being allowed. 


16. What annuity can be purchased for $ 2500, if it is to run 
for 10 years, and 6% annual compound interest is allowed ? 
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IX. SUMMATION OF SERIES 
1. The sum of FA) +f(2) + f(8) +++ +f(n) is frequently de- 
noted by Sar f(x) or 5S ae 
1 1 
Thus, 124224 324 0. 4 n2?= 5 (22). 
1 


u 
3 


“JAP EG: «SVS tig go RE AEB ee Se mA pe MS = pT 
1 


Lops] Gel ial 
1 22 Te 


log 5 + log 6 + log7 + log 8 = 2 log 
2. If the lower limit is omitted, 1 is understood, and if the 
upper limit is omitted, n is understood. 
Thus, 3 (28) = 2 (28) = 13 + 23 4 38 4 48, 
Zf(x)=fA)+FQ)+FE) + ++ +F(n). 
D(1+a)7=(1+4)+(1+a)24+ (14+ a)? + --+(1 +a) 

3. X[ F(x) + F(x) ] = F(x) + ZF (x). (1) 
For, 3[/(@) + F@)]=(f0) + FG) + FR) + FE)) 

“1.CE(3) FHS) Asn) ae 

=[f0) + £2) + £3) + +£@)] 
+ (FQ) + F@) + FE) + + FO] 


= 2 f(x) + =F (2). 
So hus, = (xe? + ©) = B(x?) + T(x). 
2(Ba? + 22-2) = 28.0%) BQ0)+2(2). | 
3 
2( +2\=2@)+2(t\=1 42434742 +2578. 


* > is the Greek letter Sigma. 
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4. If m denotes a constant, then 


umf (x) = maf (x). (2) 
For, Sm f(x) = mf(1) + mf(2) + mf(3) + ++» + mf(n) 
=m[f(1) +f£(2) + £3) + + + /(@)] 
= Mf (x). 
Thus, 2(3 at) = 3 D(at). 


2(8 zt + 2 43) = 2(8 xt) + 22 x) = 8 Z(at) + 2 T(x). 


4 4 
3(73 2) = 73 (x) = 73(1 +243 +4 4)=730. 
1 1 


5. If the quantity that follows the summation symbol (3) 
does not contain a variable, all terms of the sum are equal. 


Thus, Z1=14+14+1+4++-4+1=n. 
2(6)=5+5+5+4--- ton terms =5n. 
Ex. 1. Write the series which is represented by S(#+1)(#+5). 
D(a+1)(a+5)=2-648-744-84 - +(n4+1)(n +5). 
Ex. 2. Write the following series in the abbreviated form: 
1-3-542-4-643-5-74--- +n(n+2)(n+4). 
Evidently the series = 2x(x + 2)(~% + 4). 
Ex. 3. Find the numerical value of 3 (a - 27). 
1 
"S(@-92)=1-242-2243-9844.98 
=2+8-4+ 24 + 64 = 98. 
Ex. 4. Simplify 3(2 2+ 3)%. 
2(2 x4? + 3)? = T(4 xt + 12 424 9) 
= 5(4 xt) + B(12 22) 4+ 39 
= 4 (at) + 12 B(a2)+9n. 
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Ex. 5. If Sf(w)=12, and 3F(#) =24, find 3[3f(@)—5 F(@)]. 


[3 f(x) — 5 F(a)] = 2(8f@)) — 26 F@)) 
= 3 Zf(%)— 5 ZF (x) 
=3-12—5-§= 231, 


EXERCISE 


Write the series which are represented by the following 
symbols: 


i. si. 8. 2a’ 
2. S(w+1) (e+ 2) (@+3) pire 
: ‘ Qo x 
3. SQog a). 10. 3(2x%+1)m’. 
A. 3 (20*). id; =(y*a"). 
iy Spclead eal a 
a 4 
4 
5 ne. 13. 3‘C,, 
th 3(# +2). 14. SC, . a, 
a 0 


Write the following series in the abbreviated form: 

15. ek] Aang Lea aN A aby 

16. TEES SS aby ae air wa 
oa F -: oot AM ay n(n+1 

5-6 (n +2) (n-+3) 

18. 24+44+6484.--42n. 
19. 14+3454+7+4.+.4(2n—1). 
20. 1-2-3842-4-543-6-74+-+4+n@n)(2n+1) 
21. 1-342-543-7414 4.9+ --- to n terms. 
22. 1-2-14+2-4.3843.-6-544-8-7+4..- ton terms 


ite 





23. 
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4+i+4i4 .-.- to n terms. 
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S40 1 +2 tote + 4 eb eerste, bering, 


25. 


100 , 100-99 , 100-99 - 98 
arias RR 





1-2 | 3 
Find the numerical value of: 
a 
PA es 29. 
23 
: 30 
Palos ere 
11 31. 
28. (7). 
Simplify : 
32. S(4a4+ 2). 36. 
33. 3(9«—7). 
SAWS (Oe Bint) mary geet 
35. 3(Ba8+52—" 38. 
a 


+ --. ton terms. 


3 (a + 1) (@+ 2). 


6 
; 2 (a + 2). 
s_l 


> (a +. 1) i. 
SL /@)—f@—1)], 


=[ f(x) —f(@—1)]- 


If 3 (2) =2O +), and S(t) = ME DEn +”, find : 


$9, 3(2 2-4-1). 43. 
40. 3(8a%—2). 44, 
41. 3(a@’— 22). 45. 
42. 3(22°—42+49). 

Prove that: 


46. 3f(2) ~3/@) =F (0). 


47. SE f(@ +1) —f@J=Sf4l — FA). 
48. S[f(e+1)—f(e—NJ =f) +f) —S) — FO). 
2N 


> (x +1) (a + 2). 

S(w+ 4). 

1-342-543-T +e 
+n(2n+1). 
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6. B[f(x) —#(x —1)] =F (n) —F(0). (3) 
For, si f@)-f@—-—DJ=Sf) =fO) 
+ (2) — fA) 


+ fo) (2) 


+f(n—1) —f(n—2) 
+ f(n) —f(n — 1). 
But this obviously equals f(n) — f(0). 


7. Formula (3) can be used to determine the sum of a num- 
ber of series. 


Ex. 1. Let f(x) =2". 
Substituting in (8), we obtain 
Z[a? —(@ — 1)2]= n2, 


Simplifying, 22% — 1)= ny 
22(%)— n= n?, 
Hence Z(#)= a _ n(n + 1), 
2 
Le; 142484 +n= Meth). 


Ex. 2. £Let f(x) = 2. 
Substituting in (3), we obtain 
Z[a? — (a — 1)3]= n8. 
Simplifying, (3 a?—-38244+1)= ns. 
Or, 3 D(x2)— 3 2(x)+ n= ni’. 
Substituting the value of =(x), (Ex. 1), and transposing, 


3 2(a2) = nt +22 ED 


2 73 2 
(a2) = 2% 8 fname tenth, 
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Le. 124924 32 4..4 2 = M+ Dnt 1), 
6 


80 - 81-161 


E.g. 12 + 27+ 32+4..-+4+ 80? = = 173880. 


8. In a similar manner the sum of the first n natural num- 
bers raised to any power may be found, provided the sums of 
the lower powers are known. 

To find 3 (a) make f(a#) =2%, to find 3 (a*) make Tie), etc, 


9. The sum =/(a), if f(#) is a rational integral function, can 
be reduced to the sum of the following series: 


(a2) = Wt DAD, | (5) 
3 () = witty ete. (6) 


Ex. 3. Find the value of 3(12a°—42+4 3). 
Siege d pei Sys ee ee) ee ge ROT 1) es, 
6 2 


—4n34+4n24 3n. 
Ex. 4. Find the sum of the series 


1-2-342-3-443-4-54 +. ton terms. 
The series = 2a(x + 1)(@ + 2) 
= 2(#8 + 34? + 24) 
= 2(x?) + 3 2(x?)+ 2 (x) 


SES: 1)? 8 . mnt DEED + n(n $1) 


= Mt Din? +5n +6] 


=in(n+1)(n+2)(n+8). 
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EXERCISE 
i. Prove that 3 Envi hee = 
2. Prove that Ce sped li we Cs CL a ore) (2n+1)Gni+3n—1), 


2-3-5 


Find the sum of the following series: 


3. 1°+ 2?+ 3°... 4+ 100% 6. 3(60°4+4a+1). 
4. S(c"), 7. 3(Ba?+20—1). 
5. 3(3a%—1). 8. 3(«#+1)(82+42). 


9. 1-242-.343.-.44--- ton terms. 

10. 1-3+2-44+3.5+-..- to n terms. 

11. 3-7+4-9+5-11+4--- to n terms. 

12. 1-24.94 3- 4h a nine DE 

13. 1-2-242-3-443-4-6+4---+n(n4+1)2n. 
14. 1-2-3.-442.3.4.543.-4-5-6-- ton terms. 
15. Find the sum of the first n odd numbers. 

16. Find the sum of the first n even numbers. 


17. Find 11°+12?4 13? + --- to 40 terms. 


100 
18° Wind 3 (@). 
50 


10. Arithmetic series. Let 


egy _ 2 (@—1) + (@—K +1). 
fle) =10, SE) —Et®) 
Then F(e—1)=*7¢, 


and F(x) — f(@—1) =*"C,_, (§ 381). 
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Substituting in the general formula (3), 
> Nos ys Ce 


By substituting for k respectively the values 2, 3, 4, we 
obtain 


3*10,=3(@—-—1)= vi, (7) 
seg, = 3@-De—2) _ amet mara (8) 





rig — y @—1)@—2)(@—8)_ n(n—1) (n— 2) (n—8) 
3710, = 3 3 = a (9) 


emt O tenen foe 1) =n 1) 
0404143464 =BE— TE) ote 


11. If, in a series, each term is subtracted from the follow- . 
ing one, we obtain the series of first differences. If each term 
of the series of first differences is subtracted from the follow- 
ing one, we obtain the series of the second differences, etc. 


Thus, consider the series 1 3 9 22 45 81 


First differences, 2 6 138 23 36 
Second differences, 4 ff 10 13 
Third differences, 3 3 3 
Fourth differences, 0 0 


12. An arithmetic series of the mth order is a series whose 
nth differences are all equal. 
Thus, an ordinary arithmetic progression may be considered an arith- 


metic series of the first order. The series considered in § 11 is an 
arithmetic series of the third order, etc. 
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13. If we consider the following series and its first differ- 


ences, 
Series, Ay Ay et fees eat, 


First differences, db; bo Oey 
it is obvious that ; 
A, = A + (0, + bg + +++ + D,_1). (10) 
14. In an arithmetic series of the first order the first differ- 
ences are all equal, hence 
hy, = A, + (@ —1)d,. 
If we denote the stim of the first n terms of a series by s,, 
we obtain 8, = 3(a,). 
Hence, for an arithmetic progression, we have 
8, = La, + («x —1)b], 
S, = Nd, + aaa (11) 


Norse. These results were obtained in slightly different form in 
Chapter XXI. 


15. Let an arithmetic series of the second order and its 
two series of differences be represented as follows: 


Series, Cy As As vee Oe 
First differences, db, be eee (us 
Second differences, Cy vee Cy 

Then A, = A, + (0; + 0o+++b,_1). (§ 18) 


But 6,+0,---b,_,; is an arithmetic series of the first order, 
which may be added by formula (11). Hence, making 
n=2—1, we have 


a, = a + (4-1) 6, + RD, 
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But s, =a, 


= ac ne bs (a —1)+ er 


a 


Or, considering § 10, 


= n(n—1) n(n —1)(n—2) 
Sn =na,+ 2 b,+ (3 C}. 


16. Similarly, we may treat the arithmetic series of the 
third order. 


Series, Ay As as Oy Os see Oh, 
First differences, bd, be bs Dy vee b,-1 
Second differences, C Co Cy see Cong 
Third differences, d, oe tee dy 


p= 0+ (+ bo+ +> +0,1) (§ 13) 


=a + (1 + = 


(@ —1)(@ — 2)(@ — 3) 5 
+ 3 d,. (§ 15) 


And s,= 3a, 


= nd, +b,3(#—1) + Soe 


(w —1)(w@— 2)(@— 8) 
+ d,3 B 
Or, eon pn 1), nin Din 2)e 
[2 [3 
nin —1)\(n— 2)(n—8 
+ eee d, 
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17. By mathematical induction it can be shown that these 
results are true for arithmetic series of any order. Omitting 
the subscript 1 of the first term of each series of differences, 
we have in general: 


arate 1) + Se 


Se eg eter Os: eee, 


Ex. Find the 10th term and the sum of the first 8 terms 
of the series 1, 3, 8, 20, 43, 81. 








Series, | 3 8 20 43 81 
First differences, 2 5 12 23 8638 
Second differences, 3 a 11 15 
Third differences, 4 4 4 
Hence, C= lH 2 Ce ont 
9.8 9-8-7 
-1+9.2+-——.3 - 4 = 468. 
@10 a0 + re = 1.208 
8.7 8-7-6 8-7-6-5 
ae eh an eer) 3 -4= 612 
Mele as eee, Cee 
EXERCISE 


Find the 11th term of 3, 6, 11, 18, 27, --. 

Find the 9th term of 2, 6, 12, 20, 30, ---. 

Find the 10th term of 2, 9, 28, 65, 126, 217, +««. 
Find the 7th term of 2, 3, 7, 15, 28, 47, «++. 
Find the 20th term of 1, 4, 10, 23, 47, «+. 


6. Find the sum of the series 1, 4, 10, 23, 47, --- to 10. 
terms. 


7. Find the sum of the series 10, 28, 56, 94, 142, 200, --- to 
n terms. 


i 
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8. Find the sum of the series 3, 23, 71, 159, 299, 503, --- to 
8 terms. 
9. Find the sum of the series 1,1+2, 1+2+38, 1+2+3-44, 
--- to 10 terms. 
10. Find the sum .of the series 1’, 17+ 2’, 17+ 2’+4 3’, 
174 2? 4+ 37+ 47... to 9 terms, 
11. Show that the series represented by 3(22?—4a%+49) is 
an arithmetic series of the second order. 


12. Show that the series represented by 3(a#?—52) is an 
arithmetic series of the third order. 


18. Many fractional series can be added by means of formula 
(3). Values of f(«) which contain the factor x in the denomi- 
nator, however, should be avoided, since /(a#—1) would be- 
come o, if =, 











1 
Hix! suet = : 
x et f(x) eel 
Substituting in (3), = Ca t = = 4 =. 
3 n 
Simplifying, es mr : 1 
1 1 1 1 = 3h 
ate 1 
19. Similarly, S@) = @+D@+2) 
Ak 
] f —— 
leads to the value o is (a thew Dy’ 
f@) =, — 
@+D@+2H@+3) 


1 


s@+De@ty@+sy 


leads to 
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Ex. 2. Find the sum of the series 
1 1 1 
ite a he Due ew ek ae ees, : 
LOD Senet S Ab 6 Bae Ge 
, RMN eas > ister oe ey et AM ry) 
According to § 19, let f(x) = (op CE + D)@+8)@4s 
Substituting in (8), and simplifying, we obtain 
> 1 ek: 1 
a(x + 1)(% + 2)(a+ Be 44) 96 4(n+1)(nt2)(n+3)(n+4) 


20. To add a series of the form 








il 1 1 
Wate alas eee Tr TT A OTR t 
HG ita Dla plea ON on terms, 
let oa 
. f(@) = a 
1 : 1 : 
Thus, to Eg —— aa 5. too to n terms, let Mrs FG 


Substituting in (3), 








( Lips cant: Lape Ties oe gL 
2+3x 83xz%-—1 2+3n 2 


Hence, Sy een aa Se ee Sede 
(32—1)(8a+2) 2(24+3n) 
: ’ 1 1 1 n 
Le. Se pee ee fete LO, NELLIS ee 
Ts Vac aeee 2(2 + 3n) 


21. The series ootestsgtin” is equal to three 


series of the preceding kind, viz. 


1 1 1 1 1 1 
Gaz hd eet SH ae) 
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22. An infinite series is convergent if the sum of its first n 
terms approaches a finite limit, as ” is increased indefinitely. 

The limit of the sum thus obtained is called the sum of the 
infinite series. 


Thus, a + dg + a3;+-+++a, or X(a,) 1s convergent if 
lim E (a) is a finite number. The value of 3 (aj or 
1 n=0 1 


(a) is the sum of the infinite series. 





E.g. the series 5 eeu +o - to infinity, is convergent, and its 
sum equals 1, for lim ( se =iLeeey 1) 
n+ 1) na 
| 


opel —, and the series is con- 


LEED 0 sper se aac U Re ECC PRES 
Similarly, 3 12(“+1)(x + 2)(a+8)(x+ 4) ~ 96 


vergent (§ 19). 


EXERCISE 


Find the sum to 7 terms, and to an infinite number of terms, 
of the following series: 


1 1 1 
ausTROIs ho nemm aan n ht ae 





4+—_+.-.., if n is even. 
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a a hat 2 a +--+, if m is even. 
it 


dL 1 
8. OT A Par Sa Eee Mele ee 
a(a-hb)' @+d)a+2b) @t2diated 
1 2 3 
Sy es oh he a 
Duo eauieD a SRI ane 





hs 





ere p 


eee, 
ed Cat 
Hint. Let f(%)= (@ + 2) (2+ 8) 


10. By substituting f(x) = ar*, derive the formula for the 
sum of a geometric progression, viz. Sar*—1.  (§ 366) 


11. By substituting f(w7) =a-,r*, derive the formula: 

Se et hoe Lema 
3 Gaal) 

12. Find 1+2.243.27?44.2%4 ... to n terms. 

18. Find-14+2-5+3.5°+4.5'4+-... to 11 terms. 

14. Find 1-7+274+372+474+... to n terms. 

15. Hind 1—2-2+4+3-2?—4. 33+ ... to n terms. 

16. Find 1-142-1-243-1-2-3..-4n|n. 

Hint, Let f@)=|E 4-1. 





Sar Ora 27, oO Pa ae 


Derive a series by substituting in formula (3). 








ip — _e(3e+1) |. a) = AC Ian : 
gi) (a + 1)(@ + 2) Shee -Ga4 Gers) 
a — Lae e 
18. Whee eos Lo) Fae 
22. ie AC Ze» ae 
19. f(a) = Se ee 2), aie) Gaia) 


|3 Camel hy hoe 


Nore. Students who are familiar with trigonometry may apply 
formula (3) to trigonometric functions. 
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E.g. by substituting f(~)=sin(A+ Ba), we obtain 


sin} Beos( 4 + 32) 
Zcos[A +(e —4)B]= ner 
sin 5 


Or, substituting 0 — = for A, 
sin 5 Beos( C + a ~B) 
z cos [C + (4 — 1) B] = ———_—_——_.—"_——— 








sin 2 
2 
sin © Beos™+— ntip 
E.g. cosB+cos2 B+ cos3 B+ +. + cosnB = ——_________ 
ee 2 
sin = 
2 
Or, 
cos B+ cos8 B+ cos5 B+ + + cos(2n — iis Ce nB. 
2sin B 
Or, oe Ee Gog oe acon ee a - +cos2™ —~—1, 
n n n 
SAUDE Ve sin” B sin” + 13 
sin B+sin2 B+sin8 B+...4+sinnB= FF 
Bie. 


sin B+sin3 B+ sind B+... +sin(2n— 1) B= Snlnb nB 
sin B 


sin — T+ sin=™ T+ sin S™ five H sin “™ — cot 
n n on 
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